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1. Introduction

In this work we are interested in solving singularly perturbed parabolic boundary value problems
given by

ou o
Lﬂza—?—ka,ﬂ:f, (2,8) € Q = Q x (0,7] = (0,1) x (0, 7],
0,t) =0, @(1,t) =0, Vte[0,T], (1)

where

Loo= ( e ) s A= (e,

€257 agi () az(x)

with 0 < &1 < &9 < 1. The components of the right hand side f(x,t) = (fi(z,t), fa(x, )" and
the matrix A are supposed smooth enough and also that the following positivity condition is
satisfied

a;i1+ai2>a>0,a;>0 =12, CLZ'jSO if i+ 7. (2)

In addition, we suppose that sufficient compatibility conditions among the data of the dif-
ferential equation hold, in order that the exact solution @ € C*3(Q), i.e, continuity up to fourth
order in space and up to third order in time.

This problem is a simple model of the classical linear double—diffusion model for saturated
flow in fractured porous media (Barenblatt system) developed in [1]. Also this problem can be
used to model diffusion process in bones (see [4]). It is well-known that the exact solution of these
problems has a multiscale character, i.e., there are boundary layers. Therefore, it is necessary
to dispose of efficient numerical methods (uniformly convergent methods) to approximate the
solution independently of the values of the diffusion parameters €; and e5.

Recently some papers (see [7], [8], [9] [10] and [11]) study uniform convergent numerical meth-
ods to solve singularly perturbed elliptic linear systems on a special piecewise uniform Shishkin
mesh, for different relations between the diffusion parameters: i) 61 = ¢, g9 = 1; i) e1 = €9 =
€;1i1) €1,¢e9 arbitrary. Here, we are interested in increasing the uniform convergence order of
the numerical method given in [6], which was used to solve a parabolic coupled system of type
(1). With this aim we will combine the Crank-Nicolson method to discretize the time variable
joint to the central finite differences discretization in space. Previously this method has been
used in the framework of singularly perturbed problems; for instance, in [2] it was considered to
solve a class of 1D parabolic problems of convection-diffusion type.

We denote by T'yg = {(2,0) |z € Q}, T'1 = {(z,t)|z =0,1, t € [0,T]}, I' = Ty UT; and
€= (e1,62)7, with 0 < 1 < g9 < 1, the vectorial singular perturbation parameter. We write
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<@ if v < wg,i=1,2, 10 = (Ju|, [v])T, C = (C,C)T, where C is any positive constant
independent of the diffusion parameters €1, €2 and the discretization parameters N and At,
| f|lzr is the maximum norm of f on the closed set H and || f||g = max{||f1| =, || f2| z}-

2. The numerical method: uniform convergence

Before defining the numerical method we give some results showing the asymptotic behaviour
of the exact solution of the problem (1); the proofs of these results can be found in [3] and [6].
First, it is easy to prove that the differential operator satisfies a maximum principle: If 117 >0
on I' and Lgl;Z 0 in Q, then JZ 0 for all (z,t) € Q.

Now we consider the decomposition & = ¥+ @, where the regular component ¥ is the solution
of the problem

L
#(x,0) =0, on Ty, (3)
v=7z

where Z satisfies the following initial value problem

{ L+ AZ=f, (x,t) € {0,1} x (0,7,
Z(2,00=0 ze{0,1},

and the singular component @ is the solution of the problem

{ Lz = 6, in @, (5)

w=1u—1v, onl.

Lemma 1 The regular component v = (v1,v2)! satisfies

- -
YU —co<kes |20 <o k=12
8tk C_) 83;’“ A
kv 1—k/2 Ok vy 1—k/2
H@xk B S 051 / s H 83;’6 B S 082 / s k= 3’4’ (6)
0% O3 3 o
< _— < _ < _— < (C.
H@t&z: o) - C’ H@t@:ﬁ o) - C, ‘ ot20x o} - 07 H 0t20x? 0 <c

To establish the behaviour of the singular component we introduce the auxiliary function

By(z) = eV a/v 4 e~ (1=2)V /Y where v is an arbitrary positive constant and a was defined
in (2).

Lemma 2 The singular component w = (w1, w2)? satisfies
ok - -
ﬁ < BEZ(x)Ca V(.’E,t) € Qu 0<k< 37 (7)




and also

|w1(x)| < CBEQ(x)v "LUZ(.%)‘ < CB&2 (1’), (8)
Q) < O 2B () 22 PBuy(@), | 52| < O 2By (), (9)
ox ox
0%wy 1 -1 0*ws -1
92 < 0(51 ‘851 (I‘) +eé2 BEQ (fL‘)), o2 < Cey BEQ (m)v (10)
3 _
T < OB, (1) + 0272, 0), )
3
0| < Cer (e 2 Bay(0) + 22 2By (o), (12)
64
Gatt| < CE17Bey (@) 4 27 Bey(a)), (13)
34
S| < Cor ey Bey (@) + 22 Bey (). (14)

To approximate the solution of (1), firstly we use the Crank—Nicolson method to discretize
in time. This scheme, on a uniform mesh @™ = {kAt, 0 <k < M, At =T/M?}, can be written
as

o - At
n—|—fn+1)—|—<l—2Lx’§‘>m7 nZO,l,“',M_:l,

(15)
where f = f(z,t,). In order to study the convergence of this method, we consider the following
auxiliary problem

u =iz, ty,),
At ~n+l At - = At R
<I—|— 2[@15—‘) un — 7(!}071 + fn+1) + <[ — 2L$’g> u(;v,tn), (16)
1 o 1 .
) =0, @ (1)=0

To study the local error and also the uniform-stability of this method, we follow similar ideas
to these ones developed in [2], and therefore we obtain the following result.

Theorem 3 The local and global errors associated to the Crank-Nicolson method satisfy

i@, tai1) — @ (@)llg = O(ADY), iz, tasr) — @ (x) o = O(A?).

Then, the Crank-Nicolson method is uniformly convergent of second order.

Nevertheless, for the posterior analysis we need a more precise information about the asymp-
totic behaviour of the components and their derivatives of the exact solution of the problem

(16). Then, we write this solution as a sum of the regular and the singular components, i.e.,
~n+1 ~n+1 ~n+1

U =4 4w , which are respectively the solution of the following problems:
At ~nt1 At - - At B
@+2%%$(@:2mwﬂﬂ+@—2%%mm&:wm@, (17)

<1 + A2tA> 7 (@) = %(fn + )+ (I - A;A) . tn), w=0,1,  (18)

-



and

At ~n At
<I + 2Lx’g> = <I — 2Lm,g> w(z,ty), (19)

~ 1 ~ 1 ~ 1 ~ 1 ~ 1 ~ 1
doy=ad o =7 ), =T W)-7" ), (20)

where ¥ is the regular component, solution of (3)-(4), and & is the singular component, solution

of (5).

Lemma 4 The reqular component %nﬂ = (5{1+1,@\g+1)T satisfies
dFontt dkpn B
Vi <0, 0<k<2, i <2 3<p<4i=1,2 (21)
dIL‘k Q dIL‘k Q t
~n+1
The singular component W o (@’f“, QSH)T satisfies
@7 (2)] < OBey(),  |@57 (2)] < CBey(x), (22)
dﬂj\n-i-l B d@n-{-l
S| SCE B (@) + e By (@), | =2 SO PBa(@), (23)
d2ﬁ3n+1 3 3 d2,&3n+1 B
d 12 < Cle] "B, (z) + 22 ' B, (2)), 22 < Cey By (2), (24)
T dx
d3ﬁ3n+1 B B B
S| < CeTM ey By (@) + 027V 2Boy (), (25)
d3{5n+1 B B B
| < Cer e B (o) + 6272, (0), (26)
A < CeiMe' B, () + &2 ' B, (2)) (27)
d$4 >~ 1 1 €1 2 €2 )
d'os" < Cey Y (e7'Be, () + e2 7' B.,(2)) (28)
d$4 = 2 1 €1 2 £9 X .

Moreover, if €1 < €2, then the singular component can be decomposed as

~n+1 _ ~n+l1 ~n+1 ~n+1 _ ~n+1 ~n+1
Wy =Wy Fwy ., Wyt =Wy Wy,
where
d2ﬁ;n+1 3@n+1
ler -1 12 —1_ —1/2
dr2 < CY‘Sl BEl (l’), d3 < 051 €2 / BEz(x)a (29)
dQ@nJrl 3@n+1
2,e1 -1 2,2 —3/2
5| < Cer ' Bey(a), | < Ce 2B, (). (30)

Also, if €1 < &9 the singular component can be decomposed as

~n-+1 n+1 + -n+1 ~n—+1 -n+1 + —n+1

wy = 21,51 Zl,z-:z ) = 22,61 22752 ’
where
dQE?—H 43{1-&-1
,E —1 ,E! 1 1
s L < Cej B, (2), dx42 < Cey1 ey "B, (x), (31)
dQ/Z*;H-l 4/27921-&-1
€1 —1 €2 2
’ < Cey "B (x . < Cey “Be,(x). 32
de = 2 51( )7 d:l,‘4 2 52( ) ( )




Remark 5 We note that the bounds given in Lemma /4 for the third and fourth derivatives of wy,

are worse (with respect to the diffusion parameters) than the corresponding ones for the singular

Pw 0w

5 31 and 9 ! of the continuous problem. Fortunately, these different bounds do
x x

not introduce any additional difficulty in the posterior analysis of the uniform convergence of

the spatial discretization of our numerical scheme, because of these derivatives are scaled with

the corresponding diffusion parameter €.

component

Now we use the classical central difference operator defined on a piecewise uniform mesh
QN of Shishkin type (see [5]), to discretize the problem (15). To construct this mesh, we must
have into account that the solution of the continuous problem, in the spatial direction, has two
overlapping boundary layers at both end points z = 0 and = = 1. Then, the mesh is defined by
using two transition parameters (see [8] for a theoretical justification), which are defined by

752:min{1/4,2 62/041nN}, Tglzmin{752/2,2 51/alnN}.

In the five subintervals [0, 7, |, [Tz, Te, |, [Tegy 1 — Ty, [1 — 72y, 1 — 7%, ] and [1 — 74, 1] we distribute
uniformly N/8 + 1, N/8 +1, N/2+ 1, N/8 +1 and N/8 + 1 mesh points respectively. So, the
mesh points are given by

jhe,, j=0,...,N/8,
znss+ (j— N/8)hey, j=N/8+1,...,N/4,
zj =14 anu+(j— N/4)H, j=N/4+1,...,3N/4,

T3n/a+ (J = 3N/4)he,, j=3N/4+1,...,TN/8,

x?N/S—i_(] _7N/8)h€17 .] :7N/8+177N7
where h., = 87, /N, h., =8(7zy —7,)/N, H =2(1-27,)/N. If 7., #1/8 and 7., = 1/4,
we modify slightly the mesh points that lie in [7.,,1 — 7, in order that the mesh be uniform
outside the boundary layers. Then, in this case, the mesh points are defined by

Ghe,, ) j=0,...,N/8,
;=19 zn;3+ (J— N/8)H, j=N/8+1,...,7N/8,
Tonss + (= TN/8)he,, j=TN/8+1,...,N,

where now H = 4(1 — 27.,)/(3N).
We denote the local step sizes by h; = x; —xj_1, j = 1,..., N. On this piecewise uniform
mesh, the finite difference scheme is defined by

U9 =0, 0<j<N,
Forn=0,...,M —1,

At At At - - (33)
N n—l—l n+1 __ N n+1 n
L U I—|—7 >U <I 2L >Uj ?(f] +fj),
Un+1 Un+1 — (‘)‘
where
Lyz= < e )52+A1, 52, = — <Z”1_Zj - Zj_Z“).
’ —&2 hj+ hjiq hji1 hj

In order to prove the uniform convergence of the totally discrete scheme (33), first we must study
the convergence of the central finite difference scheme used to discretize the auxiliary problem

(16). The, the scheme is given by
ﬁ 0<j<N,
A”H At sntl At ~n At 5 ,
LT <1+ Sy ) - <1 _ 2Lm~) (o) + LA, 0< <N,
An+1 ~n-+ .
UN - O

(34)



~n ~n+1
Theorem 6 Let 4 +1(x) the solution of (16) and {U; } the solution of (34). Then, the error

satisfies

~n+1 ~ntl _
i (z;) —U; |lgv <C(N"'InN)>. (35)

Then, the spatial discretization is uniformly convergent with order almost two.

Proof. We only give the outlines of the proof. First, it is easy to prove that the discrete operator
Lév is uniformly stable and also satisfies a discrete maximum principle.

To obtain appropriate bounds of the local error, we consider a decomposition in the form
~n+l ~n+l  —n+l

U =V +W . n=0,1,---,M—1, where the regular part is the solution of the problem
SN ap
V=7 (zj), 0<j<N,
Sntl At Sntl At ~n At - ,
S+l antl
VO =0 0), VN = ( ),
(36)
and the singular component is the solution of the problem
L ~n
W, = (xj), 0<j<N,
—n+1 At —n+l1 At ~ )
LYW, <I+ LA{{;) W, = (I - 2Lz,5) @ (), 0<j<N, (37)

S ntl ~n+1 —n+l ~n+1

Then, using Taylor expansion and the barrier function technique it is possible to obtain the
required result (see [3] for details). |

Theorem 7 Let @i(x,t) be the solution of (1) and {I_jj”“} the solution of (33). Then, the error,
at the mesh points, satisfies the bound

i@z, tns1) = U gy < C(NT2H1I® N 4 (At)?), 0<g<1, (38)
where N, At and q are such that N7 < CAt.

Proof. We split the global error at the time ¢,,4+1 in the form

+ ~n+1

. 2011 . ~n+1 ~n+1 > ~ntl -
d@(zj tni1) = U g < (g tnp) —a (zi)llg+a (z)=U; lg+1U; —U g

We deduce the result from Theorems 3 and 6 and using a recursive argument (see [2]). n

Remark 8 Theorem 7 proves the second order of uniform convergence of the method (except by
the logarithmic factor), under the relation N7 < C'At between the discretization parameters N
and At. Nevertheless, from the numerical point of view, this is an artificial relation that we have
never needed to obtain the good results based on our numerical method. Then, we conjecture that
this restriction is not necessary, but theoretically it is an open question.

3. Numerical results

Here we show the maximum errors and the numerical orders of uniform convergence obtained
using the method (33) to solve two different problems. The first one is given by

2
%— 8 Y + 2+ 2)u; — (1 + 2)ug = 2%(1 — z)?,
ot ' op® (z,t) € (0,1) x (0,1]
D a% HEET T (39)
+ (% + Dug — (1 4 z)uy = 2%(1 — )2,

ot
u(O,t):u(l t) 0, tel[0,T], wu(z,0)=0, ze€(0,1],



for which the exact solution is unknown; then to find the pointwise errors at the mesh points
{(zj,tn)}, we use a variant of the double mesh principle (see [5]). Then, we calculate the

numerical solution {UZ”} on the mesh {(%;,%,)} that contains the mesh points of the original
mesh and their midpoints, i.e.,
.:i‘gj :l‘j, jZO,...,N,
tgn:tn, ’I’LZO,...,M,

£§2j+1 = (:Uj —|—l‘j+1)/2, 7=0,...,N—1,
top4+1 = (tn —l—tn+1)/2, n=0,....M—1.
At the mesh points of the coarse mesh we calculate the maximum errors and the uniform errors
by d},N,At = MaXg<p<M MAX)<j<N \(7]” - (722}1|, JN’At = maxg dg n ¢, Where for each fixed value
de g9, the set S = {&1 |e1 = 2,2 26, ..
errors stabilize.

JFrom these values we obtain the corresponding orders of convergence and the uniform orders
log(dznat/dzanaez) . log(dn,ae/dan ar/2)

y  DPuni =

.,2758 27601 in order to permit that the maximum

of convergence in a standard way: p =

log 2 log 2
Tables 1 and 2 display the results obtained in this case. From they we see that the method gives
second order of uniform convergence in agreement with Theorem 7.

Table 1: Maximum errors and uniform orders of convergence for the component u; for the
example (39)

N=64 N=128 N=256 N=512 N=1024
At=05 | At=0.5/2 | At=0.5/2% | At =0.5/2% | At =0.5/2*
[dn.acl || 2.624E-03 | 1.077E-03 | 3.419E-04 9.385E-05 2.315E-05
[Funi1 1.284 1.656 1.865 2.019

Table 2: Maximum errors and uniform orders of convergence for the component us for the

example (39)

N=64 N=128 N=256 N=512 N=1024
At=05 | At=05/2 | At =05/2% | At=0.5/2° | At =0.5/2*
[dn,at)2 || 2.626E-03 | 1.085E-03 | 3.461E-04 9.650E-05 2.398E-05
[Puni]2 1.275 1.648 1.842 2.009

The second problem that we consider is the Barenblatt system

8u1 82u1

73t —Ela2+u1_u2:]—v " 0.1 0.1

I (a.1) € (0.1) x (0,1, w0
5_52724'“2_“1:17

u(0,t) =u(l,t) =0, te€][0,7], wu(x,0)=0, =ze(0,1],

where again we use the same technique as before to find the maximum errors and the numerical
orders of convergence. Tables 3 and 4 display the results obtained in this case. ;From they
we see that now the method does not give second order of uniform convergence and we observe
numerically the influence of the compatibility conditions between data in order to achieve the
required order of uniform convergence.
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