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1. Introduction

In the practice of inverse problems rather often one needs to reconstruct two or more
quantities simultaneously originating from two completely different spaces. I.e. assume
that we have an ill-posed operator equation

Ã(u1, u2) = y (1)

where Ã : X1 ×X2 → Y with separable Hilbert spaces X1, X2 and Y .
Due to measurement errors we just have access to the perturbed data yδ. Therefore

we need to apply regularization techniques. Examples are blind deconvolution [1] or
determining cracks out of a background medium [2] respectively inclusions [3].

When we penalize each of the quantities u1, u2 in (1) in a Tikhonov like fashion [4]
we get that the solution of (2) depends nonlinearly on both regularization parameters α
and β; however this dependence is unknown. The choice of the regularization parameters
is crucial.

(uδ
1,α, u

δ
2,β) = argmin

(u1,u2)∈X1×X2

‖Ã(u1, u2)− yδ‖2
Y + α‖u1‖2

X1
+ β‖u2‖2

X2
(2)

Parameter choice methods as proposed in [5, 6] are not applicable in this situation
where either the regularization parameters could be chosen independently or an explicit
dependence structure is known. In [7] it is proposed to use either L-curve or generalized
cross-validation like methods to tackle this problem, however no convergence proofs for
these algorithms are presented.

The Lepskĳ-type balancing principle [8] has already been proven to work in a
number of situations with one regularization parameter [9, 10]. We will introduce in
section 2 how this principle can be adapted to this two parameter setting and prove
optimal convergence rates (Corollary 2.20). As a starting point we will assume to have
a valid regularization procedure, i.e. we demand Assumptions 2.4 and 2.5 to be satisfied.
In [11] one can find a proof for the one parameter case.

The balancing principle requires the knowledge of the measurement noise behavior
with respect to the regularization operators. A proposal how to compute this quantity
in practice is presented in section 3.

Two numerical examples, one proof of concept and a crack detection problem, will
be shown in the end.

2. Balancing Principle

In the following we will assume to have a (possibly non-linear) not continuously invertible
operator A : X → Y where X is a metric space with metric d (·, ·). We want to solve
the equation

Ax = y. (3)
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Furthermore we assume to have a regularization method with two regularization
parameters which can be indexed by (n1, n2) ∈ N × N where N denotes the positive
integers. This is not a severe restriction because we can just do the calculations for a
finite number of regularization parameters. From now on for the sake of simplicity we
will call this pair of indexes (n1, n2) regularization parameters.

Definition 2.1 The regularized solution of (3) with respect to the noisy set of input
data yδ and the pair of regularization parameters (n1, n2) is denoted by xδ

(n1,n2).
The regularized solution with respect to the noise free set of input data y = y0 and

the pair of regularization parameters (n1, n2) is denoted by x0
(n1,n2). The exact solution

is denoted by x.

In regularization methods with one parameter one has, e.g., that for small regularization
parameters (that means regularization parameters with small indexes) the solution is
too smooth and measurement noise does not play a role whereas for large parameters
noise dominates the solution. In order to introduce a similar concept we will need a half
order on the regularization parameters (n1, n2).

Definition 2.2 (Half Order) The pair (n1, n2) of regularization parameters is smaller
than or equal to (m1,m2), denoted by (n1, n2) ≤ (m1,m2) iff both n1 ≤ m1 and n2 ≤ m2.

If neither (n1, n2) ≤ (m1,m2) nor (n1, n2) ≥ (m1,m2) the pairs are not comparable
and we denote this by (n1, n2) ./ (m1,m2).

The set of comparable regularization parameters with respect to (n1, n2) is denoted
by C(n1,n2).

Remark 2.3 For all pairs of regularization parameters (n1, n2), (m1,m2) and (k1, k2)

the following statements hold:

• (1, 1) ≤ (n1, n2)

• (n1, n2) ∈ C(m1,m2) iff (m1,m2) ∈ C(n1,n2)

• if (n1, n2) ≤ (m1,m2) and (m1,m2) ≤ (k1, k2) then (n1, n2) ≤ (k1, k2)

First of all we will ask for big regularization parameters to control the bias, i.e. the
error we would make in a noise-free situation:

Assumption 2.4 (Smoothness) Assume that there exists a monotonically decreasing
(with respect to the above half-order) continuous function ψx : N×N→ [0,∞] with

d
(
x, x0

(n1,n2)

)
≤ ψx(n1, n2). (4)

Furthermore there exists a global constant c1 > 1 such that

ψx(n1, n2) ≤ c1ψx(n1 + 1, n2)

and

ψx(n1, n2) ≤ c1ψx(n1, n2 + 1).
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Now we will ask for small regularization parameters to control the error:

Assumption 2.5 (Error Behavior) Assume that there exists a monotonically de-
creasing (with respect to the above half-order) continuous function ρ : N ×N → [0,∞]

with

d
(
x0

(n1,n2), x
δ
(n1,n2)

)
≤ ρ(n1, n2)

−1. (5)

Furthermore there exists a global constant c2 > 1 such that

ρ(n1, n2) ≤ c2ρ(n1 + 1, n2)

and

ρ(n1, n2) ≤ c2ρ(n1, n2 + 1).

Using the triangle inequality we get

Corollary 2.6 For all (n1, n2) it holds

d
(
x, xδ

(n1,n2)

)
≤ψx(n1, n2) + ρ(n1, n2)

−1

We will restrict ourselves to a finite subset R = {1, . . . , N1}×{1, . . . , N2} of all possible
regularization parameters with N1, N2 ∈ N. Denote accordingly C∗(n1,n2) = C(n1,n2) ∩ R.
In order to guarantee that we can do proper regularization in this set we will assume

Assumption 2.7 (Consistency)

• ψx(1, 1)ρ(1, 1) > 1

• For all n1 ≤ N1 and n2 ≤ N2 it holds that ψx(n1, N2)ρ(n1, N2) < 1 and
ψx(N1, n2)ρ(N1, n2) < 1

This assumption is more of a technical nature and basically assures that all locally
optimal elements defined below are in the considered domain R.

Definition 2.8 (Local Optimality) A pair of regularization parameters (n1, n2) is
called locally optimal if

• ψx(n1, n2)ρ(n1, n2) ≤ 1

• Either ψx(n1 − 1, n2)ρ(n1 − 1, n2) > 1 or ψx(n1, n2 − 1)ρ(n1, n2 − 1) > 1.

The set of all locally optimal regularization parameters is called Nopt.

Remark 2.9 As for locally optimal elements ψx(n1, n2) ≤ ρ(n1, n2)
−1 it is sufficient to

express rates in terms of ρ(n1, n2)
−1.

It is hard to prove optimality results with respect to d(x, xδ
(n1,n2)) because we do not have

access to necessary lower bounds. Therefore in view of Corollary 2.6 we will consider
the sum ψx(n1, n2) + ρ(n1, n2)

−1 and try to optimize with respect to this one, which is
actually a standard procedure [9, 11].
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Definition 2.10 (Optimality) An optimal element (o1, o2) shall be defined as

(o1, o2) = argmin
(n1,n2)∈R

{ψx(n1, n2) + ρ(n1, n2)
−1}.

If there are several arguments minimizing the above expression, we can choose an
arbitrary one of them. Now we will show the optimality of the set Nopt. In comparison
to the one parameter case a major step is asserting the comparability of regularization
parameters.

Lemma 2.11 The set Nopt fulfills the following properties:

• Nopt ∩R = Nopt

• R =
⋃

(n1,n2)∈Nopt
C∗(n1,n2)

• There exists a global constant copt such that for all pairs (m1,m2) we have

ψx(m1,m2) + ρ(m1,m2)
−1 ≥ coptρ(n1, n2)

−1

for all (n1, n2) ∈ Nopt ∩ C∗(m1,m2).

Proof
As for all n1 ≤ N1 and n2 ≤ N2 it holds that ψx(n1, N2)ρ(n1, N2) < 1 and
ψx(N1, n2)ρ(N1, n2) < 1 (see Assumption 2.7) and on the other hand for every
(n1, n2) ∈ Nopt there is no (m1,m2) ≤ (n1, n2) such that ψx(m1,m2)ρ(m1,m2) ≤ 1

(see Definition 2.8) we immediately get Nopt ∩R = Nopt.
For the second point first take (m1,m2) ∈ R. Now there exists (normally

more than one) a consecutive chain {(nk,1, nk,2)} of regularization parameters from
(1, 1) = (n1,1, n1,2) to (N1, N2) = (nN1+N2,1, nN1+N2,2) which has no holes and contains
(m1,m2). I.e. we have (nk,1, nk,2) ≤ (nk+1,1, nk+1,2) for all k and either nk,1 = nk+1,1 and
nk,2 + 1 = nk+1,2 or nk,1 + 1 = nk+1,1 and nk,2 = nk+1,2.

Because of Assumption 2.7 and the monotonicity of ψxρ there exists an element
(nk,1, nk,2) and its successor (nk+1,1, nk+1,2) such that

ψx(nk,1, nk,2)ρ(nk,1, nk,2) > 1 ≥ ψx(nk+1,1, nk+1,2)ρ(nk+1,1, nk+1,2).

By definition (nk+1,1, nk+1,2) ∈ Nopt and therefore (m1,m2) ∈ C∗(nk+1,1,nk+1,2) ⊂⋃
(n1,n2)∈Nopt

C∗(n1,n2)

Now we consider the third point. Consider first that ψx(m1,m2)ρ(m1,m2) > 1.
Then by the second point there exists at least one (n1, n2) ∈ Nopt with (m1,m2) ≤
(n1, n2). Take one of them. Let (n1, n2) be one of the regularization parameters
(n1−1, n2) or (n1, n2−1) (at least one has to exist) which fulfills ψx(n1, n2)ρ(n1, n2) > 1.
Since (m1,m2) ≤ (n1, n2), (n1, n2) ≤ (n1, n2) and assumption 2.4 it holds that

ψx(m1,m2) + ρ(m1,m2)
−1 ≥ψx(m1,m2) ≥ ψx(n1, n2) ≥ c−1

1 ψx(n1, n2)

≥c−1
1 ρ(n1, n2)

−1 ≥ c−1
1 c−1

2 ρ(n1, n2)
−1.
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Otherwise consider ψx(m1,m2)ρ(m1,m2) ≤ 1. Then by the second point there exists
at least one (n1, n2) ∈ Nopt with (m1,m2) ≥ (n1, n2). Take one of them. Let (n1, n2)

one of the regularization parameters (n1 − 1, n2) respectively (n1, n2 − 1) which fulfills
ψx(n1, n2)ρ(n1, n2) > 1. It holds that

ψx(m1,m2) + ρ(m1,m2)
−1 ≥ρ(m1,m2)

−1 ≥ ρ(n1, n2)
−1.

By choosing copt = min
{
c−1
1 c−1

2 , 1
}

we get the proposition. �

Remark 2.12 The last statement in the above lemma can be interpreted in a way that
whatever we do, the solutions corresponding to the set Nopt are at most by a factor copt

away from the other solutions with respect to comparable regularization parameters.
However, it is possible that all but one of the regularization parameters are very far

away from the optimal solution.

Corollary 2.13 There exists a global constant copt such that for the optimal
regularization parameter (o1, o2) there is a pair (n1, n2) ∈ Nopt ∩ C∗(o1,o2) with

coptρ(n1, n2)
−1 ≤ ψx(o1, o2) + ρ(o1, o2)

−1 ≤ 2ρ(n1, n2)
−1 (6)

Proof
The first inequality was a part of the last theorem, the second is a direct consequence
from Definitions 2.8 and 2.10. �

Now we will arrive at the key part of our algorithm. A motivation in the one parameter
choice regime can be found in [9].

Definition 2.14 (Balancing Optimality) Set

b(m1,m2) = max
(m1,m2)≤(l1,l2)∈R

1

4
d

(
xδ

(m1,m2), x
δ
(l1,l2)

)
ρ(l1, l2) (7)

and

B(n1, n2) = max
(n1,n2)≤(m1,m2)∈R

b(m1,m2). (8)

A pair of regularization parameters (n1, n2) is called locally balancing optimal w.r.t.
κ ≥ 1 if

• B(n1, n2) ≤ κ

• At least one of the following properties holds B(n1−1, n2) > κ or B(n1, n2−1) > κ.

The set of all balancing optimal regularization parameters is called Bκ. The set B̃κ is
defined as Bκ with all elements removed for which there exists a smaller element in Bκ,
i.e.

B̃κ = {(n1, n2) ∈ Bκ s.t. 6 ∃(m1,m2) ∈ Bκ fulfilling (m1,m2) < (n1, n2)} (9)
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Pictures of examples of the quantity B will be displayed in the numerics section (Figures
2 and 4).
Assumption 2.15 (Consistency) Assume that B(1, 1) > κ.
This will assure that Bκ is non-empty. Next we will show in two steps the optimality of
the balancing optimal regularization parameters. Again comparability is a key issue.
Lemma 2.16 For all (n1, n2) ∈ Bκ it holds

d
(
x, xδ

(n1,n2)

)
≤ 6κρ(m1,m2)

−1 (10)

for all (m1,m2) ∈ Nopt ∩ C∗(n1,n2).
Proof
Consider (m1,m2) ∈ Nopt ∩ C∗(n1,n2), where (n1, n2) ∈ Bκ and (m1,m2) ≤ (k1, k2) ≤
(l1, l2) ∈ R. Since ψx and ρ are monotonically decreasing and κ ≥ 1 it holds

d
(
xδ

(k1,k2), x
δ
(l1,l2)

)
≤ψx(k1, k2) + ρ(k1, k2)

−1 + ψx(l1, l2) + ρ(l1, l2)
−1

≤4κρ(l1, l2)
−1.

Hence for all (k1, k2) ≥ (m1,m2) by (7) we have that b(k1, k2) ≤ κ. From the definition
(8) it follows that B(n1, n2) ≤ κ. Because of the monotonicity of B we obtain that
(n1, n2) ≤ (m1,m2) and therefore ψx(n1, n2)ρ(n1, n2) ≥ 1.

Using Definition 2.8 we have that for every (n1, n2) ∈ Bκ it holds for every
(m1,m2) ∈ Nopt ∩ C∗(n1,n2) that (n1, n2) ≤ (m1,m2). Due to Lemma 2.11 (second
statement) there is at least one such (m1,m2). Now

d
(
x, xδ

(n1,n2)

)
≤d

(
x, xδ

(m1,m2)

)
+ d

(
xδ

(m1,m2), x
δ
(n1,n2)

)
≤2ρ(m1,m2)

−1 + 4κρ(m1,m2)
−1

≤(2 + 4κ)ρ(m1,m2)
−1 ≤ 6κρ(m1,m2)

−1

which proves the proposition. �

Remark 2.17 The constant κ is in principle just necessary if we deal with a non-
standard noise model (see [9]) or just have a very rough access to ρ (i.e. overestimating
it with respect to reality).

Lemma 2.18 For every (m1,m2) ∈ Nopt there exists (n1, n2) ∈ Bκ ∩ C∗(m1,m2).

Proof
Let (m1,m2) ∈ Nopt. In the previous proof we have shown that B(m1,m2) ≤ κ. Now
we construct a sequence {(nk,1, nk,2)} in the following way.

Set (m1,m2) = (n1,1, n1,2) and repeat the following argument: Assume that
B(nk,1, nk,2) ≤ κ. Then two cases can happen. In the first B(nk,1 − 1, nk,2) > κ or
B(nk,1, nk,2 − 1) > κ, i.e. (nk,1, nk,2) ∈ Bκ. Otherwise set (nk+1,1, nk+1,2) to either
(nk,1 − 1, nk,2) or (nk,1, nk,2 − 1), whatever is possible.

This procedure has to stop because B(1, 1) > κ. Set (n1, n2) to the last element of
the chain constructed beforehand. �
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Corollary 2.19 For every (m1,m2) ∈ Nopt there exists (n1, n2) ∈ B̃κ ∩ C∗(m1,m2).

Corollary 2.20 There is an (n1, n2) ∈ B̃κ and a global constant c such that

d
(
x, xδ

(n1,n2)

)
≤ c

(
ψx(o1, o2) + ρ(o1, o2)

−1
)
. (11)

Proof
Immediate consequence from Corollary 2.13, estimate (10) and Corollary 2.19. �

Remark 2.21 Looking into the recent article [10] we see that Assumptions 2.4, 2.5, 2.7
are stronger than we actually need if we just want to prove the balancing principle.

It would be sufficient that there exists the set Nopt and for all (n1, n2) ∈ Nopt ∩ R
there exists a descending function ρ such that

d
(
x, xδ

(n1,n2)

)
≤ 2ρ(n1, n2)

−1.

The corresponding proofs will stay the same, however one will loose the intuitive side of
the algorithm and some interesting bits depending on ψx. Therefore we have presented
the above version.

The problem we face right now is to chose an appropriate (n1, n2) ∈ B̃κ. However,
without using additional information it is impossible to do this.

In reality choosing (n1, n2) ∈ B̃κ as

(n∗1, n
∗
2) = argmin

(n1,n2)∈fBκ

{ρ(n1, n2)
−1} (12)

proved to be successful and is in principle sensible if the real noise behavior is not too
far away from its worst case description ρ. However, it is important to keep in mind
that this is purely heuristic and could yield the worst of the best possible rates.

3. Choosing ρ

In order to apply the proposed procedure (see Definition 2.14) we need to get hold of ρ.
One possibility which is rarely observed in practice is that we know ρ by some means
in advance. Right now we will propose a data driven way to observe this quantity in
practice.

Consider the K independent input data sets yk,δ with corresponding regularized
solutions xk,δ

(n1,n2). Then we have

d
(
xk,δ

(n1,n2), x
l,δ
(n1,n2)

)
≤d

(
x0

(n1,n2), x
l,δ
(n1,n2)

)
+ d

(
xk,δ

(n1,n2), x
0
(n1,n2)

)
≤ 2ρ(n1, n2)

−1.

Under strong assumptions about the measurements one can show in a Hilbert space
setting that the above inequality gets an equality (without the factor of 2) in expectation
[12]. Therefore we set ρ to the empirical expectation of the pairwise distances:

ρ(n1, n2)
−1 =

4

K(K + 1)

∑
1≤k≤l≤K

d
(
xk,δ

(n1,n2), x
l,δ
(n1,n2)

)
. (13)
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However we would like to point out that again this is just a heuristics which works
surprisingly well in practice. For a more detailed account on possible noise models and
possibilities to obtain ρ we refer to [13].

4. Numerics

In order to show that our method works we will consider two examples. The first is an
artificially perturbed matrix inversion where we have control over all quantities and the
second is originating from crack reconstructing by electrostatic imaging methods.

4.1. Matrix inversion

We want to solve a system of linear equations

Ax = yδ, (14)

where A is a 200 × 200 diagonal matrix, with elements aii = i−3 and yδ being the
perturbed data. The noise is taken to be Gaussian with mean zero and standard
deviation σ equal to 0.00003% of ||y||. The solution x is chosen to be a random vector
with decay behavior like n−3/2.

We want that the regularization operator depends in a way from the regularization
parameters such that there is no possibility to solve the problem separately. Therefore
we choose to regularize in the following way:

xδ
α,β = (A+ αβ0.6I + βα0.3C)−1yδ.

Here I is an identity matrix and C is a diagonal matrix with elements ckk = k−1.

Figure 1. Left: exact noise behavior. Right: propagated noise behavior.

In order to find the regularization parameters by the balancing principle we sample
them exponentially according to

α = 100 · 2−n1 , β = 0.01 · 2−n2 , n1 ∈ {1, . . . , 20}, n2 ∈ {1, . . . , 21}.



Optimal Regularization with Two Interdependent Regularization Parameters 10

Figure 2. Balancing functional

We make use of the formula (13) for ρ to estimate the noise behavior. In Figure 1.
exact and estimated measurement noise w.r.t. to the regularization are displayed. They
coincide very well for all (n1, n2) > Nopt. On the x-axis we find n1 and on the y-axis n2;
the values of the displayed functions are color coded.

The corresponding balancing functional is shown in Fig. 2. Since we have access
to the exact solution of (14) we can find a pair of regularization parameters, which is
a minimizer to d(xδ

α,β, x) and we will denote it by a star in each figure. The pairs of
regularization parameters suggested by the balancing principle with κ = 1 are marked
by circles, one of them chosen by the heuristics (12) is denoted by a diamond.

We observed that the absolute error in the optimal point is 0.0658 and the maximum
error in one of the chosen points is 0.1099, i.e. we just loose a factor of 1.6702.

4.2. Crack determination

Further, we have tested this method on a crack determination problem, which occurs in
nondestructive testing and evaluation.

Let D be a bounded domain in R2 with a smooth boundary Γ1. The direct problem
for a domain with a perfectly conducting crack is finding a solution u ∈ H1(D) for a
given function f ∈ H1/2(Γ1), such that

∆u = 0 in D \ Γc

satisfying the Dirichlet boundary conditions

u = 0 on Γc, u = f on Γ1.
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The inverse problem is determining the crack Γc from an imposed voltage f on the
outer boundary Γ1 and measured Neumann data (i.e. the resulting currents)

g =
∂u

∂ν
on Γ1.

To solve the inverse problem we use an algorithm [3], which is based on nonlinear
integral equations arising from the reciprocity gap principle. We arrive at a two-by-two
system of integral equations for the pair of the unknown crack Γc and the jump of the
normal derivative h := [∂u/∂ν]± across Γc.

Figure 3. Reconstruction of the crack. Left: optimal regularization. Right: balancing
optimal regularization.

For the solution of the integral equations we apply a Newton iteration via
linearization of the full system. Due to the ill-posedness of the problem Tikhonov
regularization [14, 4] is incorporated with a regularization parameter α for the density
h and a regularization parameter β corresponding to the crack Γc. For more details we
refer to [2].

We have tested the proposed scheme on a parabolic crack in a circular domain. In
order to generate reference for the noise data with sufficient accuracy we generated ten
different data sets with respect to the same noise level δ = 3%. For this problem we
use a smoothed version of ρ, defined by formulae (13). As regularization parameters
we use the set {(4−n1−5, 2−n2−5)}n1∈{1,...,15},n2∈{1,...20}. Due to the high unknown noise
components we chose κ = 2 to be on the safe side.

In Fig. 4 the balancing functional is presented. The absolute error for optimal
pair of regularization parameters is 0.1220 and the error for the pair suggested by (12)
(marked by diamond) is 0.1856. The maximum absolute error for one of the pairs
suggested by balancing principle is 3.2206.

5. Conclusion

We were able to show that the balancing principle for choosing the regularization
parameter in multi-parameter problems works both theoretically and numerically. An
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Figure 4. Balancing functional

extension to more than two regularization parameters is tedious but possible.
However, in practical situations we are limited by two problems. First of all we need

to sample very many regularization parameters which is time consuming. Furthermore
for the much higher number of samples noise seems to play a bigger role. Therefore
it appears to be advisable to keep the number of regularization parameter as small as
possible.

Up till now we have no possibility to choose a regularization out of the range B̃κ or
even Nopt. The only thing we can do is a reliable reduction to a very small number of
sensible parameters which still might be an interesting feature in practice.
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