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1. Introduction

The flow near the trailing edge of a horizontal heated plate which is aligned under a small angle
of attack ¢ to the oncoming parallel flow with velocity Uy in the limit of large Reynolds Re
and large Grashof Gr = gBATL?/v? number will be investigated (see figure 1). As usual
and v denote the isobaric expansion coefficient and the kinematic viscosity, respectively. The
difference between the plate temperature and the temperature of the oncoming fluid is AT and
L is the length of the plate. A measure for the influence of the buoyancy onto the boundary
layer flow along a horizontal plate is the buoyancy parameter K = GrRe %2 as defined in [6].

Figure 1: Mixed convection flow past a horizontal plate.

The starting point of the analysis are the Navier Stokes equations for an incompressible fluid
using Bousinesq’s approximation to take buoyancy forces into account and the energy equation.

UlUg + VUy = —Pg + é(umm + Uyy),
UV + VUy = —py + L(vm + vyy) + G—r219,
Re Re (1)
u, + v, = L(em + byy),
RePr
Uy + Uy,
subjected to the asymptotic boundary conditions
u=1 v=¢, 6=0 (2)
and the boundary conditions at the plate
u(z,0) =v(z,0) =0, Oz,00=1 —<z<0. (3)

Additionally to the above mentioned dimensionless parameters the Prandtl number Pr, which
is assumed to be of order one, and the angle of attack ¢ enter the problem.



The global structure of the flow field is shown in figure 1. The flow around the plate is a
potential flow with the exception of the boundary layer at the plate and the wake where viscous
effects play a role. Near the trailing edge of the plate the boundary layer interacts (locally)
with the potential flow and sub-layers according to triple deck theory ([1, 2]) will be introduced.
To apply the triple deck analysis it turns out that the buoyancy parameter K and the angle
of attack ¢ have to be of the order Re~ /4. Thus we define the reduced buoyancy parameter
k = K Re'/* and the reduced inclination parameter A = ¢K vRe. We note that the choice of
the magnitude of ¢ is not only dictated by the trailing edge analysis, but it is a consequence of
the analysis of the far field (see [8]). As we will see the inclination parameter A will play no role
in the trailing edge analysis. Only for positive values of A\ an outer potential flow field exists
[8]. We remark that in case of symmetric flow conditions (upper side of the plate heated, lower
side cooled) the inter action mechanism would allow K to be larger, namely of order Re™1/8,
After a short review of the interaction of the wake (section 2) with the potential flow (section 3)
the focus of the present paper will be the analysis of the flow near the trailing edge (section 4).
A numerical solution reveals that the interaction pressure is discontinuous at the trailing edge
(section 5). Thus new sub-layers are introduced to resolve the discontinuity (section 6).

In this paper we will use the following notation for the variables in different layers. Con-
sider a sub-layer of the dimensions Re=®/% in z- and Re™#/8 in y-direction. The corresponding
independent variables are denoted by z(®) = zRe®® and y® = yRe?/8. A dependent variable
defined on that sub-layer, e.g. u, will be denoted by u(®#) = (@0 (x(a), y(ﬁ)).

2. Boundary Layer and Wake

1/2

The boundary layer and wake are of the thickness Re™"/“. Since we have to expect an inclination

of the wake we introduce the stretched y-coordinate as
yW = <y - Re_1/4yw) Re'/2,

where the center line of the wake is given by y = Re™ /4y, (z). In the boundary layer —1 < z < 0
we set Y, (x) = 0. Perturbations of the pressure are expected to be of the order of the buoyancy
parameter. Thus the pressure can be expanded in the form

p(x,y) ~ Re_1/4péa’ﬁ) (az(a),y(ﬁ)) +... . (4)

We remark that in the potential flow region we have o = = 0 and in the wake and boundary
layer (o, 8) = (0,4). Applying the usual scaling for the boundary layer (and wake) we obtain
for the leading order terms the z-momentum and continuity equation.

L(04) du" L (0.4) du" iy 00 4 0%uy" S —0 (5)
0 oz(0) 0 ay(4) w 8y(0)2 ’ oz(0) ay(4) ’
The y—momentum equation reduces to
p((]0,4) _ I{H(()OA). (6)

We remark that due to the inclination of the wake the hydrostatic pressure gradient has a non
vanishing component tangential to the wake. The inclination of the wake has to be determined
from the potential flow. As mentioned earlier at the plate y/, = 0 holds and thus we have the
to leading order the Blasius solution for the boundary layer flow

W @
um o =), o~ | L), —1<z<o, (7)
20 +1 x(0) +1

where fp is the Blasius similarity solution and #p is the corresponding similarity solution for
the temperature profile.



3. Potential flow

Integrating (6) across the wake we obtain
0. 04) = P 2,0-) = "0 400) = 50 —00) = [ 609Ny, (8)

that across the wake there is due to the temperature perturbation in wake a hydrostatic pressure
difference. Thus the potential flow has to satisfy the pressure jump condition (8), the condition
the flow has to be tangential to the plate v(x,0) = 0 for —1 < z < 0 and the asymptotic
boundary condition (2). Using the notation of complex functions we decompose the potential

flow field as follows
. . z _ .
u—zvzl—z¢,/z—H+Re V4 (uy —ivy) + ..., 9)

with 2z = x + diy. The first term corresponds to the potential flow around the plate under an
angle of attack ¢. The second part is due hydrostatic pressure difference across the wake. Using
(9) the inclination of the wake is given by

A T

! —
yU)(x)_li z+1

+ kvy(z,0). (10)

For v; an integral equation can be derived. Its solution is given by

_i £ Cyw(§) [E+1
nie) = gy | 2 e (11)

(see [8]) where vy (z) = [0, 980’4) (z,y™) dy™® can be interpreted as a vortex distribution along
the center line of the wake which compensates the hydrostatic pressure difference across the
wake (cf. [7]). We remark that for non-vanishing values of k the flow in the wake and the
potential flow correction due to buoyancy have to be solved simultaneously. A detailed analysis

and discussion of the solution can be found in [8].

4. Trailing Edge

For the analysis of the flow field near the trailing edge the velocities, pressure and temperature
are decomposed into a symmetric and anti-symmetric part.

U(JZ, y) + u(wa _y) Au = U(JZ, y) — u(wa _y) ]

2 ’ Re Y4k (12)

Z_L($,y) =

All other dependent variables are decomposed accordingly. To leading order for the symmetric

part the classical triple deck problem [1, 2] is obtained. Here we recall some properties of the

interaction pressure 13&3’5) and the displacement thickness A

_ 1/3
A~ ag (x(?’)) . a® 5 oo, (13)

with the constant as = 0.892. In analogy to the velocity profile of the symmetric part in the
main deck the temperature profile of the symmetric part is given as

0~ 0p(y™W) + Re~ /B A(2®)05 (y D). (14)

In the following we will discuss the interaction problem for the anti-symmetric part of the
solution. We start with the main deck (a,3) = (3,4), then using the upper deck (3,3)-layer



we derive the interaction law and finally derive the lower deck (3,5)-layer problem. The anti-
symmetric part of the pressure in the main deck can be expanded in the form

Ap = ApSY + Re V8 ApPY (15)

In contrast to (classical) triple deck problems the pressure is not constant across the main deck.
The pressure involved in the interaction mechanism is of order Re~'/8, i. e. Ap§3’4). The

y-momentum equation reduces to

3,4 3,4
98y Y gy 9B gy (16)
oy o oy Lo
and using (14) we obtain
(0.4) v (0,0)

8@,y ) = [ 65 ) g + 2V 0,0), (1)
Apy Y @@,y W) = A@)0s(yY) + A (23,0). (18)

Since the flow in the upper deck is a potential flow with the velocity field
Au —iAv = Au((]o’o)(o, 0) + Re™1/8 <Au(3’3) (23, 3y —iAp33) (:E(g),y(g))) + .. (19)

and ugg’g) (®,0) = —Apgg’g)(x(g),O), vgg’g) (®,0) = —AA'(®)) holds, the negative pressure

—pgg’g) (23,0) and the displacement thickness AA’(z() can be interpreted as the real and

imaginary part of a complex analytical function A®; evaluated on the real axis. We have

AD(z3)) = —ApBD (23 0) +iAA () = — (Ap(?”s)(x(g)) - A(a;<3>)) +iAA (). (20)

Considering Ap(®-5) (:E(3)) = 0 for z > 0 and using the asymptotic behavior of A for z(3) — o
we conclude that A®;(z) ~ (a+1ib)z'/3 for z — oo holds. The constants a and b are determined
by using that AA’ — 0 for (3 — —co. They turn out to be a = as and b = —v/3as. Thus the
asymptotic behavior of Ap; and AA’ is given by

Apg?”@(x(?’)) - —2as|33(3)|1/3 for z® — —00, (21)

AA (2®)) ~ —VBagz® V3, for 2B - (22)
and the interaction law can be written in the form:

1/3
AN D) + VEagh(@) (a9 =

) o 203 — ¢ dg 7)o xB) —¢

_[1 /0 ApBI(€) + 2a,l¢M3 . 1 /°° A(§) — ash(9I¢? dg]'

We have written the interaction law in form such that the singular parts are separated and the
integrand in the Hilbert integral decays sufficiently fast to zero for 2 — +co. The equations
for the velocity profile in the lower deck are given by the momentum equation in z-direction

05 08w g ou Y | s 0du | aa0u” 9T | 0?Aug™ (23
1 83)(3) 0 8;1;(3) 1 8y(5) 0 8y(5) o 83)(3) (ay(S))2



and the continuity equation. The boundary conditions are

Au (35 (33(3 (35 (33(3 , z3) <0 plate,

(3 5) 0= 0 (3.5) 0= (24)
Aug (23),0) = A py” (2 0) 0 2B >0 wake.

It remains to specify the asymptotic behavior of the velocity profile for (3) — —c0 and y®) — co.

Considering the asymptotic behavior of the pressure Apgg’s) and of @;(3,5) ~ y® for 23 —
—oo we conclude that the asymptotic behavior of the flow field in the lower deck is self-similar.
Using a (scaled) stream function AH defined by

()

(375) _ / . — y
Au AH'(n), with 7 PEIE (25)
we obtain the similarity equation for AH
SAH" — f5(0) (f"AH” —nAH' + AH) = 2a, (26)

with the boundary conditions AH(0) = AH’(0) = 0. The corresponding homogeneous equation
has three linearly independent solutions hq(n) ~ nlnn for n — oo, ha(n) = n and hs(n). The
third solution hg increases exponentially. In order to match the velocity profile with the main
deck solutions h3 has to be eliminated. Thus we have

2a4

5(0)
Since there are two boundary conditions at 7 = 0 the constants ¢; and co are uniquely defined.
For the velocity profile we obtain

AH(n) = — + c1hi(n) + can ~ —2as + cinlnn + can, 7 — oo. (27)

Aug(z®,y®) ~ AH () ~ e Iny® — C—?)lln\x(?’)! fer+ey, ¥ 500, y® S0 (28)

To supplement the lower deck equation with correct asymptotic boundary condition for y(5) — 00
we need a condition which is satisfied by all linear combinations of the two admissible funda-
mentals solutions 1 and Iny®). Such a condition is given by

(50 AuBD)  9AuBS)

+ 5 . 0. 29
o () oy > 3)

— 0, for y(

The y(5) independent part of the asymptotic behavior of u3®) can be interpreted as the asymp-
totic behavior of the negative displacement thickness AA. Thus we have

AA (x<3>) ~ (e1 + c2) — %1111 23], (30)

Matching the lower deck velocity profile with the main deck velocity profile we obtain

AuBY ~ InRe ,f(lo) 2@+ AAO) (D) + AuOD (0—, y@D) + .. . (31)
B
In the boundary layer the velocity profile close to the trailing edge 0 < —z(9) <« 1 is given by
g (v for (y@)3 ~ |20
Au©04) — (:c<o>)1/3 ;o (32)

MO0,y ) g In o0 FHD) + e for () > 1a)

where matching the In-terms in of the main deck and lower deck yields the asymptotic behavior
of u®D(0—, @) ~ ¢; Iny® for y¥ — 0.



5. Numerical solution

The lower deck equations with the interaction law for the anti-symmetric part of the flow field are
solved using Veldman'’s iteration method [3]. In z3) a stretched grid has been used ;11 —z; =
flx; —xi—q) for 1 < i < N, and x_; = —x;. The minimal step size is x; = 0.001, the factor
f = 1.01 and N = 300. Thus computational domain is (—107,107). At x_y the similarity
solution for the velocity profile is described. The momentum equation (23) is discretiazed with
backward differences with respect to x. At each node z; an ordinary differential equation is
obtained which is solved using the ODE solver COLPAR [5].

In figure 2 the negative displacement thickness AA and the interaction pressure p®®) for the
anti-symmetric part of the flow field are shown. The asymptotic behavior for x — —oo of AA

and Ap§3’5) is shown on figure 2b on a logaritmic and double logarithmic scale, respectively.
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Figure 2: Negative displacement thickness AA and interaction pressure Ap(:5) a). Asymptotic
behavior of AA, and ApBH for 20 — — b).

It turns out that the interaction pressure p53’5) has a jump discontinuity at the trailing z = 0.
In the next section sub-layers will be introduced to resolve this discontinuity.

6. Additional sub-layers

Due to the discontinuity of the difference pressure Ap§3’5) in the lower deck at the trailing edge

the difference pressure has a discontinuity in the main deck as well. In the upper deck the
difference pressure Ap(®3) is singular at (0,0). Using the calculus of analytic functions of a
complex variable z(®) = 2 + iy we can guess the behavior of Ap(3) close to 0:

[Ap39)]

s

Ap ~ Apl®0) 4 Re_l/gApgg’?’) (x(g), y(g)), Apg?”g) ~ —A(0) + Riln z, (33)
where Rz denotes the real part of a complex number and [Ap®?)] = —ApB5)(0-) is the jump
of Ap®5) at the discontinuity at z = 0.

In order to resolve the discontinuity in the main deck we introduce the (4,4)-sub layer in the
main deck. Using the expansion for the anti symmetric part

L, () B34 (o) —1/8 [AD] 4y prr (@)
Au ~InRe—— +Au, 0, +Re InRe——x +
F2(0) B(Y") o (0,y) St f8(y™) (34)

+Re_1/8AU§4’4) (@, y ) + ...



Av ~ —Re /% InRe [Ap] Fray®) + Re_1/8v§474) (W, y@) + .. (35)

8T
Ap ~ Api*?(0,0) + Re V5 ap{™ Y (2, @) 4 .. (36)
we obtain the following equations for the leading order terms.
(4,4) (4,4)
8x(4) 8;1;(4)

oAt o o

U —
fB ax(4) - 8y(4) + 01 (38)
4,4 44
N L . (39)
Ox4) Oy
The flow in the (4,4)-sub-layer is inviscid but in contrast to the main deck the y-momentum
(4,4) (4,4) (4,4)

equation is not degenerated. Eliminating Au;”" and Av; " an elliptic equation for Ap;”" can
be derived

QA (474) QA (474) _(074) _ A (474)
fo | SAD L TAN O oy g - 200 g, (40)
9 (z®) 9 (yW) oy oy®
The boundary and matching conditions can expressed as
(1) [Ap®3P)] vy (a)y _
Apy - arctanx(4) + A(0) (6’0(y ) 1) , (41)
for y® =0 or r® = /(z®)2 + (y®)2 — co. For the numerical solution we decompose the

solution of the linear elliptic partial differential equation (40) into a particular solution and a
solution of the homogenous problem:
Ap(3:5) _
apftt ~ BT A0 (0 2 1 A(0) (06 ) 1) (42)

with Ap24’4) ~ arctany /2™ for (z®*)? + (y®)? — oo and Ap§l4’4)(x(4), 0) =« for x < 0 and

App(z®,0) =0 for = > 0.
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Figure 3: Local behavior of the interaction pressure Ap§4’4) near the trailing edge. The solution

pp, of the homogenous problem , cf. (42), is shown



The local behavior near the singularity can be discussed by transforming the equation (40)

to polar coordinates r®, ¢. Expanding Ap§l4’4) ~ Appo(e) + O(r®) for r® < 1 we obtain

sin Apj, o — 2cos pAppo =0, Apuo(0) =0, Appo(r) =, (43)

with the solution !
Appo = — 3 sin 2. (44)

A numerical solution for py, is shown in figure 3. The correct asymptotic behavior for (4 — 0
and ™ — oo could be verified.

We note that a similar analysis can be performed in the (5,5) sub-layer of the lower deck.
In this layer the pressure is continuous with the exception of the point (0,0). We believe that
a complete resolution of the singular behavior of the pressure can only be obtained on the
(6,6)-scale where the flow is described by the full Navier-Stokes equations.

7. Conclusions

A complete asymptotic analysis of the mixed convection flow around a finite horizontal plate
under a small angle of attack in the limit of large Reynolds number and small buoyancy effects
has been performed. Near the trailing edge a the flow is described by a triple deck problem.
On triple deck scales the pressure turned out to be discontinuous at the trailing edge thus sub-
layers in the main and lower deck have been introduced. Although on triple deck scales there is
a pressure jump a trailing edge on the scales of the potential flow (leading order) the pressure
is continuous at the trailing edge satisfying the Kutta condition.

Acknowledgment: The research was supported by the FWF Austrian Science fund, Project
P14957.

References

[1] K. Stewartson, On the flow near the trailing edge of flat plate, Mathematika, 16, 106-121
(1969).

[2] A.F. Messiter, Boundary layer flow near the trailing edge of flat plate, SIAM J. Appl. Math.,
18, 241-257, (1970).

[3] A. E. P. Veldmann, A. I. van de Vooren, Drag of a finite plate, Lecture Notes in Physics
vol. 35, Springer, Berlin-Heidelberg-New York, (1975).

[4] R. Chow and R. E. Melnik, Numerical Solutions of Triple-Deck Equations for Laminar
Trailing Edge Stall, Grumman Research Dept., Report RE-526J (1976).

[5] U. Ascher, J. Christiansen, R. D. Russel, Collaction software for boundary value ODEs,
ACM Trans. Math. Software 7, 209-222 (1981).

[6] W. Schneider and M. G. Wasel, Breakdown of the boundary-layer approximation for mixed
convection flow above a horizontal plate, Int. J. Heat Transfer, 28, 2307-2313 (1985).

[7] W. Schneider, Lift, thrust and heat transfer due to mixed convection flow past a horizontal
plate, J. Fluid Mech., 529, 51-69 (2005).

[8] Lj. Savi¢ anf H. Steinriick, Mixed convection flow past a horizontal plate, Theoretical and
Applied Mechanics, 32, 1-19 (2005).



