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A NEWTON METHOD FOR RECONSTRUCTING NON
STAR-SHAPED DOMAINS IN ELECTRICAL IMPEDANCE
TOMOGRAPHY

HELMUT HARBRECHT AND THORSTEN HOHAGE

ABSTRACT. We study the reconstruction the shape of a perfectly conducting in-
clusion in three dimensional electrical impedance tomography (EIT) using a regu-
larized Newton method. This method involves a least squares penalty in the form
of an additional nonlinear operator to cope with the non-uniqueness of general
parametrizations of the unknown boundary. We provide a convergence result for
this method in the general framework of nonlinear ill-posed operator equations.
Moreover, we discuss the evaluation of the forward operator in EIT, its derivative,
and the adjoint of the derivative using a wavelet based boundary element method.

Numerical examples illustrate the performance of our method.

1. INTRODUCTION

Electrical impedance tomography is used in medical imaging to reconstruct the elec-
tric conductivity of a part of the body from measurements of currents and voltages
at the surface [20]. The same technique is also used in geophysical explorations. An
important special case consists in reconstructing the shape of an unknown inclu-
sion or void assuming (piecewise) constant conductivities. In this case only one pair
of current/voltage measurements is necessary, in principle. All these problems are

nonlinear and severely ill-posed.

The problem is described by the overdetermined boundary value problem

(1.1a) Au=0 in €,
(1.1b) u=0 on I,
(1.1c) u=f on X,
(1.1d) g—z =g on Y.

in the geometry shown in Fig. 1 (see Section 4 for details). The voltage f and the
current g on the exterior boundary X are given, and our aim is to reconstruct the
interior boundary I'. It can be shown that I' is uniquely determined from f # 0 and
g (see [24]).
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)
F1GURE 1. Geometry with unknown boundary I, exterior boundary
Y2, and annular domain €.

It is often useful to formulate inverse problems as operator equations since a variety
of efficient numerical methods, in particular Newton-type method are available for
such problems. To describe an unknown boundary I' by an element of a vector space,
a parameterization is typically used. However, unless strong a priori information are
available, e.g. that I' is star-shaped, it is difficult to find a function space in which
the representation of T' is unique. In a previous paper [16] the authors considered

generalized parametrization in the form of diffeomorphisms
(1.2) Ul — T

between a reference manifold If and I' and used a Sobolev space H®(Iief; R3) as
underlying vector space. We assume that one of the boundary values f and g is
given exactly, and the other one (denoted by f° or g%, rsp.) is measured with errors.
Introducing the operators F, : ¥ — u‘z and F, : U — g—ﬁ s Where u is the unique
solution to the boundary value problem (1.1a), (1.1b), (1.1d) or (1.1a), (1.1b), (1.1c),

rsp. with I' = U(I}¢), the inverse problem can be formulated as operator equation
F(U) =¢° or F,(U) = f°, 1sp.

Whereas I' is uniquely determined for exact data, ¥ is not. Standard regularized
Newton-type methods tend to yield parameterizations which are either inadmissible
or unfavorable for the evaluation of the forward operator. Therefore, in [16] a New-
ton method was suggested which is designed to find a parameterization ¥, which

minimizes a functional
U = [ DY) 720 ey + 1Y = Yol Fery,ma

among all parameterizations of I'. Here ¥, is an initial guess, DV (x)" = (DW¥(x)*DV¥(x)) 1DV (x)*
denotes the Moore-Penrose inverse of DW¥(x), and the Frobenius norm is used on

the space of 3 x 2 matrices. Hence, we not only try to avoid that DW(x) is singular
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for some x € Ty, but also that ||[DW(x)T|| is too large. A main contribution of the
present paper is a convergence result for this method in the framework of abstract

operator equations.

We do not aim to give a complete list of reference on obstacle problems in EIT
and only refer to Hettlich and Rundell [17] and Chapko and Kress [7] for other
iterative methods and to Brithl and Hanke [5, 6] for a non-iterative method using

the complete Neumann-to-Dirichlet operator on 3.

The plan of this paper is as follows: In Section 2 we show that the set of diffeomor-
phism of the form (1.2) for fixed I' is a Banach submanifold of H*(T,e; RY). This
is used in Section 3 to derive a source condition under which a convergence result
is shown. Section 4 contains characterizations of the Fréchet derivatives of the op-
erators F, and F, and their adjoints. In Section 5 we summarize boundary integral
formulations, which we use for the numerical solution of the forward problems, and

provide some error estimates. Finally, in Section 6, we present numerical results.

2. SPACES OF DIFFEOMORPHISMS OF SUBMANIFOLDS

Let Ler, I' C R? be smooth closed submanifolds of dimension d’ and consider diffeo-
morphisms W : I — . We call [ the reference manifold, which we assume to be
infinitely smooth, and ¥ a (generalized) parameterization of I'. Later we will always
choose I as the unit sphere S, but the convergence result derived in Section 3

holds in much more general situations, e.g. closed curves in arbitrary dimensions.

Recall that for a smooth mapping ¥ : Ies — R? the set W(I}) is a smooth manifold
if U is injective and the derivative DV (x) : Tylief — R? is injective for all x € [
(see e.g. [31, Theorem 73.E]). Here TyI}¢¢ denotes the tangent space to T at the
point x € [. Since we want to work in a Hilbert space setting, we choose a
Sobolev space H*(T}e; R?) as underlying function space and define the following set

of admissible parameterizations:

A :={U € H*(Ler; R?) : U and D¥(x) are one-to-one for all x € Tye},
/

> — + 1.
S 2—|—

Lemma 1. A° is an open subset of H*(Tep; RY).

Proof. Let Uy € A°. Since s > d'/2 + 1, H*(Lyer; R?) is continuously embedded in
C! (Ther; R?) ([30]). In particular, there exists a constant ¢, > 0 such that sup,cp  [|[D¥(x)]| <
cel|W|| g for all U € H*(Tyer; RY). Since T is assumed to be compact, it follows that
HD\I/O(X)*D\IIO(X)]_lH is finite. Therefore, there exists € > 0 such

C = Supyer

ref
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that
1
sup || DV (x)*DV¥(x) — D¥y(x)* DV (x)|| < =

XEler C

for all U € H*(Lyer; RY) with |[¥ — Wy s < €. Hence, by a Neumann series argument,
DV (x)*DW¥(x) is invertible for all x € I'yt.

It remains to show that W is injective if € is chosen sufficiently small. First consider
the special case Wy = id and define V := ¥ — ¥,. By Whitney’s extension theorem
([29]) there exists a bounded linear extension operator E : C1(Tye; RY) — CHRY; RY)
such that (EV)|r, = V. (Here || - ||cr == || - lwr=.) If € < 1/(ce||E|]), we have
|EV]|cn < 1, and in particular the mapping —EV : R? — R? is a contraction.

Therefore, by Banach’s fixed point theorem, the equation x = —(EV)(x) +y has a
unique solution in R? for all y € R?. Since x + (EV)(x) = ¥y(x) + V(x) = ¥(x)
for x € I, it follows that W is injective.

Now assume that ¥y € A® is arbitrary and set I' := Wy([Lef). Given ¥ € A*
with |0 — Ug|jgs < € define V. € CYT') by V(¥y(x)) := ¥(x) — ¥p(x). Since
DV (Uy(x)) = (D¥(x) — DUy(x)) [DTy(x)] " as a mapping from Ty, to RY, it
follows that ||[V|c1 < ¢||¥ — Wy
[ef replaced by I' shows that U is injective if € is sufficiently small. O

ps for some ¢ > 0. Hence, the argument above with

A given manifold I' = Wy(T}¢f) parameterized by some ¥, € A° has many parame-

terizations in A%. Let
p={v e A% U([g) =T}

denote the set of all such parameterizations. The following proposition shows that
Az locally looks like the space H (I') of tangential vector fields in H*(T'; R%). Here

tan
we impose the following assumption:

There exist smooth mappings n; : I' — S, j =1,...d — d’ such that for

all x € I" the vectors n;(x) are pairwise orthogonal and orthogonal to 75T

Note that (2.1) is satisfied with n; as normal vector if T is a closed curve in R? or
a closed surface in R3. (2.1) is also satisfied for closed curves in R? with n; as the

normal vector and nsy as the binormal vector of the Frenet-Serret frame.

Proposition 2. Assume that I' := V(L) for some U € A*, and that T' satisfies
(2.1) with n; € C*(I;RY), k € N, k > s. Then Aj is a C'-Banach submanifold of
A*, and the tangent space at any ¥ € A is given by Ty Aj = {V € H*(Ler; RY) -
V- -(njoV)=0,j=1,...,d—d}. In particular, for ¥, € C*(Tret; RY) we have

(2.2) Ty, As = {\7 0T, : Ve Hgan@)} .
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Moreover, for every U € Aj. there exists a diffeomorphism ¢y : U C Ty Af. — A}
from a neighborhood U of 0 in Ty A} to a neighborhood of V in A3, which is of the
form g (V) =V +V +o(|| V]| gs).

Proof. We will characterize Aj. as solution set of an equation
(2.3) H(V)=0

with a Fréchet differentiable mapping H : U(A%) C A* — H*(Tier; R)4? defined
on some neighborhood U(Af.) of Af in A*. We will show that H is a submersion at
every U € Ap, ie.

(1) H'[V] : H*(Tyer; RY) — H*(Toer; R) ¢ is surjective.
(i) There exists a continuous projection P of H*(Ii;R?) onto the null space
N(H'[V]).

Then it follows from a general result on Banach manifolds ([31, Theorem 43.C]) that
A$ is a C! Banach submanifold of A* and

(2.4) Ty A% = N(H'[V)).

Also the statement after (2.2) follows from this theorem.
To construct H, choose a functions n; € C*(U(T);R) defined in a neighborhood
U(T) of I' in R? such that

nj(x) =0 and gradn;(x) =n;(x) forxel,j=1,...,d—d.

The existence of such mappings 7n; follows again from Whitney’s extension theorem
(see [29]). Moreover, by the implicit function theorem we have

mx)=-=n_¢(x)=0 < xeTl

for x € U(T") if U(I") is chosen sufficiently small. Now we define

and verify the properties above:

(Ad (2.3)): Since H*(Ter; R?) is continuously embedded in L2 (Tyes; R?), there exists
a neighborhood U(A$) of A% in H*(Tye; R?) such that ¥(x) € U(T) for all x € [y
and all U € U(A$). Hence, H is well defined on U(A}.). If U(.A}.) is chosen sufficiently
small, then by Lemma 1 every solution ¥ to (2.3) must be parameterization of a
manifold IV, which is diffeomorphic to Ie and contained in I'. If T is connected,
this immediately shows that IV = I', otherwise apply the argument to each connected

component of T}¢¢. Since conversely every ¥ € A$f is a solution to (2.3), the solution



6 HELMUT HARBRECHT AND THORSTEN HOHAGE

set of (2.3) is indeed Aj.
(Ad (i)): The Fréchet derivative of H is given by

(H'[¥]V),;(x) = gradn;(¥(x)) - V(x) = n;(¥(x)) - V(x), j=1,...,d—d
for V. € H*(T,et; RY). Under the given smoothness assumptions H'[¥] indeed maps
to H*(Tyer; R)4 since njoW € H*(Ler; RY) as k > s and (njo ¥) -V € H*([e; R)
as s > d'/2. For p € H*(Tyer; R)% the field V := Z;l;fl @; (nj o ¥) belongs to
H?*(Tyer; RY), and H'[W]V = . Hence, H'[¥] is surjective.
(Ad (ii)): We have N(H'[¥]) = {V € H*(T\er; R?) : V- (n;00) = 0,5 =1,...,d—d'},
and for W, € C*(p;RY), the composition Vo, belongs to H*(Ie) for any
V e H;, (T), so N(H'[¥]) agrees with the right hand side of (2.2). P may be chosen
as the orthogonal projection since H*(Tep; RY) is a Hilbert space and N(H'[¥]) is a
closed subspace. O]

3. CONVERGENCE OF THE REGULARIZED NEWTON METHOD

We consider the following abstract setting: Let X, ), and Z be Hilbert spaces and
F:U— Y, G:U — Z Fréchet differentiable operators defined on a convex open
subset U C X and y € R(F). Our aim is to find a solution ¥T the operator equation

(3.1) F(¥) =y.

which minimizes the functional ¥ +— ||G(¥)]|* + || — W¥y||*> among all solutions to
(3.1):

(3.2) U = argmin g, pow)—yy {|G()|° + [T — Do}

At our disposal are noisy data y° satisfying the error bound

(3.3) ly° —y|| <.

To this end we study the regularized Newton method as proposed in [16]. The k-th
step of this method consists in solving the quadratic minimization problem
(3.4)

[F 1WA+ F(0y) = 4[|+ |G 18R + GO 5+ [|h+ Uy — Ty = mip!

to compute the Newton update hy := WUy, ; — ¥;. Here
(3.5) ay, = apg"

for some ¢ € (0,1) and some ag > 0. This is a variant of the iteratively regularized
Gauss-Newton method (see [1, 3, 21]).

The essential assumption of our convergence analysis will be the source condition

(3.6) Uy — U - GG = FYTw, we)y
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which is motivated and explained in the following lemma and remark:

Lemma 3. Under the assumptions of Proposition 2 let X = H*(Tyer; R?) and {¥ €
D(F): F(¥) =y} = A} Moreover, let UT be defined by (3.2). Then

(3.7) Uy — U — G'[U*G(UT) € R(F'[Ui]).

Proof. Note the derivative of the functional J(¥) := ||G(0)||*> 4 || — ¥yl|? is given
by J'[Wlh = 2(W, h) with W = UT — ¥y + G'[UT]*G(¥T). Assume that W ¢
R(F'[WUf]*). Since R(F'[Wf]*) = N(F'[¥T])L, there exists h € N(F'[¥']) such that
(W, h) < 0. Let U, := @gi(th) € A} for t > 0 sufficiently small with g (th) =
Ut + th 4+ O(t?) as in Proposition 2. Then

J(W) = J(UT) + 2t (W, h) + o(t) as t \, 0.
As (W, h) < 0 this contradicts that ¥T is a minimum of J on As. O

Remark 4. Since the range of F'[UT]* is typically not closed for inverse problems, the
source condition (3.6) does not follow from (3.7). As F'[¥T]* is typically a smoothing
operator, (3.6) can be seen as a smoothness condition. This smoothness condition
is quite restrictive in the case of exponentially ill-posed problems such as EIT, e.g.
requiring the existence of analytic extensions (see [18]). Similar conditions have been
used in [26]. Probably, the following analysis could be extended to weaker and more
realistic logarithmic source conditions along the lines of [18]. However, as opposed
to such an analysis the following results do not assume any restrictive condition on
the degree of nonlinearity of the forward operator.

Introducing the operators

P[]

Ak = ,
Va1 GV

9

(3.4) can be rewritten as

2
Yo — F(Ty)

_ _ = min!
h V1G (V) min!
\/@kJrl(\I’O - \I’k) VX ZXX

From the normal equation of this least squares problem we obtain the recursion

Ay
A /Oék;+1]

formula
Yo — F(Wy)

3.8) Uy =0 I+ ArA) | Az
(3.8) k+1 k+ (g + AL AR) ( k —\/WHG(‘I%)

+ Oék+1(‘110 — Wk)) .



8 HELMUT HARBRECHT AND THORSTEN HOHAGE

After straightforward manipulations it follows that

\I/k-i-l - \I/T = ak+1(ak+1] + A;;Ak)_l(\I/O - \I/T)

Yy’ — F (W) — F'[0] (0T — Wy
Va1 (=G (W) — G (T — Ty))
= g1 (o] + ApA) T (W — T — G/ G(TT))
[y = F(0) — F(U - 0

|V (G(YT) = G(Wy) — G/ W] (UF - Ty,))

Therefore, we can split up the error Ej,; := ¥, — UT into the components

+ (] + ApAy) M A,

+ (g T+ ApA) TN A;

Epe = B+ B9y + B+ B+ B

defined by
B = i (ap ] + FIOTFIOT) T (0 — 0T — GG (e))
B o= (o] + AjAR) ALY — F(UT), 007

F(UY) = F(U),) — F'[0,](UF — O
Vi {G(1) = G(Wy) — G0 ](IF — W)
EPM = g { (g ] + AjA) ™ = (g ] + FIUT O (0 — 01 — GG (1))
B = app(annl + A3A) TGV — G0,)7) G

B = (anan ] + AL A) T A;

The following essential lemma bounds the error EM := E,?l’l + E£1’2 + E,?l’3, which
is due to the nonlinearity of the operators F' and G in terms of the approximation

error E;™" and the propagated data noise error Ep°':

Lemma 5. Let y € R(F) and Yy € U, and let (3.3) and (3.5) hold. Assume that
there exists a solution T to (3.1) satisfying the source condition (3.6) with ||w|| < p.
Moreover, assume that there are Lipschitz constants Lr, Lg > 0 such that

| F'[W1] — F'[W,]|| < Lp|| ¥ — Py,

(3.9)
|G'[U] — G'[ W] || < La [Ty — Wy

for all Wi, Vs € U and that G is scaled such that
1
(3.10) Le|lG(¥h)| < % and  ||G'[ETFG(ET)]| < S — o

Then the Newton iterates Vi defined by (3.8) belong to D(F), and the error compo-
nents satisfy the inequality

(3.11) B < BRI+ N 2
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fork=1,..., knax where
o
(3.12) Emax 1= Sup {k e N: o < Cstop}

if ag is sufficiently large, and Cgop, p, and § are sufficiently small. (Precise bounds

are given in the proof.)

Proof. Let T € U, and assume that the ball Bg := {¥ € X : [|[¥ — UT|| < R} is

contained in U.

The proof is by induction in k: Assume that (3.11) holds true for some k € {1, ..., kpax—

1}. Since EpPP = rp(F'[OT*F'[WT]) 2 with 2 := Uy — UT — G'[UT*G(UT) and ry.(\) =
€73

R follows from the properties of the functional calculus and the inequality
0 <rr_1(\) < g 're()), which holds for all A > 0, that

(3.13a) IE2EI < g HIZP ).

Similarily the inequality 0 < (ap_1 + A)7! < (ag + A) 7! implies
(3.13b) 1B N < 2R

Together with the induction hypothesis we obtain

(3.14) 1Bl < 2 (1B + 1B ) < 2 (a IEP )+ 2R -

Due to the Lipschitz conditions (3.9) the Taylor remainder is bounded by ||F(¥T) —
F(Uy_1) — FI[0_)(UF — 0y || < £2(|0y_; — U2, and similarly for G. Together
with the standard bound

(3.15) |(ap + AFA) AL <

2,/
and the notation L := /L% + apLZ we obtain

\/_LE ) _ 2v2L
I < g Benl® < ==

In the second step we have used (3.14) and the inequality (£ +n)? < 2£2+2n?. Tt fol-
lows from the source condition (3.6) that || E2*P|| < 2712, /ap. Hence, 22L || E2PP|| <

nl, — a, noi
(P2re (@227 + 11EE) -

Y qQM
5 if we choose p < ¢*/(6L). Moreover, it follows from (3.15) and (3.12) that
2v2L Lo 1
f ||En01|| < \/7 < \/_Lcstop < -

N

if we choose Cyop < (3v/2L)71. Putting these estimates together yields

nl, a noi
1 Ex 1||< (IIE PRI (1B -
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To obtain a similar estimate for || E}"?||, we use the source condition (3.6) and either
explicit elementary estimates or the Riesz-Dunford calculus as in [3, Section 4.1] to
show that

IEL) < Cap || A5 Agy — F/IET F/ [0
< Cip (|G W] G W || + (| F W g )" F [0y ] — FWHF ][
< Cop (e |G G| + (| By )

for some constants Cy,Cy > 0. For the last inequality we have used (3.9) again.
Since ||E;™P|| > oul|(col + F/[UTF/0T]) =1 (U — OF — G/[UT]*G(TT)) ||, we obtain
using (3.14) that
nl, 1 a noi
120 < 5 (BRI -+ )

for p sufficiently small. Finally, using (3.9), the induction hypothesis, (3.10), and
(3.13) we obtain

n 1 a noi
1B < Lell GO || Brall < 3 B2+ 1) -

Summing up these estimates for ||E||, 7 = 1,2, 3 yields (3.11).

Next we show that W), € D(F). Using (3.6) and the inequality av/A/(a + ) <
Va/2, it follows that ||EPP| < $y/ag|w| < @, and hence || E;P|| < R/4 for
p < R/(2\/ag). Moreover,

. . 4] R
B < B )| < 5 < 7
aklnax

if 6 < R,/ak,.../2. Together with (3.11) this implies that ¥} € Bp(¥T) C U.
The proof of the assertion for £ = 1 is almost identical to the induction step. We
have used the induction hypothesis only in the proof of inequality (3.14). For k =1

this can be shown as follows: If a; = qag > ¢||F'[¥7]||2/(1 — q), then
ai ai

1< < for A € [0, | F'[¥1|?],
q(a1+||F/[\I/’r]||2) q(a1+>\) [ H [ ]H]

and hence
1Eoll < g Hlaa(an + F/[WF W) Ey|
< q B = ¢ Haw(aa I + U FO) TG UG e
< g B - GG (e
Using (3.10) it follows that || Eo|| < 2¢7||ET™?||. O
For both terms on the right hand side of (3.11) simple upper bounds are available

from linear regularization theory: ||E™|| < 2\/5@, and ||E2PP|| < C|w|laf if the

source condition

(3.16) Uy — U — GG = (F/ [V F'U) %
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with v € [3, 1] is satisfied for some @ € X. ((3.16) is equivalent to (3.6) for » = 1 and
stronger than (3.6) for v > %) This yields the following convergence theorem, the
proof of which is completely analogous to the proof of Theorem 3.1 in [2]. (What
remains to be shown is that the iterates are well defined, i.e. W, € U up to the
optimal stopping index.)

Theorem 6. In addition to the assumptions of Lemma 5 let (3.16) hold true. Then:
(1) For exact data y° =y the iterates converge to W', and
10 — ¥ =0(a)),  k— oo
(2) If v > 5 the oracle stopping index

: a J
(3.17) ko := argmingcy (HEkppH + 2—0%)

satisfies (3.12) for & sufficiently small. In particular,
(3.18) W, — Ol :0(5%), 5= 0.

The last inequality remains valid if ko, is replaced by a stopping rule k, =
k. (0) satisfying ag, ~ S,

Of course, the oracle stopping rule (3.17) is not implementable. Instead, Lepskii’s

balancing principle can be used:

4
(3.19) kpal := min {k < kmax |V — U] < \/Té_m} )

From a general result in [2] (Theorem 4.1) we immediately obtain:

Theorem 7. Under the assumptions of Lemma 5 there exists a constant C' > 0 such
that

(3.20) 19k, = 9T < O, — O]

if kor < kmax- In particular, (3.18) holds with ko, replaced by kya under the assump-
tions of Theorem 6.

4. THE EIT PROBLEM: FORWARD OPERATOR, DERIVATIVE, AND ADJOINT

Let D C R? be a connected domain with Lipschitz boundary ¥ = 9, and assume
that an unknown open void or inclusion S C D with smooth boundary I' = 95 is
located inside the domain D satisfying dist(X,T") > 0, see Figure 1. We also assume
that  := D\ S is connected and denote by n the outer normal vectors of Q on
I' and ». The material in 2 has a constant conductivity wheras the inclusion S is

perfectly conducting. To determine S or its boundary I'; we assume to have available
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both a voltage distribution f € H'/2(X) and a current distribution g € Hgl/Q(Z) =
{9 € H'2(X) : [, gdz = 0} at the accessible boundary Y. Hence, we are seeking
the annular domain 2 and an associated harmonic function u, satisfying the system
of equations (1.1).

We consider both the situation that a voltage distribution f is applied and a cur-
rent distribution ¢° is measured, and the situation that a current distribution g is
applied and a voltage distribution f° is measured. The suffix § indicates that the cor-
responding boundary values contain measurement errors with noise level 6 > 0, i.e.
g —g5||L2(2) <Jor ||f—f5||Lz(Z) < 4, respectively. In practice typically currents are
applied and voltages measured. Consider the forward operators F, Fy, : D(Fy/y) —
L*(X) as defined in the introduction. Here D(F ) := {¥ € A®: ¥(I,¢) C D} using
the notation of Section 2. F is defined for a given applied voltage f € H'(Z), and
F, is defined for a given applied current g € H, Y 2(Z)<>.

It can be shown that the operators F. and F, are Fréchet differentiable and that
the derivative can be characterized by boundary-value problems (see e.g. [12, 23]).
More precisely, for ¥ € D(F;/,) and V € H*(Ty; R3) the Fréchet derivative at ¥ in
direction V is given by

ouly

(4.1a) FIU(V)=—X|  or FU(V) =yl

where u}; is the solution of the following boundary value problem:

Auy, =0 in Q,
(4.1b) uy = —g—z((v oW 1) .n) on I,
Uy = on ¥ (for F,),
/
a;—nv =0 ony  (for F)
Lemma 8. The adjoint operators F,, [U]": L3(X) — H*(Tyet; R3) are given by
X . Op Ou

where Jg : H®(Drep; R3) — L2(Tier; R3) is the embedding operator and p is the solution
to the boundary value problem

Ap =0 in §, plr =0,
(4.3) Op

pls =y (for F.) or o0 s =—y (for F,), rsp.

Details in what sense the L? boundary values in (4.3) have to be understood can be
found in [22], and a definition of det D® is contained in [16].
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Proof. According to the characterization (4.1) the Fréchet derivatives can be factor-

ized as follows:
C/V[ ] GC/VA‘I’J
Here Ay : L*(Tier; R?) — L*(T'; R) is defined by

(V) (y) =~

and G§, : L*(I') — L*(X) is defined by G5 := 2|5 where v is the unique solution

)V (y)n(y), yeT

to the boundary value problem

(4.4) Av =01in Q, vlr = o, vly = 0.

Gy, is defined analogously, but v|s; = 0 is replaced by a” |s = 0. Therefore,
) = A (G5

and we have to compute the adjoints of all factors. If p is a solution to (4.3), and v

is a solution to (4.4), an application of Green’s theorem yields

¢ ov dp dp
<y7G\Pg0>_ ands_ anvd$_<8n790>7

and hence (G§)*y = g—g. Analogously, it can be shown that (GY,)*y = p. The adjoint
of Ay is derived in [16, Theorem 3]:
. du
(Auf)(x) = = | J(¥) 5 | n¥)(det DY(x)),  x € Lot

where y := ¥(x). Putting these formulas together yields (4.2). O

5. BOUNDARY INTEGRAL EQUATIONS

To evaluate the forward operators and their derivatives we use boundary integral
equations. We introduce the single layer and the double layer operators with respect
the boundaries &, ¥ € {I", ¥} by

: v
(Vewu)(x 47r/ Ty (y)doy, x €U,

(Kogu)(x) := i/ ﬁu(y)day, x € V.

Note that Vey denotes an operator of order —1 if ® = ¥, ie. Voo : H V2(®) —
H'2(®), while it is an arbitrarily smoothing compact operator if ® # ¥ since
dist(T',3) > 0. Likewise, if 3, T" € C', the double layer operator Kgp : L*(®) —
L*(®) is compact while it smoothes arbitrarily if ® # W. We refer the reader to
[8, 25, 27] for a detailed description of boundary integral equations.
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Introducing V := [}jﬁ; E;;} and K := [ ,’gg; E;;} the unknown Neumann data in the

forward problem described by the operator F, satisfy the system of equations

(5.1) % E__:t] = GH/C) ;] .

Note that the Dirichlet-to-Neumann map on I' U X is given by V‘l(%l + K). The
unknown Neumann data of the local shape derivatives u}, in (4.1) are analogously

obtained from the boundary integral equations

auv}r 1
an

Rearranging these systems and introducing the operators A := |:7V]g1£‘2 1/;1ﬁ21€22] and

(5.2) % .

—(V:-n a“’F] '

B := | Y2+Krr —Ver
) —Krs  Vss

the operator F, and its Frechet derivative:

g_ﬁ‘r _B 0 A auv}r - B —(V- nav}r .
uls: gl’ Uy s 0

To approximately solve these boundary integral equations numerically we assume

we obtain a boundary integral equation for the evaluation of

(53) A

that the boundary manifold 9Q = I' UYX C R? is given as a parametric surface
consisting of smooth patches. More precisely, let [ := [0, 1]? denote the unit square.
The manifold 02 is partitioned into a finite number of patches

M
(5.4) =1, Ti=w0), i=12..M,

where each v; : [0 — I'; defines a diffeomorphism of [J onto I';. The intersection
Ny, i # 4, of two patches T'; and T'y is assumed to be either () or a common edge

or vertex.

The construction of the parametric representation of the fixed manifold ¥ is straight-
forward. To construct a parametric representation of the varying boundary I', it suf-
fices to construct such a representation of the reference manifold I',o¢. For the unit
sphere 't = S? this can be done as follows: The surface of the cube [—0.5, 0.5]* con-
sists of six patches. Each point x € 9([—0.5,0.5]%) can be lifted onto the boundary
I' via the operation y(x) = ¥(x/||x||) € I'. That way, the surface I' is subdivided
into M = 6 patches, the parametric representations ~; : [ — I'; of which can easily
be derived.

We introduce a mesh of level j on the unit square by dyadic subdivisions of depth

j into 47 squares. On this mesh we consider piecewise bilinear nodal basis functions



NEWTON METHOD FOR NON STAR-SHAPED DOMAINS IN EIT 15

{07, : k € AT}, where AT denotes a suitable index set satisfying |AF] = (27 + 1)

We define the set of basis functions on the surface I' via parameterization

b i 1(%) = jD,k(S)> x = v(s) € Iy,
i, =

0, elsewhere,

where ¢ = 1,2,..., M. Then, the trial spaces V; := span{¢; ;. : (i, k) € A\;}, where
Nj={(i,k):i=1,...,M, k€ A]D}, are nested with respect to j.

For &, ¥ € {¥ T'}, we introduce the system matrices

————07 (y)07 (x)doydo }
CD\II X )
4r {// HX—}’H Y i€n? jeny

—¥,0y) e N
(b\Ij 9 ( )9 (X)dO’ dO'x} y
ir U / e ylis ¢ P e

and the mass matrices

and the load vectors of Dirichlet and Neumann data fs and ge

to = | [ 07601 )] L me [ #2000 "

Then, in view of (5.1) and (5.2), the linear system of equations
(5.5) Vrr Vsr| |ar _ Mflfr
Vrs Vss| |ax Milfz ’
gives us the Neumann data ar = >, ,r[gr]:ff on I and ay, = >, . s[gs];07 on &
from the Dirichlet data on I" and X. Likewise, the system

bp _ 1/2Mr + Krr —Vsr| [Mp'er
ar —Kry Vs | | Mg'fy

1/2MF —+ KIT KZF
Kry 1/2My, + Ksyx

VFF _KZF

(5.6)
—Vrs 1/2Mjy + Ky

yields the Dirichlet data br = Y, r[br];#; on I' and the Neumann data ay =
J
> ieaslas]if on ¥ from the Neumann data gr on I' and the Dirichlet data fy on

3. Note that we plugged in the L?-orthogonal projection involving Mg to decouple
the data vectors from the boundary integral operators on the right hand side.

The following theorem, which is proved in the appendix, provides bounds on the
errors in the evaluation of the forward operator F, and its derivative if the boundary
integral equations (5.1) and (5.2) are approximately solved by the boundary element
method (5.5). An analogous result for the operator F, is formulated and proved in

the appendix.
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Theorem 9. Assume that ¥ € D(F,) is a smooth parameterization of the boundary
[,00€eC>®, fe HY), and V € C*(Let; R?). If hj ~ 277 denotes the step width
of the Galerkin discretization, then the discretization error in our approximations of
the forward solution operator F, and its Fréchet derivative satisfy the estimates

(5.7) 1P (@) = Fop, (9)]] oy = O2)
(5.8) [FIV = F'[len, V[ o) = O(hy)

uniformly in j.

Notice that we loose one order of convergence since the approximation of the Neu-

mann data g—z, which naturally belong to H~/2(T'), appear in the Dirichlet data,

which naturally belong to H?(I).
Using the piecewise bilinear nodal basis functions leads to the traditional boundary
element method. Then, the system matrices are densely populated and we end up

with an at least quadratic complexity for computing the approximate solution of
(5.5) and (5.6), i.c., the computational work scales like O((|AF|+]AZ[)?) = O(167).

We employ instead appropriate biorthogonal spline wavelets as constructed in sev-
eral papers, see e.g. [11, 14, 15]. Then, we obtain quasi-sparse system matrices
having only O(|A]] + |A¥]) = O(4’) relevant matrix coefficients. Applying the
matrix compression strategy developed in [9, 28] combined with an exponentially
convergent hp—quadrature method [13], the wavelet Galerkin scheme produces the
approximate solutions of (5.5) and (5.6) within linear complexity. Especially, due to
the norm equivalences of wavelet bases, the diagonally scaled system matrices are
well posed [10, 28].

6. NUMERICAL RESULTS

6.1. The forward solver. To validate the convergence rates of the forward solver,
we consider the harmonic function u(x,y,2) = 42® — 3y?> — 2% and the geometric
situation shown in Fig. 2. For test reasons we prescribe the inhomogeneous Dirichlet
data u|r on the obstacle’s boundary I' and either the Dirichlet data v|y or the
Neumann data ((Vu)|s,n) on the fixed boundary ¥, which is chosen as the surface

of the cube [—1,1]3. Thus, the solution of the boundary value problems (1.1) is w.

We discretize the associated boundary integral equations as described in section 5 in
order to compute the unknown Neumann or Dirichlet data on >. The corresponding
L?-errors are plotted in Fig. 2. In fact, we observe the predicted rate of convergence
h? (indicated by the dashed line) even though the boundary ¥ is only piecewise
smooth.
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—e— L2—Error of Dirichlet-Neumann—Problem
—— L2-Error of Dirichlet-Dirichlet—Problem
- — - Asymptotics h?

10

10* 10
Number of Unknowns

FIGURE 2. Left: Test configuration; right: L?(X)-error of the forward solver.

6.2. Reconstructing a pear-like inclusion. In a second test we study the re-
construction of the pear-like inclusion shown in the Fig. 3, located inside the cube
[—1,1]3. To reconstruct this inclusion we apply the four linear independent voltage
distributions f(x,y,2) = 1,x,y, 2 and measure the associated current distributions

g

FiGURE 3. The true pear-like inclusion.

We computed the reconstruction for different scalings of the inclusion, always lo-
calized in the center of the cube. Each Cartesian component of the inclusion’s pa-
rameterization has been discretized by spherical harmonics of order < 20, resulting
in 3 -20% = 1200 unknown design parameters. Notice that this ansatz comprises in
particular shifts of the inclusions.

To avoid an inverse crime the parameterization of the true boundary did not belong
to the finite dimensional subspace. Moreover, we employed different discretization
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F1GURE 4. The reconstructions of the pear-like inclusion in case of

different scalings.

levels for computing the synthetic data and for reconstructing the inclusion. The
synthetic data are computed on level j = 5 (about 13000 boundary elements) while
the reconstruction is performed on level j = 4 (about 3000 boundary elements). Here
we added a small Gauflian noise with standard deviation 0.001 to the synthetic data

at each grid point.

FIGURE 5. Reconstruction in case of a shifted inclusion.

As shown in Fig. 4 the reconstructions are the more accurate the larger the inclusion.
In case of the a small inclusion we loose all geometric details and only find a small
sphere. However, by moving a small inclusion closer to the boundary we are able to
reconstruct also its geometric details, see Fig. 5. These observations illustrate the
fact that the reconstruction of a surface is the more ill-posed the larger its distance
from the outer boundary . As initial guess we always used the sphere of radius 0.5

centered at the origin.

6.3. Reconstructing an H-shaped inclusion. The last test is dedicated to the
reconstruction an H-shaped inclusion, located inside the cube [—1,1]* as presented
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in Fig. 6. To reconstruct this inclusion we apply the ten linear independent current
distributions g(x) = x, |a| < 2, and measure the related voltage distributions f°.

The synthetic data have been computed by using about 40 000 boundary elements.

FiGURE 6. The true H-shaped inclusion.

Fig. 7 shows the reconstruction obtained by our algorithm. In the wavelet Galerkin
method the discretization level has been chosen as j = 3 (about 750 boundary
elements). The position and crude shape of the inclusion are found perfectly, whereas

geometric details like the cross brace of the H are not reconstructed well.

F1GURE 7. The reconstruction of the H-shaped inclusion.

APPENDIX A. CONVERGENCE ANALYSIS OF BEM
In this appendix we give the proof of Theorem 9.

Proof. We denote the exact and the approximate Neumann data of (5.1) by g :=
Ou/on and g; := [Ou/ 8n]2§_’p, respectively. In a first step we prove the estimate

5/2
(A1) 19— gill 12000 S B2 119l 1200 -
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To this end, we will abbreviate the exact and the approximate right hand sides by
b:=(1/2+K)fxs and b; = (1/2+ KIL;) fxx. Thus, we get the estimate

b — bj”Hl/?(aQ) = [|K(f - ij)XEHH1/2(aQ) S - ij)XE”H*1/2(89)7
since K : H=Y2(0Q) — H'Y?(08) is continuous if 9Q € C2. Hence, using (A.4), we
arrive at
5/2 5/2
(A.2) 16— bl 200y S 151 sl S B2 gl oo,

where the last estimate issues from the fact that the Dirichlet-to-Neumann map is

a continuous operator of order 1.

By the First Strang Lemma
(b — bj, Uj)LQ(BQ)

A3 9 — il g-1/2 < inf ||g — vj]| g-1/2(90) + Sup
( ) H J”H (092) Vi€V, ” JHH (092) s 8 ”U/j”Hfl/Q(aQ)

we arrive at (A.1).

Finally, let IT; denote the L*-orthogonal projection onto V;. Since for any v € L*(092)
the function II;v is the Galerkin solution of the equation Iz = v with respect to V,

we arrive at the error estimate

(A.4) lv = Tvlla-1(00) < h5 T [0l ga@a), 0 <t <2

provided that v € H%(092). Thus, we derive the estimate

19— gillz200) S 11 —11;)(g — 95)[lr2(00) + [ITLi(g — g:) || 200

S 3 lgllzo) + 15 1T (g = )|l i-1v200)
< R2llgllaeon) + hj_l/Q{Hg — g/l ir-1200) + 119 — 9ill a-1/2000) }
S h§||g||H2(aQ),

which implies (5.7).

The estimate (5.8) follows as above by showing that

/ 8 /! app /
(A.5) auv _ { Uv} < h?’/QH au_V + HgHHQ(afl)}'
on o |y a-12000) m | 190
Let b := —(1/2 + K)[(V - n)gxr| denote the exact right hand side of (5.2) and

bj :=—(1/2+ K)IL[(V - n)g;xr] its approximation. Using V -n € C*(T') and (A.1)
we obtain
16— bj”H1/2(aQ) SV -n)(g - 9]’)XFHH1/2(39) SV anl(p)Hg - ngH1/2(aQ)
< 029l 200

Here the norm of g — g; in H 172(9Q)) is estimated using a similar argument as after
(A.4). The First Strang Lemma (A.3) yields (A.5) which finishes the proof. O
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We also give the analog of Theorem 9 for the operator Fi:

Theorem 10. Assume that ¥ € D(F,) is a smooth parameterization of the boundary
[,00€e€C™ ge H(X), and V € C*(Lyer; R?). If hj ~ 277 denotes the step width
of the Galerkin discretization, then the discretization error in our approximations of

the forward solution operator F, and its Fréchet derivative satisfy the estimates
(A6) | () = By (0)]] 1o = OCR2)

(A7) |ELLUIV = FR, 0,V g, = OChy)

uniformly in j.

Proof. The energy space of the boundary integral operator A is the product space
H=2(I") x L*(¥). Denoting the exact solution of the first equation in (5.3) by a and

its approximation, computed from the corresponding version of (5.6), by a;, then,

the assertion holds true if

(A.8) la — aj||H—1/2(F)><L2(E) S h?||a||H3/2(F)><H2(Z)7
which will now be proven.

We indicate the exact and the approximate right hand sides by b := Bgxs and
b; = Bll;gxx. Similarly to the proof of Theorem 9, it follows that

b — bj||H1/2(F)><L2(E) S h?||a||H3/2(F)><H2(Z)'

In view of Strang’s first Lemma this leads to

Ha - ajHH*1/2(F)xL2(2) 5 h?”“”mﬂ(r)xm(zp

and thus, by straightforward modification of the arguments of the proof to Theorem 9
we derive the desired estimate (A.8), completing the proof of (A.6)

To establish (A.7),let b := —(1/2+K)[(V-n)axr| denote the exact right hand side of
the second equation in (5.3) and b; := —(1/2+4 KC)IL;[(V - n)a; xr] its approximation
based on (5.6). By virtue of (A.8) we obtain

16— bj”H1/2(r)xL2(z) S hj”aHH3/2(F)><H2(2)'

Hence, the First Strang Lemma leads to
‘ oy, {61}’\,} P
h;

on On
and thus (A.7). O

!
vy,

< h.
h on

H-Y2(T)xL2(%) ~ { ‘

+ Ha|’H3/2(F)><H2(E)}7
H(59)
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