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1. Introduction

In the case of boundary value problems for elliptic convection-diffusion equations, the order of
the e-uniform convergence of well known special methods based on classical grid approxima-
tions does not exceed 1. To improve accuracy of discrete solutions for regular boundary value
problems, the Richardson method (see, e.g., [1] and also the bibliography therein) turned out to
be very effective. The same method was successfully applied for improvement of the e-uniform
convergence order of solutions for linear singularly perturbed boundary value problems (see, e.g.,
[2]-]5] and also the bibliography therein). Using new approaches based on the Richardson tech-
nique, e-uniformly convergent finite difference schemes with improved accuracy were constructed
in the case of the Dirichlet problem for quasilinear singularly perturbed equations of parabolic
type [7] and elliptic type [6]) (reaction-diffusion on a strip).

In the present paper we study a mixed boundary value problem for the quasilinear singularly
perturbed elliptic convection-diffusion equation on a vertical strip. The singularly perturbed third
kind boundary condition admitting both Dirichlet and Neumann conditions is given on that part
of the domain boundary in a neighbourhood of which a boundary layer appears. For such a
problem, solutions of difference schemes constructed on the basis of classical approximations,
in general, are not e-uniformly bounded. We construct a base (nonlinear) scheme on a piece-
wise uniform mesh condensing in the boundary layer that converges e-uniformly at the rate
@) (Nl_1 In Ny + Nz_l), where N1 +1 and Ny + 1 are the number of nodes in meshes with respect
to the x1-axis and on a unit interval on the z9-axis, respectively. On the basis of this nonlinear
base scheme, using the Richardson technique, we construct a linearized iterative scheme con-
vergent e-uniformly at the rate O (N1_ 2?2 N, + Ny 2y qt), here t is the number of iterations,
g < 1. The use of upper and lower solutions of the iterative Richardson scheme as a stop-
ping criterion allows us during the computational process to define a current iteration under
which the same e-uniform accuracy of the solution is achieved as for the nonlinear Richardson
scheme O (N1_2 In? Ny + N2_2).

2. Problem formulation

On a vertical strip D
D={z:0<z<d, =z € R}, (2.1)

we consider the mixed boundary value problem for the quasilinear singularly perturbed elliptic
convection-diffusion equation in that case, when the one of the boundary conditions is of the
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first kind and the second one is of the third kind that is singularly perturbed,
L2 (u(z)) = L%2.2) u(z) — f(z, u(z)) =0, =z€D, (2.2)
lu(z) =9¢(z), zely, u(z) = p(x), xzelq.
Here '=D \ D, I'=T7UTy, I'y and T’y are the left and right parts of the boundary T,

(2) 1) (2) 1)
L(22) Loyt Loy Lo —621:2% 8 922’ Loy = 21:21’ 3:135 c(r), »€D,

d
I = —ea(x) . + 8% (z), xely,

the functions as(z), bs(z), c(z), f(z, u) and of(x), BE(z), ¥(z), ¢(z) are assumed to be suffi-
ciently smooth on D, D x IR T, I'y respectively, moreover,?

ap < as(z) <a®, by <bg(x) <0, s=1,2, |e(z)] <, z€D; (2.3a)

P ) <M, e <o)+ o f(a,w) < (n,u) €D x R

0 <al(x), BR(x) <M, off(z)+ %) >m, ) <M, zcTy;
lp(z)] <M, x €Tl ao, b, c1 > 0;

the perturbation parameter ¢ takes arbitrary values in the half-open interval (0, 1].

For af(z) = 0, € I'y problem (2.2), (2.1) is a Dirichlet problem; for 8%(z) =0, € I'y is
a mixed problem with Neumann conditions on the set I';. For simplicity, we assume that the
following condition is satisfied

either a®(z) =0, oraf(x)>m, zely. (2.3b)

When the parameter € tends to zero, a boundary layer appears in a neighbourhood of the set
Iy (the part of the boundary I', through which characteristics of the reduced equation passing
through points x € D, leave the set D).

Our aim is for the boundary value problem (2.2), (2.1) with using a Richardson technique,
to construct a difference scheme convergent e-uniformly with the accuracy order more than one.

3. Base scheme for problem (2.2), (2.1)

We give a-priori estimates of solutions and derivatives for boundary value problem (2.2), (2.1).
We represent the solution of the problem as the sum of functions

wx) =U(z)+V(z), x€D, (3.1)

where U(x) and V(x) are the regular and singular parts of the solution.
For U(xz), V(x), using the technique from [6, 7], we obtain the estimates

ak

— —_Uz)| < M1+ e"H17F, 3.2a

o V) < M1 | (3.20)
ok _

W V(ﬂf) < M [E_kl + El_k] exp(—m&?_l xl), T € D, k < K, (32b)
1 2

L Throughout the paper, the notation Ly (M), Gh(jky) means that these operators (constants, grids)
are introduced in formula (j.k).

2 Throughout this paper, M, M; (or m) denote sufficiently large (small) positive constants that do not depend
on ¢ and on the discretization parameters.



where m is an arbitrary number in the interval (0,mq), mo = ming [a; " (2)b1(2)); K = n + 2
for sufficient smoothness of the data of boundary value problem (2.2), (2.1).

Theorem 1 Let the data of the boundary value problem (2.2), (2.1) satisfy the condition
as, b, ¢ € COMHHA(D), f e CH(D x R), off, B, ¢ € C"FHH(T), p € COMH2H(Ty),
s=1,2, n>1, a>0. Then for the solution of the boundary value problem and its component
in the representation (3.1) the estimates (3.2), where K = n + 2, are satisfied.

First we give e-uniformly convergent finite difference scheme constructing on the base of
classical approximation of problem (2.2), (2.1). We will use the solutions of the base scheme for
construction of discrete solutions with improved accuracy order.

On the set D we introduce the rectangular mesh

ﬁh = w1 X way, (3.3)

where @y and w9 are arbitrary, in general, nonuniform meshes on the interval [0,d] and at the

ro-axis respectively. Let hi = 2%t — 2t 2t 20! € ) for s = 1 and 2%, 227! € wy for s = 2;
let hy = max; hi, h = max, hs. Assume that h < M N~! where N = min[Ny, No]; Ny + 1 and
N5 + 1 are the number of nodes in the mesh @; and the minimal number of nodes in the mesh
w9 on a unit interval.

Problem (2.2), (2.1) is approximated by the finite difference scheme
A(z(z)) = A% z(z) — f(z, 2(z)) =0, x € Dy, (3.4)
Az(x) =Y(x), x €Tl z2(z) = o(x), x € Tap.
Here Dj = D\ Dy, Tin =T;\ Dy, i=1,2,

A% 2(x) = {6 Z as(x) Oz + Z bs(z) dgs — c(:n)} z2(z), x € Dp,
s=1,2 s=1,2
Az(z) = {—eaf(2) 6y, + B (2)} 2(2), €T,
0zs 2(x) and Ozgzz5 are the first (forward) and second difference derivatives; for example,

O3 z(x) =2 (h’l + hil_l)_l [0z12(x) — og2(2)], . = (ZL'Zi,:Eg).

rlz
Scheme (3.4), (3.3) is monotone e-uniformly.

Lemma 1 Solutions of difference schemes (3.4), (3.3) are not e-uniformly bounded. In the case
of the condition 3%(x) = 0, x € T'y, the condition N;* = O (¢) is sufficient for the boundedness
of the discrete solutions; under the condition 3%(x) > m, x € 'y, the discrete solutions are
e-uniformly bounded.

Let us consider a scheme on piecewise uniform meshes.
On the set D we construct the mesh

ﬁh = W] X wa, (3.5a)

Here wy = wg is a uniform mesh, @] is a mesh with a piecewise constant step-size. When
constructing the mesh @7, the interval [0, d] is divided into two parts [0, 0], [0, d], o is a parameter
in the interval (0,d). In each interval the step-sizes are constant and equal to hgl) =20N| Lin
[0, 0] and hgz) =2(d — o) N{ " in [0, d]. The parameter o is defined by

o =o0(e,Ni,d; I,m) =min[27d, Im~'e In Ny, (3.5b)

where m = m32), [ > 0 is a mesh parameter; N = min[Ny, Na]. The mesh @}, and hence the

mesh Dy, = Dj(l) are constructed.
For solutions of boundary value problem (2.2), (2.1) we use the scheme (3.4) on the mesh



Lemma 2 Solutions of difference schemes (3.4), (3.6) are e-uniformly bounded.

For solutions of difference scheme (3.4), (3.6), i.e, a nonlinear base scheme, we obtain the
e-uniform estimate

lu(z) — z(z)| < M [Nl_l In Ny + Nz_l], x € Dy,. (3.7)

Theorem 2 Let solutions of boundary value problem (2.2), (2.1) satisfy a priori estimates
(3.2) for K = 3. Then the solution of nonlinear base difference scheme (3.4), (3.6) for
N — oo converges e-uniformly to the solution of the boundary value problem at the rate
O (Nl_1 In Ny + N2_1). For the discrete solution the error estimate (3.7) is valid.

4. Richardson method for problem (2.2), (2.1)
On the set D we construct meshes

D, =@ xuwh, i=1,2, (4.1a)
uniform in x5 and piecewise-uniform in x;. Here Ei is Eh(3.5a), where

0 =0(@3sb)(e, N1, 1) for 1>2; (4.2)

ﬁi is a “coarse” mesh. For the parameters o, which define piecewise uniform meshes w;* =
wl*i(ai), we impose the condition o' = 02, where 02 = 0(4.2), 1€, intervals on which the meshes
wi! and w32 have a constant step-size, are the same. Step-sizes in the mesh @} on the intervals
[0,0], [0,d] are k times larger than step-sizes in the mesh @??, and step-sizes in the mesh wl
are k times larger than step-sizes in the mesh w%; E~' Ny +1 and k~' Ny + 1 are the number of

nodes in the mesh w’{l and in the mesh w% on a unit interval, respectively. Let
D) =D, ND.. (4.1b)

Ez = E;ll if kis integer, (k > 2); Ez # E}L if k is noninteger.
Let z'(x), x € Dy, i = 1, 2 be solutions of the difference schemes

A(3'4)(z"(x)) =0, z€Dj, (4.3a)
A(3.4) zl(x) =¢(x), x€ Fih, zl(x) =p(x), =€ Féh, 1=1,2.

Assume
L2) =2 (@) + (1 —9)22(x), €Dy, =9k =—(k—17" (4.3b)

We call the function 2%(z), = € ﬁ,? the solution of the difference scheme (4.3), (4.1), i.e. the
scheme based on the Richardson method on two embedded meshes; the functions z!(z), = € 5,1
and 22(z), x € 55 are called the components generating the solution of the difference scheme
(4.3), (4.1).

For justification of convergence to Richardson scheme (4.3), (4.1) under condition (4.2), we
apply a technique similar to one used in [4, 6]. It is suitable to consider a problem solution in
the form of a decomposition. Let us construct expansions for solutions of the difference scheme
(3.4), (4.1a) under the condition (4.2).

To the decomposition

wx)=U(z)+V(z), €D (4.4a)

of the solution of boundary value problem (2.2), (2.1) (see the representation (3.1)) the following
discrete decomposition of the solution of difference scheme (3.4), (3.5), (4.2) corresponds:

2(x) = zy(x) + 2v(z), x € Dy. (4.4b)



The functions zy(x), zy(z) in the representation (4.4b) are solutions of the problems

Ay (2u(2) =0, € Dy,

)\(3.4) ZU(J}) = 1(2.2) U(J}), x € I'y, ZU(J}) = U(J}), x € I'op;

A%3_4) zv(z) — [f(:z:, zu(x) + zv(x)) - f(x, zU(x))] =0, x€ Dy,
Aayzv(@) =) =l Uz), x €Ty, zv(z)=V(z), = €lay.
From the representation (4.4) and the expansion of its components it follows
2(z) = uw(z) + Ny ud () 4+ ui ()] + Ny b [ud(2) + ud(2)] + pulz), x € Dp,. (4.5)
For the components in expansion (4.5) for the function z(z) the following estimates hold
W(z)] < MInNy, |ul(z)]<MelnNy, z€D, i=1,2,
lpu(z)] < M [Nl_z In? Ny —|—N2_2], z € Dy,

Thus, for the function z(04.3b) (), z € ﬁ,? , we obtain the estimate

lu(z) — 2%(x)| §M[N1_2 ln2N1+N2_2], xeﬁ,?. (4.6)

Theorem 3 Let solutions of the boundary value problem (2.2), (2.1) satisfy a priori estimates
(3.2) for K = 7. Then the function z(04.3b) (), © € 5,?, i.e. the solution of the Richardson
scheme (4.3), (4.1) converges for N — oo to the solution of boundary value problem (2.2), (2.1)
e-uniformly at the rate O (N1_2 In? Ny —|—N2_2); for the function z(z), x € Dy the expansion

(4.5) is valid, and for the function 2°(x), x € E;? the error estimate (4.6) is valid.

5. Linearized iterative base scheme

On mesh (3.3) we consider an iterative monotone two-level difference scheme in which the
nonlinear term of the differential equation is computed using the sought function from the
previous iterative level. To the boundary value problem (2.2), (2.1) corresponds the difference
scheme

A(5'1)(Z($, t)) = A%3,4)z(x> t) —p(%Z(ZE, t) - f(l‘, 2(3)‘, t)) =0, (l’, t) € Gp, (513)
Azay2(@, t) = (), (2,t) € S1n, 2(z, 1) = p(z), (x,t) € Sp\ S
Here
Gy =Gr(Dp) =G USh, Gh =Dy xwy, Gp=Dpxwy, Sip=T1pXwo, (5.1b)

wo is a uniform mesh on the semiaxis ¢t > 0 with the step-size h; = 1, the variable t € Wy defines
the number of iteration; S;, = S,% U Sho, Sﬁ = I'p, X wq is the lateral part of the boundary;
6 2(x, t) = hy'[z(x, t) — 2(x, t)], Z(x, t) = z(x, t — hy), (x,t) € Gp; the coefficient p satisfies
the condition

p— % flx,u) >po, (z,u) €D xIR, pg>0, (5.1c)

ensuring the monotonicity of the difference scheme. The function ¢ 1)(x), = € D on the
boundary T'y satisfies the condition ¢(51)(z) = @2.9)(z), © € I'z, moreover, ¢1)(z), T € D
is sufficiently arbitrary bounded function. We call the function z(z, t), (x,t) € G}, where



G}, is generated by the mesh Eh(gB), the solution of the linearized iterative difference scheme
(5.1), (3.3).

In the case of schemes (3.4), (3.6) and (5.1), (3.6), using the majorant function technique,
we find the following estimate for their solutions:

|z(z) — z(z, t)| < M q', (x,t) € Gy, (5.2)
where 2(7) = 234;3.6)(7), 2(2, 1) = 25.1.36) (7, 1); ¢ < qo = p°(ci0 +p°) 71,
p° = max (p— %f(:n, u)), €10 = min (c(:z:) + % f(z, u)), (z, u) € D x IR.
In the case of the mesh (3.6) we obtain the estimate
lu(z) — z(z, )] < M [NT'In Ny + Nyt +q'], (2, t) € Gy, (5.3)

where ¢ < gq(5.2). Difference scheme (5.1), (3.6) converges e-uniformly as Ny, Na, t — oo.

Theorem 4 Let hypothesis of Theorem 2 be fulfilled. Then the solution of the linearized iterative
difference scheme (5.1), (3.6) for N1, Na, t — 0o converges to the solution of the boundary value
problem (2.2), (2.1) e-uniformly at the rate O (N1_1 In Ny + Nyt + qd), where go = Qo(s.2)- For
the discrete solutions the error estimates (5.2), (5.3) are valid.

6. Linearized iterative scheme of improved accuracy

We now give a linearized iterative difference scheme of improved accuracy which is constructed
using a Richardson technique.
On the meshes

G, =D, xwy, i=12, (6.1a)

where D, = 5,2(4.1), Wo = Wo(5.1), we consider the functions z'(z, t), (z, t) € G, i=1,2, ie.
solutions of the iterative schemes

A(5.1)(Zi(x> t)) =0, (337 t) € GiZL (61b)
)‘(3.4) Zi(xa t) = w(x)7 (‘Ta t) € Sih? Zi(xa t) = (‘0(.’1'), (x7 t) € S;L \ Sih? L= 1727

here ¢(z) = ¢5.1y(x), (z, t) € S} Note that the solutions z’(z, t) of difference scheme (6.1b),
(6.1a) are e-uniformly bounded.
On the set

=0 _ =1l ~=2 —0_ _
Gh EGhnGh :Dh X wo, (610)
where E}? = E}?(M), we define the function
2Oz, t) =y zl(z, £) + (1 - ) 22z, 1), (z,1) € Gy, (6.1d)

where v = 7(4.3). We call the function z°(z, t), (z, t) € 62, 62 = 6}?@}?@3)) the solution of
the linearized difference scheme (6.1), (4.1), i.e. linearized iterative scheme on the base of the

Richardson method on two embedded meshes (meshes ﬁ; and ﬁ,% ).
For the function z°(x, t), by virtue of estimate (5.2), we have

129(z) — 2%z, t)| < Mg, (x,t) € Gy, (6.2)

where 2%(z), x € ﬁ,? is the solution of nonlinear improved Richardson difference scheme (4.3),
(4.1), ¢ < qo(5.2)- Taking into account estimate (4.6), we find

lu(z) — 2%z, t)] < M [N1_2 In? N + N2_2 +q', (z,t) € @2, 7 < qo(5.2)- (6.3)



Theorem 5 Let hypothesis of Theorem 3 be fulfilled. Then the solution of the linearized iterative
difference scheme (6.1), (4.1) for N1, Na, t — 0o converges to the solution of the boundary value
problem (2.2), (2.1) e-uniformly at the rate O (Nl_2 In? N, + N2_2 + q{f), where qo = qo(s.2)- For
the discrete solutions the error estimates (6.2), (6.3) are valid.

We consider how to use the upper and lower solutions for estimation of solutions of the
nonlinear Richardson difference scheme. '

We will denote by Wiz, 1), 2@z, t), (z,t) € G, i =1, 2 the solutions of problem (5.1)
on the mesh ﬁ,ll(4_1), satisfying at the ”initial moment” the condition

Z(l)i(gj’ 0) < zi(:n) < z(2)i(x, 0), =€ ﬁfw =1, 2, (6.4)

where z%(z), x € E,il is the solution of nonlinear base difference scheme (3.4) on the meshes EZL,
i =1, 2. For the functions z%(z), = € ﬁ;, the estimate holds

2 Wi, 1) < 2'(2) < 2Piw, 1), (2,0 €Gp, i=1,2,

moreover, max, |2V (x, t) — 2¥(z)| =0, =z¢€ E;i for t — o0, 4,5=1,2.
We call such functions z Wi(z, t) z®i(z, t), (z,t) € @,ZL the lower and upper solutions of
nonlinear base difference scheme (3.4) on the meshes Dy, i = 1,2 from (4.1). On the basis
of the functions zWi(x, t), (z, t) € Gy, i,j = 1, 2, we construct “improved” lower and upper
solutions, i.e. the lower and upper solutions for the function z°(x), = € ﬁ,? , i.e. the solution of
the difference scheme (4.3), (4.1).

Introduce the functions zM°(z, t), 20z, ¢), (z, t) € @,? , assuming

0@, 1) =7 2PN (@, 1) + (1= 7) 22 (a, 1),
2P0, 1) =y W e )+ (1-7) 2P, 1), (@0 €G) 7 =0
For the functions z10(z, t), 2[20(z, t), the estimates are valid
20, 1) < 22(x) < 220, 1), (2, 1) € Gy,

moreover, max, |z/0(z, t) —20(z)| -0, z¢€ 52 for t 00, j=1,2.

We call the functions z M0z, t) 230z, t), (z, t) € @;? with such conditions the lower and
upper, respectively, solutions of the scheme (4.3), (4.1), i.e. nonlinear Richardson difference
scheme of improved accuracy.

Note that 0 < z [2]0(33, t)—z [1]0(337 )< Mqt, (z,t)€ 6,?, where ¢ < qo(5.2)-

We will use the upper and lower solutions of improved nonlinear scheme (4.3), (4.1) in order
to define the number of iterations ensuring the same accuracy of linearized iterative solutions
as it is for the scheme (4.3), (4.1).

We choose the value T, i.e. the number of iterations in the scheme (6.1), (4.1), (6.4), so
that the error of the solution of the scheme (4.3), (4.1) and a difference between the solution
of the iterative scheme (6.1), (4.1) and the solution of the nonlinear scheme (4.3), (4.1) were
commensurable. We call the solution of the iterative scheme for ¢ = T the solution, consistent
with respect to accuracy of the improved nonlinear scheme (4.3), (4.1).

We define the value T by the relations

max[z*0(z, 1) — 210z, )] > My [N]? In® Ny + N5 7, (6.5)
Dy,

Iriz%)x[zmo(x, T) — M0, T < My [N72 2 Ny + N, 2, z e ﬁ}?, t<T.
Dh



The functions z([é]'(i,ﬁhl)(a:, T), z € 5}?, j = 1,2, are (upper for j = 2 and lower for j = 1) the

consistent solutions of scheme (6.1), (4.1), (6.4), (6.5), i.e. consistent with respect to accuracy
of the improved nonlinear scheme (4.3), (4.1).

For the consistent solution of the linearized iterative difference scheme (6.1), (4.1), (6.4),
(6.5) the estimate is valid

lu(z) — 2V0z, T)| < My [N72 In® Ny + N; 2, ze ﬁ}?, j=12; (6.6a)
and also, for the number of iterations 7" the following estimate holds
T < Ms (Ilng;") " nN, (6.6b)

where T' = T (6 5, 0 = qo(5.2), constants My s.5), Ma.6), M3(6.6) are independent of go; the value
T is defined according to the relations (6.5).

Theorem 6 Let hypothesis of Theorem 3 be fulfilled. Then the solution of the linearized iterative
difference scheme (6.1), (4.1), (6.4), (6.5) for N1, No — oo converges to the solution of the
boundary value problem (2.2), (2.1) e-uniformly at the rate O (N1_2 In? N +N2_2). For the
discrete solutions the error estimates (6.6) are valid.

Thus, by virtue of e-uniform estimate (6.6b) for the number of required iterations, the
iterative method of improved accuracy (6.1), (4.1), (6.4), (6.5) turns out to be close with re-
spect to computational expenses to the method (3.4), (3.6) for solving of a linear problem, i.e.
the linear problem (2.2), (2.1), where f(z,t,u) is f(x,t), convergent e-uniformly at the rate
O (N7 ' In Ny + Ny ).
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