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RIESZ BASES AND JORDAN FORM OF THE TRANSLATION
OPERATOR IN SEMI-INFINITE PERIODIC WAVEGUIDES

S. SOUSSI* AND T. HOHAGEf

Abstract. We study the propagation of time-harmonic acoustic or transverse magnetic (TM)
polarized electromagnetic waves in a periodic waveguide lying in the semi-strip (0,00) x (0, L). It is
shown that there exists a Riesz basis of the space of solutions to the time-harmonic wave equation such
that the translation operator shifting a function by one periodicity length to the left is represented
by an infinite Jordan matrix which contains at most a finite number of Jordan blocks of size > 1.
Moreover, the Dirichlet-, Neumann- and mixed traces of this Riesz basis on the left boundary also
form a Riesz basis. Both the cases of frequencies in a band gap and frequencies in the spectrum and
a variety of boundary conditions on the top and bottom are considered.

Key words. photonic crystal, photonic band gap, periodic dielectric medium, Floquet theory,
analytic theory of operators
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1. Introduction. Periodic media have received much attention in recent years
since they can prohibit the propagation of electromagnetic and acoustic waves in some
frequency ranges [24]. This localization property is a consequence of band structure of
the spectrum of the underlying differential operator and of the presence of band gaps
in this spectrum. Waves with frequencies in a band gap will decrease exponentially
inside such media as a consequence of the exponential decay of the Green’s kernel, see
[6]. The band structure of the spectrum is explained by Floquet theory, see [9 [T0, [T6].
We refer the reader to [I7] for a mathematical introduction to photonic crystals and
to [I5] [[9] for a physical introduction.

The strong localization property can be used to construct devices that mould the
flow of light or sound at a very small length scale. The simulation of such devices
requires the numerical solution of differential equations in locally perturbed periodic
media, which is a challenging task. The proof of existence and numerical computation
of defect modes has been studied in [2, 4, Bl 6 [7, 8, 21]. Problems in locally perturbed
infinite periodic media with a source term considered as part of the problem have been
studied more recently in [I1 T2 [13]. Here a natural approach consists in solving a
boundary value problem on a compact set enclosing the perturbation and using a
Dirichlet-to-Neumann or a related operator on the artificial boundary. Hence, the
problem is decomposed into an interior and an exterior problem. The purpose of this
paper is to contribute to the understanding of exterior boundary value problems in
semi-infinite periodic waveguides. A summary of our results has already been given
in the abstract, for a precise formulation we refer to the next section.

The study of wave propagation in doubly periodic half planes can be reduced
via the Floquet transform to wave propagation in semi-infinite periodic waveguides
with quasi-periodic boundary conditions on the lateral boundaries. Moreover, using
a clever trick proposed by Fliss & Joly [12], boundary value problems in the doubly
periodic exterior of a square can be reduced in some sense to boundary value problems
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2 S. SOUSSI AND T. HOHAGE

in a doubly-periodic half plane. Therefore, the analysis of this paper is also relevant
for these problems.

Our results prove two open conjectures formulated in connection with a numerical
method to compute the Neumann-to-Dirichlet map proposed by Fliss, Joly and Li (see
the discussion of Corollary EZ3)). Actually, this study arose from attempts to justify
an alternative numerical approach, which will be published elsewhere. Moreover, our
results explain with a new approach the exponential decay of waves in periodic media
with frequency in the band gap studied in [ Bl 6l [7, 8] and even provides the optimal
decay rate which corresponds to the one of the slowest decaying generalized Floquet
mode, which may provide guidance for photonic crystal optimization by focusing on
this generalized Floquet mode and trying to make its decay as fast as possible.

The paper is outlined as follows: in § Bl we introduce the problem and present
the main theorem. Some prerequisites concerning function spaces and Floquet theory
are collected in § B In § Ml we consider a holomorphic extension of the Floquet trans-
formed differential operator and show that generalized Floquet modes correspond to
characteristic values of this family of operators. This allows us to use a generalization
of Rouché’s theorem to operator valued mappings shown in [I4], which will serve as an
essential tool in the following analysis. The remaining part of the paper is dedicated
to the proof of the main theorem. Finally, we show in an appendix that a uniqueness
assumption in our main theorem is satisfied at least in an interesting special case.

2. Statement of the problem and the main results. The propagation of
time-harmonic acoustic or transverse magnetic (TM) polarized electromagnetic waves
in a 2-D waveguide lying in the semi-strip ST = RT x (0, L) is described by the
differential equation

Av + w?epv =0, in S*. (2.1a)

We assume that e, € L>(S") is periodic with period length 1 in first variable and
bounded away from 0, i.e.

ep(x1 + 1, 22) = ep(a1, 22), for all (z1,22) € ST,

0 < essinfe, <e, <€ a.e.in ST
for some £ > 0. On the top and bottom of ST we consider a boundary condition

T2
L
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FIGURE 2.1. Dielectric permittivity of the semi-infinite waveguide.

yo(zy,-) = (0,007, ;>0 (2.1b)
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with one of the following boundary value operators v : H?((0, L)) — R%:

Dirichlet ypv := (v(0),v(L))"

Neumann o = (v'(0),v' (L))"

mixed o 1= (0(0), (L))"

B-quasi-periodic v := (e®v(0) — v(L), PV (0) — /(L))" with 8 € [0,27).

To treat (-quasi-periodic boundary conditions with 8 = 0 and § = 7 we have to
impose the symmetry condition ej,(x1,22) = ep(x1, L — 22), z € (0,1) x (0,L) for
reasons explained in § [

Furthermore, we imposed a boundary condition on the left:

ov

hv=f with 5 v = 6pv(0, )—i—@N8 1( ,).

(2.1c)
Here 0p,0x € C with |0p| + |fx| > 0, and we consider 5 as an operator with values
in a space H:Y which depends on 6y and v and will be defined in § Bl

To describe our condition on the behavior of the solution as 1 — o0, which
will complete the formulation of the boundary value problem, we need the following
definition:

DEFINITION 2.1. A generalized Floquet mode is a nontrivial solution to (12,

@ID) of the form

exp(i€x1) Z I{U(j) (z1,22)

Jj=0

with ¢ € C and functions u) satisfying u'9) (x1+1, z2) = w9 (x1, x2) for all (x1,12) €
ST. We call € the quasi momentum and m the order of the generalized Floquet mode,
assuming that u(™ # 0.

Note that the quasi momentum is only determined up to an additive multiple of 27.
Typically we will choose RE € [—m, 7).

It will be shown in Corollary B3 that the wave guide supports a finite even number
2n of linearly independent generalized Floquet modes with real quasi momentum.
Unless there are generalized Floquet modes with vanishing group velocity, precisely
7 of these 2m generalized Floquet modes have positive group velocity, and these are
labelled v}, - -+ , vt (see Remark EH). We require that

v e H,i’JF(SJr) where H1 (8T = H1(5+) @ span{vy, .-+ vt} (2.1d)

Each element v € H,}“‘(S"") has a unique representation of the form v = o +
S aput with @ € H1(ST) and o € C, and we introduce a norm on H.-*(ST) by
HU”HI +(S+) ||’U|| S+) +Zn 1 |Oé_]|

We are now ready to formulate our main results:

THEOREM 2.2. Assume that the only solution to ) with f =0 isv =0. Then:

1. Problem () is well posed in the sense that for all f € H'V there exists a
unique solution u € H1 H(ST) to ), and u depends contmuously on f.

2. There exist genemlzzed Floquet modes v, n € N, which form a Riesz basis of
the closed linear subspace V. C H)+(ST) of all weak solutions to EId) and

@TI0). Moreover, the traces {5 v, :n € N} form a Riesz basis of H:Y
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3. Suppose that H*(S7T) is invariant under the translation operator (Tv)(z) :=
v(wy +1,22). (This is always the case if vy, ..., vl are of order 0.) Then the
Riesz basis can be chosen such that T : V — V is represented by an infinite
Jordan matriz, which contains at most a finite number of Jordan blocks of
size greater than 1 all of which are of finite size.
Since according to the first part of this theorem, the operator § : V — H,':V has
a bounded inverse, we obtain the following corollary, which proves the conjectures
in [I3, Remark 5.1] and [I1, Conjecture 3.2.52]. (In the latter case, to prove that
R|span{k{ T ) has spectral radius < 1, we also have to take into account Theorem

COROLLARY 2.3. The operator R := 5T (}|v)~! : H,L;V — H,L;V, which maps
the trace of a solution to ) to its trace at one periodicity length to the right, is
represented by the same Jordan matriz as T with respect to the Riesz basis {5 v :
n € N}.

To demonstrate that our formulation of the boundary value problem, and in
particular the form radiation condition (Id) is reasonable, we show in Appendix [Al
that the uniqueness assumption in Theorem is satisfied for an interesting special

class of problems.
3. Preliminaries.

3.1. Sobolev spaces on the cross section. For the boundary value operators
v € {7p,N,7DN, s} defined in the introduction, we define the second derivative
operators

D, :D(D,) — L*((0,L)), w— —w”
with D(D,) := {w € H?*((0,L)) : yw = (0,0) " }.

It is well known that these operators are positive and self-adjoint with compact resol-

vents. Moreover, complete orthonormal systems of eigenpairs {( N,(J), (’%127))2) kel }
are known explicitly:

boundary condition 15,(67)(1%) R,(J) z
Dirichlet \/% sin (%kt) T’Tk N
Neumann \/%cos (zkt) h NuU{0}
mixed 2 sin (”(22]6;1) t) ﬂ(QQkal) N
(B-quasi-periodic \/% exp (z ﬁJrLQ’Tk t) ﬁJrLQ”k Z

To simplify our notation we will often suppress the dependence of 1/;](3) and f%gj) on

~ in the following. Sobolev spaces corresponding a boundary value operator v €
{7, 7, 7N, 75} can then be defined by H3((0,L)) = D((I + D,)*/?) with norm
wllas = (I + D,)*?w|| 12 for s > 0, and for s < 0 the space H3((0,L)) can be
defined as completion of L?((0, L)) under the norm || - || H: - More explicitly,

lollZry = > (14 72)°|{w, di)? (3.1)

keT
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REMARK 3.1. It can be shown as in [I8, Theorem 11.7] that

HI2(0,1) = Hip(0.1)) = (h e 13 (0.1) « | ROP g o

o tL—1)
HY2((0.1)) = {h € H}((0.L)) - /OL Mdt < o0}

H’%?((O,L)) ={he H%((O,L)) : /L e L= p(t) — h(L — t)|2dt -

0 t

and H»%2((O7 L)) = H'Y2((0, L)), but we will not use these facts.
It will be convenient to renumber the square roots of the &;’s in increasing order
such that

o(Dy)={fi:keI}={ri:1€N}

and 0 < k1 < ko < .... This defines a bijective mapping N — Z, k +— (k). Note that

2 2
Koi41 = K1 + %l and Kol = Ko + %l (3.2)

for I =1,.... Moreover, we will write ¥ = 1/31(@ for k € N.

3.2. Sobolev spaces on the strip. Let S := R x (0,L), and introduce the
self-adjoint negative Laplace operators

D., : D(D,) — L*(S), v = —Av,
with D(D,) := {v € H*(S) : Va1 € Ryv(z1,-) = (0,0)"}

for v € {vp, Y, DN, 3} Then we define
H3(S) =D ((1 n DV)S/Q) . s>0,

and [|lvflgs == [|(1+ D.,)*/?v]| 2. For s <0, H3(S) is defined as completion of L*(S)
under the norm |[| - [[gs. It can be shown that H (8) = Hy(S), H] (S) = H'(S),
and H%(S) ={ve HYS) : e®Pv(-,0) = v(-, L)}, and the norm | - |72 is equivalent to
|-z given by [[v]l3, = [4(Jv[* + [Vv|*) de. HS(ST) can be defined as the set of all
restrictions to S* of functions in H3(S) with [vllzs(s+) = mf{[|0]| s (s) = Ols+ = v}
Moreover, the trace operators

l:)/D : H'i(s-i_) - H$/2((07 L))v V= U(Ov ')7
b HA(STA) - HIV2((0,L)), v 200,

are well defined, continuous, and surjective, and have bounded right-inverses (see
b 1/2

[18]). (Here ||UH?{;(3+;A) = ||UH§{;(5+)+HAUHiz(Sﬂ-) We choose H := H’y/ ((0,L))

if Ox = 0 and HY = H; "?((0,L)) if  # 0.
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3.3. Floquet transform. The Floquet transform is defined by

FLA(S) — L2 ((—m, ), L2(Q))

1 )
Folaa) i= <= S ol +1p)e o)

leZ

where g = R/Zx (0, L). It is isometric with inverse v(z)

xes.
We will frequently use the orthonormal bases {<pl(7) : 1 € Z x N} defined by

= \/%ffﬂ Fo(a, )et*™ da,

wi(z) == exp(27ril1x1)1/)l(3) (x2), xz € Q. (3.3)
If v € H3(S), then for all a € [, 7] the function Fuv(a,-) belongs to the Sobolev
space H3(Qo) defined by H3(Q) := {u € L*(Q) : [[ull g() < oo} with

s 1/2
lull s e = (Y A+, u)?)
le€ZXN

for s > 0 and as completion of L?(€) under this norm for s < 0. For a € [—m, 7] the
operator A : H2(Q9) — L*(Q) uniquely defined by the property

Ao(Fo(a, ) = (FAv)(a, )
is given by
Ag = e TN = (0, +ia)? + 02, = A+ 2iad,, —a® (3.4)

3.4. Band structure of the periodic waveguide spectrum. The study of
solutions to the Helmholtz equation Av + w?e,v = 0 in S with boundary conditions
yu(xy,-) = (0,0)T for 2; € R amounts to the study of spectral properties of the
operator

1
A = —— A H2(S) — L*(S).
€p
Due to the isometry of the Floquet transform, the spectrum of A is the union of the
spectra the operators defined by

A = —EiAa © H2(Q) — L*(Q0)  for a €R.
P

Since these operators are positive and self-adjoint in the weighted Hilbert space
L?(Q,ep) with a compact resolvent, their spectra consist of a countable number
of positive eigenvalues with finite multiplicities accumulating only at oo:

0(Aa) = {Am(a) :n € N}, a € [—m,m).

We assume that the \,, are arranged in increasing order. In this case they are even,
periodic functions of «,

a €R. (3.5)



GENERALIZED FLOQUET MODES IN PERIODIC WAVE GUIDES 7

Moreover, the functions A are smooth, except at points where two or more of them
cross. Alternatively, the eigenvalues of AY can be arranged such that they are analytic
functions A,, of a, which have holomorphic extensions to a complex neighborhood U
of [—m,m) ([20]). Furthermore, there exists a holomorphic family of eigenfunctions
U— L*(Q), & — wp e

Agwm g + An(E)epme =0,  E€U,meN. (3.6)

However, if we insist on analyticity we have to sacrifice the properties ([BX).

The spectrum of A which we will also call the spectrum of the periodic
waveguide, is given by the union of the spectral bands I, = [minae[,mﬂ] Am (@),
Max,e[—r ] Am(a)]. Band gaps appear when two consecutive bands do not overlap.
One of the most important features of periodic waveguides is that there cannot be
guided waves for any frequency lying in a band gap.

4. Generalized Floquet modes and characteristic values of (B¢). Al-
though the Floquet transform of a function v € H3(S) is typically not smooth in «
and does not possess an analytic extension, due to B4 the mapping o — A, is a
polynomial with coefficients in £(H*(Q0), H*~2(£2)) for all s, so in particular, it has
a holomorphic extension denoted by

Ag = A +2i€0,, — €&,  €€C. (4.1)
Moreover, let us introduce the operators
Be : H3 () — H37*(Q0) Beu = Agu + w?epu

for £ € C, which are well defined for any s € [0,2]. For a review of the properties
of holomorphic extensions of Floquet transformed periodic differential operators in a
much greater generality we refer to [16].

& € C is called a characteristic value of £ — B¢ if B, is not injective. If &
is a characteristic value of B¢ for some choice of s € [0,2], and Beyug = 0 for uy €
H3(20)\{0}, then ug € HZ(Qp) by elliptic regularity results, and & is a characteristic
value of B for any parameter s € [0,2]. Therefore, the set of characteristic values
does not depend on the parameter s, and for studying this set we may choose s at
our convenience. The operators Be are defined such that (with s = 2):

REMARK 4.1. The following statements are equivalent for & € C:

o & is a characteristic value of (Be).
e There exists a generalized Floquet mode v(x) = ™0™ u(x) with u € H2(Qp).

It follows from the second statement that:

REMARK 4.2. If £ € C is a characteristic value of & — Bg, then & + 27l is a
characteristic value for all l € Z.

To formulate some results by Gohberg and Sigal [14] in Theorem B below, which
will serve as an essential tool in the following analysis, we first have to recall the
definition of the multiplicity of characteristic values. Note that for all £ the operator
B is a compact perturbation of the operator A — 1 in L(HZ(Q), L*(€)), and that
A — 1 has a bounded inverse. Therefore, by analytic Fredholm theory [22] the set of
characteristic values of By is discrete. For the special case at hand the definitions in
[[4] simplify as follows:

DEFINITION 4.3. Let By and By be Banach spaces and & — B¢ a holomorphic
mapping defined on a domain in C with values in L(B1,B2). Moreover, let Be =
B + K¢ where B has a bounded inverse in L(Ba,B1) and K¢ is compact for all €.
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The point & € C is called a characteristic value of (Bg) if there exists a holomor-
phic function & — e (called root function) with values in B1 such that v(§y) # 0 and
Beyug, = 0. The multiplicity of a root function (ug) is the order of & as a root of
&+ Beuge. U € By is called an eigenvector of (Bg) corresponding to & if U = ug, for
some root function (ug) of (Be) corresponding to &. The rank rank(w) of an eigen-
vector W is defined as the mazimum of all the multiplicities of root functions (ug) with
U =ug,. (Under the given assumptions the geometric multiplicity o := dimker Be, of
& and the ranks of all eigenvectors W € ker B, are finite, see [TJ), Lemma 2.1].)

A canonical system of eigenvectors of (Bg) corresponding to & is defined as a
basis {u Wl } of ker Be, with the following properties: rank u(!) is the mazx-
imum of the ranks of all eigenvectors corresponding to &, and ranku'?) for j =
2, ..., is the maximum of the ranks of all eigenvectors in some direct complement
of span{uél),.. (J 2 } in ker Be,. The numbers r; = rankuo (G =1,..,a) are
called the partial null multiplicities of the characteristic value &, and n((Bg);ﬁo) =
(r1,72,...,7a) the a-tuple of partial null multiplicities. Finally, we call N((Bg); &) =
r1 4712+ ... + 7o the (total) null multiplicity of the characteristic value & of (Be).

If T is a simple, closed, rectifiable contour contained in the domain of analyticity
of (Be) and of (Be)~! and if &1, &, ..., &, are the characteristic values of (Bg) enclosed
by T', we set

=Y N((Be):&)). (4.2)
Jj=1

We cite the following results:

THEOREM 4.4 ([I4] Theorems 2.1 and 2.2]). Assume that (A¢) satisfies the
assumptions of Definition [f.3 and let I be a simple, closed, rectifiable contour in
the domain of analyticity of (A¢) and of (A¢)~t. If € — S¢ is another holomorphic
function defined on the same domain as (Ag¢) with values in L(B1,B2) and if

[A;'Sell <1 for all € €T,

then (A¢ + S¢)~! is analytic in some neighborhood of T' and

N{(Ae + SiT) = N(AQT) = 5 e § g de (43)

Note that the first equation in @3] generalizes Rouché’s theorem, and the second
equation generalizes the logarithmic residue theorem.
We can now state the following generalization of Remark ELTF
THEOREM 4.5. The following statements are equivalent for & € C:
1. & is a characteristic value of (Be) with partial null multiplicities n((Be); &) =
(r1,79, .oy Ta).
2. The vector space Ve, of all generalized Floguet modes with quasi momentum
&o is a direct sum of T -invariant subspaces Ve, of dimensions 1 € N, | =
1,..., ¢, and none of the subspaces Vg, can be decomposed into smaller T -
invariant subspaces.
In this case there exists a basis of V¢, with respect to which the linear mapping T :
Veo — Ve, s represented by a Jordan matriz consisting of Jordan blocks of sizes
T1,...,Ta corresponding to the eigenvalue \ = exp(i&p).
The proof of this theorem is based on the following lemma:
LEMMA 4.6. Let & € C and X := exp(i&).
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1. Suppose (ug) is a root function of multiplicity m of (Bg) corresponding to &

and define
O e .
éj)(:v) =1 J@(eg tug(z)) j=0,....om—1, ze€ST. (44)
Then the functions v; = véj), 7 = 0,....m — 1 are linearly independent

generalized Floquet modes of order j with quasi momentum &, and for all
a € C™ we have

m—1 m—1 ,] o
— k>0,
Z « = )V with Ckgn) = (k:) i -
7=0 k:O 0 else.
(4.5)
2. Assume that v, j =0,...,m—1 are linearly independent generalized Floguet

modes with quasi momentum &y satisfying D). Then there exists a root
function (ug) with the properties described in the first part.
Proof. (ad 1): By assumption the function £ — Beuge has a root of order m at

& = &y. Therefore, using B4,
F(€) := €™ Beug = e (Ag + w?ep)ug = (A + wle)e ™ ug (4.6)
also has a root of order m at & = &g, i.e.
0=i7F9DE) = (A+wiep)v;, j=0,...,m—1, (4.7)

and the functions v; also satisfy the boundary condition yv;(z1,-) = (0,0)". By the
Leibniz rule

v;(z) = eifom kZJ:—o (i) o Fu(z)  j=0,...,m—1, (4.8)
where uy, == i~ 6851 le—e,- We compute
e~ (T ;) (z) = )\Z< > z1 + 1 (Tug) (), (4.9a)
ezéozu; <é> vg(x) = A:Z:O <Jq> kzq:_o <Z> 7 ()
_ /\gg (f}) (Z) 21 Fuy(z) = Akzi;_: (lik) <“];k> g (2)
. )\ijik (i) (J . ’“) () = Azjj ({C) (21 + 1Y Fup(z)  (4.9b)

0
. . . j | —k ; j I+ k .
using the identity <i> J ! > = (]—l—Jil'c)'k’l’ = <l—ij—k> ( 3 ) Since Tuy =

ug, we obtain that (7v;)(z) = A <Z]) vg(x) for j =0,...,m—1, which implies
ED).
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To show linear independence of vy, . .., v,,—1 we assume that Z -0 ozj v; = 0 and
show by induction in m that ag = --- = ayp—1 = 0. Form =1 the assertion follows
from wg ;é 0. Suppose the assertion holds for m — 1. According to ([EZl) we have
0=>" oL agi 3('9]( ©21 (7)) =g, - 1t follows that

0= am_1z]" )+ Zpk x1)ug(z (4.10)

where pj are polynomials of degree < m — 2. Since the functions uy are periodic
and ug # 0, it follows that a,,—1 = 0. Therefore, by the induction hypothesis also
am_gz---:aozo.

(ad 2): Let vo,...,vn,_1 satisfy the assumptions of the second statement. For each
x € ST the system of equations [EH) can be solved for the the unknowns ug(z), k =
0,...,m—1. As linear combinations of the v; with smooth z;-dependent coefficients,
they have the same smoothness and satisfy the boundary conditions yug(xy,-) =
(0,0) T. Moreover, it follows from () and the assumption [EH) that

J

Z (}1) (21 + 1) *[(Tug) (@) — ur(@)] = 0, for j=0,...,m—1,z€ ST,
k=0

which implies that Tux = uy for all & = 0,. — 1. Introducing the family of

functions wug(z) := Z;n:ol g ;EO) (), the relamon (&) holds due to our definition
of u;. Therefore, the identities [H) and EZ0) hold true, showing that (u¢) is a root
function of multiplicity m of (Bg). O

Proof. [Proof of Theorem B4

1. Since the matrix C™ in @) is upper triangular with 1s on the diagonal, 1 is
the only eigenvalue of C'™). Moreover, it is easy to see that for any [ > 0 the entries
of DU .= (C(m) — It are D,(clj) =0if j—k—1+1 > 0 and positive integers else.
In particular, (C(™ — I)! = 0 if and only if I > m. Therefore, C"™) is similar to an
m x m Jordan block with 1s on the diagonal.

2. Assume that u, ... u(® are linearly independent eigenvectors of (Be) cor-
responding to the characteristic value & with rank(u®) = r;. For each [ = 1,...,«
Lemmal @l yields an r;-dimensional 7 -invariant vector space Vg, ;. Moreover, together
with the first part of the proof, it follows that there exists a basis of V¢, ; with respect
to which 7 is represented by a Jordan block of size r; corresponding to the eigenvalue
A. To show that V{ := @, Ve,,1 s a direct sum, i.e. dimV{ = >7)", 71, we repeat
the argument of the proof of Lemma EE replacing ug in (I0) by a linear combina-

tion of u™, ... u(®. To complete the proof of the implication 1 = 2 and the last
statement of the theorem it only remains to show that V{ =V, if {fu® ] u@} s
a canonical system.

3. Let Veyi, I = 1,...,a satisfy the assumptions of the second assertion. By

assumption, each V¢, ; has one linearly independent eigenvector v® corresponding to
some eigenvalue AY), which we write as A() = exp(ic®) With €0 ¢ C. Note that
v (z +1) = O (z) implies that u®(z) := exp(— f(l x1)vW (z) is periodic. There-
fore, v is a Floquet mode with quasi momentum £®). Since the quasi momentum
is uniquely determined up to additive multiples of 27 and v(¥) € Ve, it follows that
MO = exp(i¢®) = exp(i&y). Moreover, the fact that Vg, ; cannot be decomposed
into smaller invariant subspaces together with the first part of the proof implies that
there exists a basis {’U;l), .. vrl)} of V¢, with respect to which 7 is represented by
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the matrix A\CY). Now Lemma B8 part 2 yields corresponding linearly independent
eigenvectors u(!) € kerBg, with rank(u®) > r;. Part 2 of the proof implies that
rank(u(”) = r;, which completes the proof of the implication 2 = 1.

4. Now suppose we start with a canonical system u™), ... u(® in part 2, and
dim(Vg,) > dim(V{, ). Since Vg, is 7-invariant, part 3 of the proof yields a system

of linearly independent eigenvectors (") with Zloil rank(a) > 37 | 77, a contradic-
tion. This proves the implication 1 = 2. 0

5. Estimates of rapidly decaying generalized Floquet modes. Recall that
—Ap; = ((271)* + &7 )1 = |ou]*r for I € Z x N if we set

o1 =27l +iky,.
Define u(l) := (u, <pl(7)>. Due to () we have
—(Aeu)(l) = (2l + RE? — SE2 + k2 + 2iS€(2rly + RE)) (1)
= (E+a)(§+a)u(l).

In particular, the characteristic values of (A¢) are precisely the numbers o; and 7.
Define the set

S = U {zE(C:|z—mlz|<

15>N

(5.1)

w?e

2g 1.L
}, N>mm{beN;%>%}

Kiqy ™

(5.2)
(see Fig. B). Note that N is chosen such that all circles are contained in the strip
{z € C:|Sz| < 7} and each circle overlaps with at most one neighboring circle since
each ry, has a distance < 7/L to at most one other r; (see (B2)). Moreover, let
26, be the smallest distance of neighboring, but different x;,, i.e. ¢, = 7/(2L) for
v € {7, N, ¥DN}, 04y = mingey |Ir—B|/Lif 3 ¢ {0,7}, and 6., = 7/L for g € {0, 7}
(see Fig. B0).
THEOREM 5.1. Let I" denote the contour of the boundary of a connected compo-
nent S of S. Then the following holds true:
1. We have

N((Be);T) = N((A¢);T) =#{l € Zx N:0; € S}, (5.3)

and all characteristic values of (Be) in {z € C: Rz € (—m,m),Sz > kn} are
contained in S. B

2. Define Ig == {l € ZxN:0, € S}, kg := inf, 53¢ and the L2%-orthogonal
projection Pgu = Zlelg (u,@1)pr. Then all eigenvectors u* corresponding to

characteristic values in S satisfy the estimates

w2
* — Psu* —_—|u* 5.4
[ su* |2 < min(57,w)ng|‘u | 22(20) (5.4a)
. 2wle,
102, 0™ | L2(00) < ———lu"llz2(00); (5.4b)
3
|(w* — Pgu™)(0,-) 2((0,2)) < C?HU |l 22 (00) (5.4¢)
§
ou* 2wle,
T P T A

with a constant C independent of €, w, and S.
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-3 -2 2 3r Rz

FIGURE 5.1. The set S defined in &) for the case of quasi-periodic boundary conditions. The
dots indicate the characteristic values (o7) of (A¢), and the crosses indicate the characteristic values
(&n) of (Bg). The dashed lines show integration contours in the proof of Theorem [E1l, Part 1.

Proof. (ad 1): We apply the generalized Rouché Theorem B4 with A = A, €
L(L*(Q), H;?(Q)). To this end we have to show that

1A wWepllor@yy <1, €€T

Since [|w?epl|£(r2(00)) = w?E, it suffices to show that

1

-1

||A§ llz(z2(00)) < 25 el
By virtue of (&) this is equivalent to

L

o el
wee

1
su — ¢ elleZxN; <
p{|§+m||§+a| ¢ }

which follows from the estimate
€+ a1l |€ +T1| >h1,|E — ik, | > e

To prove the last statement, we extend each connected component of S to a rectangle
such that the rectangles cover {z € C: Rz € (—m,7), 3z > N} (see Fig. Bl and
apply Theorem B4 again.

(ad 2): Let &€ € S be a characteristic value of (Bg) with eigenvector u*. Tt follows

from (&) that (€ + 07)(€ +77)w* (1) = w(epu) (1), or

o W)
“O= EroaE o

This identity will be used extensively together with the following lower bounds, which

l€ZxN. (5.5)
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hold for all £ € S and I € (Z x N) \ Ig:

) e (ml1)2, Iy € T
€+ 3712 = (RE+ 27112 + (€ — k)% > {(7711)2 L b IZ (5.6a)
€+ 01 = (R + 2ml1)? + (S€ + k1,)% > (7lh)? + (kg + Kiy)” (5.6b)

Here I’z := {l; € N : (0,l2) € Ig}. In all estimates we use the inequality |R¢| <
T, in additionally the definition of 4., and in (BGH) x;, > 0. Estimating
|(§ +37)(§ + 01)| = min(0,, m)kg for | € Z x N\ I we obtain

F ol WA epur)(1) |2
Hu* _ PSU*H%Q — H Z U*(l)ip[’ _ Z ’_p—’
l€Z><N\I§ L2 IGZXN\IS (5 =+ O.l)(é. + Ul)
< (7) Z l(ep u* (wizg)z |2
~ \min(d, )k e min(d,, 7)k g 12

To prove [4H) we use that [£ + oy] [ + 77| > kg7|l1] and Dy, ¢(0,1,) = 0 to obtain

ol = | Y FWonal = ¥ |CETED ) (2
T1 L T (§+Fl)(€+gl) — HS L
1e(Z\{0})xN 1€(Z\{0})xN
Since

’UJ*(O, ) = Z ﬁ(1)901(07 ) = Z (Z ﬁ(11;12)> 7v/}lza

1€ZXN 1,eN \l1€Z
we have

= Psu)0.) oy = 30 | @] + | X wanm)|

lgeN\I’ l1E€EZ lgeI’ l1€Z\{0}
(5.7)

Using the Cauchy-Schwarz inequality, (23), and the lower bounds [€+0y|* > 7215 +62
and | +77]% > m% (see (&), the first term in (B) can be bounded by

2
— 1 —
Z Zu*(h,lg) S (Z m) Z (7T2l%+5,2y)|u*(ll,l2)|2
Y

LeN\I} |Liez LEZ L EZ,1EN\I
Yo N1y 15)2 2292
e D (Epu) (b, ) - (W7€) 0|2
€+ T kg g

/
LW €L,y EN\IS

with C":= 37, m. Using (E40) the second term in (&) can be estimated by
117y

Z} > ou 11712‘ <| > m S @rh)?fut(l, 1)

lz€]- 11€Z\{0} l1€Z\{0} 11€Z\{0}, lzeI:§

( )

HaacIU*HLz < w72
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completing the proof of (E4d) with C' = v2C".
To prove (BAd), first note that

8961’”’*(0") = Z ﬁ(l)axlwl(0a> = Z Z (27”1 ) (llaZQ) 1/)12'

l€ZXN I12eN \1,€Z\{0}

It follows from (&), the Cauchy-Schwarz inequality, the estimate | 4+ oy |§ + 77| >
(ml1)? (see ([EH)), and the identity leelez = %2 that

2

w?(2mi 5/u\*
100, (0,))2: =S| 3 (2mily)(epur) ()

l€N |11 €2\ {0} €+ o) (€ +01)

<(22g) > EEE <G

LhieN 1/ 1ez\{o}xN

w

which proves (&4d). O

6. Propagating and slowly decaying Floquet modes. We first show that
the set of characteristic values of (Bg) is symmetric both with respect to the real axis
and the imaginary axis:

LEMMA 6.1. If & is a characteristic value of (Bg), then both & and —&, are
characteristic values of (Bg) with the same total null multiplicities.

Proof. Let (u¢) be aroot function of (Bg) corresponding to &. Taking the complex
conjugate of Beug = 0 yields B_zug =0 and shows that —&; is a characteristic value
with the same multiplicity.

To show that & is also a characteristic value of (B¢), we note that the adjoint
of B¢ with respect to the dual pairing of Hi (Q0) and Hv_l(Qo) is given by Bf = Bg.
Since Bg is Fredholm with index 0, we have dimkerBe = dimkerBg. Therefore, &
is a characteristic value of (B¢) with the same geometric multiplicity. To show that
the total null multiplicities also coincide, choose € > 0 sufficiently small such that
I:[0,27] — C, t — & + ee' encloses only the characteristic value &. Then it follows
from Theorem B4l that

1 0B 1 0B *
N((Bg); &) :%trﬁ (%fB d¢ = o — <](F a;B dg)
1

=—my§3ﬁ§£d§ N((Be): &) = N((Be)i&)-

O

Next we will determine the number of characteristic values with “small” imaginary
part. To this end we have to define a contour containing no characteristic values. By
TheoremETl Part 1, the segment [z, 2y +27] with zy = —7r+%(/£N—|—/£N+1) contains
no characteristic value if N satisfies the bound in (&2) and |ky41 — kx| > 7/ L.

PROPOSITION 6.2. Choose zyn as above and any complex path P from zy to Zny
such that T' := [zn,2zn + 27| U (P + 27) U [2Zn + 27, Zy] U P encloses precisely all
characteristic values of (Be) in the rectangle {z € C : Rz € [—m,m),|3z| < [Szn|}.
Then

N((Be)iT) = 2N.
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Proof. Let us define B(, ) by

B(&, 1) = A¢ + pep.

The characteristic values of (B(&, 1)) are continuous in p when repeated with respect
to their algebraic multiplicities. This is also the case if we consider these characteristic
values modulo 27 because of Remark

From Theorem Bl Part 1, we can deduce that the segments [zn; 2y + 27] and
[Zny + 27, Zn] contain no characteristic values of (B(&, ) for any p € [0,w?]. This
means that the characteristic values of B(&, i), when considered modulo 27, stay at a
positive distance from the boundary of the domain (R/27) + i[— SXTENAL ENTENEL]
for any p € [0,w?]. Since they are continuous, the number of characteristic values
located inside this domain does not depend on p € [0,w?].

This means that for any contour I' as defined in the proposition we have

N((B(&w?)T) = N((BE0):T).

Since the set of characteristic values of B(€,0) is {2nly £ ik, : (I1,12) € Z x N)}, we
have N((B(g,()));r) —9N. O

COROLLARY 6.3. The dimension of the space V,, spanned by generalized Floguet
modes with real quasi momentum is finite and even.

Proof. 1t follows from Lemma 6.1. that out of the 2/N characteristic values en-
closed by the contour I' in Proposition 2 the same number 72 has positive imaginary
part and negative imaginary part. Therefore, the number of characteristic values on
the interval [—m, 7) is 2(N — ), which is even and finite. According to Theorem ELH
it equals the dimension of V. O

If dimV,, = 27 we have to pick a basis v],... ,v%r of the subspace of “physical”
generalized Floquet modes, which appear in [ZId). We expect that these modes
“propagate to the right”. However, the “direction of propagation” is not obvious
since the signs of group and quasi momentum do not necessarily coincide. Recall that
the group velocity is given by

do _dyAE) _ N(§) (6.1)

g dg 2/ N&)

It has been shown (see Fliss [IT]) that Floquet modes wy, ¢ (x)e® ®* with positive
group velocity, i.e. Al (£*) > 0 satisfy the limiting absorption principle. This indicates
that they correspond to physical solutions.

Recall from § B4l that if £* € [—m,7) is a characteristic value of (Bg), then

ker Bg- = ker(A?) — W2 = span{w, ¢« : Im € N\, (&%) = w?}. (6.2)

PROPOSITION 6.4.
1. & € [—m, ) is a characteristic value of (Be) with a partial null multiplicity
greater than 1 if and only if there exists m € N such that Ay, (£*) = w? and

A (£7) = 0.
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2. Let 2(w?) := {(&,,m) € [-m,7) x N : A\, (§) = w?}, and consider the ba-
sis {exp(i€*z1)wpm e-(z) : (£*,m) € E(w?)} of the space spanned by Flo-
quet modes with real quasi momentum of order 0. Then this basis contains
the same number of modes with positive and negative group velocity, i.e.
#{(€",m) € E(W?) : X, (€7) > 0} = #{(£",m) € E(w?) : A, (£¥) < 0}

Proof. (ad 1): Suppose that w? = \,,,(£*) and X, (£*) = 0. Taking the derivative
of BH) with respect to &, which will be indicated by a prime in the rest of this proof,
yields

(B + An(€)2p) Wy ¢ + 2i(0a, +iE)wme + X, ()epime =0, (63)
Since A/ (£*) = 0, we have
dBew,
%kzg* =0 and Bg*wm)g* =0

Therefore, (w, ¢) is a root function of (B¢) corresponding to £* with a partial null
multiplicity greater than 1.

Conversely, assume that £* is a characteristic value of B¢ with a partial null
multiplicity greater than 1. Then, there exists a root function (u¢) such that Be-ug- =
0 and

Bg*ué* + Béﬂl{* =0. (64)

Let Z(w?,&*) := {m € N: A\, (£*) = w?}. Due to @) there exist coefficients v, € C
such that we = ug- with we 1= Zmea(wz ¢+) VmWm,¢. Taking a linear combination of
the equations (E3)) and subtracting ([&2), we get

Be (wge —uge) == Y M€ ) WmEpm v (6.5)

meE(w?,£*)

As Be+wp ¢+ = 0 the right hand side of (&) belongs to ran(Bg-) N ker(Be+). Since
£* € R, Bg- is self-adjoint, and hence ker(Bg«) = ran(Bg-)+. Therefore,

Z A (E VW ¢+ = 0.

meZ(w?,£%)

As the functions wy, ¢+ are linearly independent, it follows that A/, (£*)v,, = 0 for all
m € E(w?,£%). Since not all v, vanish, we obtain that X/, (¢*) = 0 for some m.

(ad 2): We divide the set of characteristic value of (Bg) in [, 7) into subsets
of the form {£*, —¢&*} with £* € (0,7), {0} and {—7}, which are discussed separately.
Choose a basis of kerBe« of the form {wm, ¢, ..., Wm, ¢} as in [@Z) and pick m €
{ma,...,m;}. Due to the analyticity of the A-functions, there exists a unique n such
that A\, (§) = A\ (§) for all £ € [€,€ + ¢) and some € > 0.

If & € (0,7) or & = 0, then due to E3) there exists a unique m’ such that
Amr (—€%) = A (—=€%) for all € € [£,€ + €). Since N, (—£*) = =\, (&), precisely one
of the Floquet modes exp(i*z1)wpm ¢ (2) and exp(—i*z1)wy, —¢+(x) has positive
group velocity.

If ¢ = —7 we choose m’ as follows: Note that since ), is periodic and satisfies
B3, it is also symmetric with respect to —, i.e. An(=7+€) = Ay (—7—€). We choose
m’ such that A,/ (§) = A\, (&) for £ € (—m — ¢, —], and again X/, (—£*) = =\, (). O

REMARK 6.5. If no Floquet modes with vanishing group velocity occur for the
frequency w, then Proposition completely describes the choice of physical Floquet
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modes {v{, ... ,’U%_} with positive group velocity, and we also get a corresponding set
{v{,...,v,} of Floquet modes with negative group velocity, which together form a
basis of V. Note that due to the analyticity of the A functions this is the case for
almost all w.

For Floquet modes with vanishing group velocity, we do not know which are the
physical solutions. However, our results are independent of the answer to this question
as long as the uniqueness assumption in Theorem [Z3 is satisfied.

The characteristic values with non vanishing imaginary part are divided into the
+ and — group according to the sign of their imaginary parts, i.e. the generalized
Floquet modes v;} with n > 7 are exponentially decreasing. For multiple characteristic
values we choose the corresponding v, as in Theorem EEl Moreover, we order the
characteristic values with increasing imaginary part, ie. 0 = & = -+ = S¢ <

§n+1 < 9‘5%—%2 <

7. Proof of the Main Theorem. To simplify our notation, we will drop the
+-indices in the following and write &, := & and v, := v. If these generalized
Floquet modes are given by

vp(x) = exp(i&,21) Zn IudD (z), (7.1)
=0

we set wuy, = ul™)

k2)71/2 for all n € N. We will study the operator defined by

and assume that v,, is normalized such that HunH%Q(QO) =(1+

T 2(N) — HH(5%), (an) = 3 anon
and show that is a compact perturbation of an operator
To lQ(N) — H,%,’JF(SJF), (Qn) = Z ApWn,

which is easier to analyze. To define the functions w,,, first note from the explicit
form of k, given in § B that for all boundary conditions except quasi-periodic with
B € {0, 7} there exists N € N such that for all n > N the connected component S,
of S containing ik, is a disk containing precisely one characteristic value. For quasi-
periodic boundary conditions with 8 € {0, 7} we set N := N. In this case all S,, with
n > N contain precisely two characteristic values. Now we define w,, as follows:

wn(l') — {(1 + 5721)*1/467/%@1,‘#"(&62), 1<n< N,

e~ (Pg un)(x), N <n < oco.
LEMMmA 7.1.
1. There exist a constant C > 0 depending only on w2 and v such that for all
n>N
3/2 Hun - P unHL2 Qo) = C (723.)
3/2
K (| (un — Ps un)(0,- HL?((O,L)) <C, (7.2b)

k2 102, tnley=oll L2((0,1)) < C- (7.2¢)
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2. Ty is bounded and bounded from below, i.e. there exist constants c¢,C' > 0 such
that c||(an)l| < [To(an)|l 2+ < Cll(an)l| for all (an) € I*(N).

3. §Ty: 3(N) — H;Y is a Fredholm operator with index 0.

Proof. (ad 1): Since according to Proposition [E2 precisely N characteristic values
with a +-index have imaginary part < %(KN + kn+1), it follows from Theorem B]
Part 1 that &, is contained in S, for all n > N. Therefore, the estimates [Z32) follow
from Part 2 of Theorem Bl (taking into account the scaling of w,,) if we can show
that none of the characteristic values &,, with n > N has a partial null multiplicities
> 2.

This is obvious for all v except v = v3 with 5 € {0,7} since by the definition
of N, all S, with n > N contain precisely one characteristic value counted with its
multiplicity. For v € {40,7x} we cannot exclude the possibility of infinitely many
multiple characteristic values in general. Therefore, we have imposed the additional
assumption that e,(x1,z2) = €p(x1, L — 22) in this case. Then by a symmetry argu-
ment we can split the problem into two problems for wave guides of width L/2: For
3 = 0 we either impose Dirichlet conditions at {x : x2 € {0,L/2,L}} or Neumann
conditions at {z : xs € {0,L/2,L}}, and for 8 = 7 we impose Dirichlet conditions
at xo = 0, o = L and Neumann conditions at 9 = L/2, or Neumann conditions at
29 =0, 9 = L and Dirichlet conditions at zo = L/2. For each of the subproblems for
waveguides of width L/2 we can exclude that possibility of infinitely many multiple
characteristic values as above.

(ad 2): Note that Pg wuy is constant in the first variable, i.e. (Pg un)(7) = U (22),
z € Qg for some function ,,. For v ¢ {0,V } we have ¥y = Op1b, for some 6, € C,
and for v € {0, v} it follows that 1, € span{t,,¥n+1}. Moreover,

~ ) _
[9nll720,0y) = 1 Ps, unlize) ~ lunllizoe) = (1+#2)7"2 (7.3)

Set ¢, 1= (14 Kk2)" /4%, for 1 < n < N. It is easy to see that {¢, : n € N} is an
orthogonal system for all 7, both in L?((0,L)) and in H*((0,L)). This implies that
{wn : n € N} is an orthogonal system in H.-*(S"). Hence, the assertion follows from
the identity

2 1 ~
[wnll g (s+) = (“n + —) [¥nlZ20.0yyy 1 EN,

2K,

where we have used the fact that since 1, € span{t,, : m € I 5, ) and since {xy, :
Fim € Sp} = {kn}, we have ¢!/ = —k24),,.
(ad 3): Note that (5Tp)(an) = Yooy (0D — KnbN)anthy,. If On = 0, the as-

sertion follows from the fact that {¢,, : n € N} is a complete orthogonal system
in H,':V = H§/2((O,L)) and sup, ey [|nll 12/ infnen [[Pn] gre < 0o (see [@3)). To
treat the case O # 0 note that {¢,, : n € N} is also a complete orthogonal sys-
tem in H:Y = H;l/Q((O,L)) and that sup,cn((1 + 52)1/2”1;71”1{—1/2)/infneN((l +
K2)V2 |||l gr-1/2) < oo. If none of the coefficients p — kpfn, 7 € N vanishes,
this immediately implies that 5Ty : 12(N) — Hy '/2((0, L)) is bounded and bound-
edly invertible. If 6p — k,0n = 0 precisely for n = ng, then the operator (a,) +—
(yTo)(an) + @nythn,, which is a rank-1 perturbation of % Ty, is boundedly invert-
ible and hence 5 Ty is Fredholm with index 0. The case that two of the coefficients
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0p — knOn vanish can be treated analogously, and because of the form [B2) of the k,
no more than two coefficients can vanish. O
PROPOSITION 7.2.
1. The operator T is well-defined and bounded, and T — T} is compact.
2. T(ay) satisfies @I@) and @ID) for all (ay,) € I*(N).
Proof. (ad 1): In the following C denotes a generic constant depending only on
w2 and 7. Inserting the term e%n%14)(x5) in ||v, —wp || 1> and applying the triangle
inequality yields the estimate

lon = wnllza(s+) < [|€7 (un = Pg wn) || o gy + (€577 = €7 |y ll4bn | 2

Up — Ps uy, +oo N
< || - _S;SJLLQ(QO) + <‘/0 ’ezénm _ ennzl‘2> ||’l/1nHL2
< % n> N. (7.4)

In the second line we have used that 0 < ¢ 5 < 3¢, for all n > N and Yoo e k& —
(1—9¢&,)" " < (1—S¢g) ", and in the third line ([ZZd) was applied together with
the identity

/+oo }eiénml R |2 de — & — ikp < 1 n 1 >
0 D) Sn(En —ikin) | Finl&n +irn) )’

and Theorem Bl Part 1.
To obtain an identity for the L2-distance of the gradients, we apply Green’s first
theorem in (0,1) x (0, L), use the identity A (v, — wy,) = —w?e,vy, and let [ — oo:

IV = sy =2 [ v — )

L
Jy
0 Z1

Since W(O x2) = i&uun(0,22) + FnUn —|— (O x9), it follows after adding

+i€,1, and using [2H), (CZd), and TheoremE:[], Part 1 that ||M( 0,z <
C/./Fn. Using Cauchy’s inequality, (Z4), and (Z2H) yields
2 c¢ S
IV(on = wn)ll L2y < = n>N. (7.5)

2
Kn

Define K : V. — H}H(ST) by Kj(an) := fl 1 @n(vp — wy). Combining [Z4) and
[3A) and using Cauchy’s inequality, we deduce that

ma 1
(B, = Ky )an) [ sy < C( Y. =t Z ) I(an)1?,

n=mi+1 n= m1+1

which implies together with B2) that (K;) is a Cauchy sequence with respect to
the operator norm. Therefore, K = lim;_. K; is well defined, and since the range
of the operators K is finite dimensional, K is compact. Moreover, T' = Ty + K is
well-defined and bounded.
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(ad 2): Since the differential operator A + w?e, is continuous from H2(S™) to
HT L(S87T), we can interchange its application with summation to show that w satisfies
E&Ia). Analogously, it follows from the continuity of the trace operators that w
satisfies (I0). O

PROPOSITION 7.3. The operator T s injective.

Proof. Let v := """ | ayv, for some sequence (a,) € [*(N) and assume that v = 0.
We have to show that a,, = 0 for all n € N. Let {v1,va,...} = {S&, : n € N} with
0 <11 <wvy <---. We show by induction in [ € N that a,, = 0 for all n € N satisfying
S, < v: Formally adding vy := —1, the induction base is trivial. For the induction
step assume that the statement holds true for [ — 1. Suppose that the &, satisfying
S¢, = 1 are ordered with increasing real part and let ky < --- < kp; < kpr41 denote
the indices such that

fkl :gkz+1:"':€kz+171a lZl,...,M, and gkl #fkm forl#m, (76)

k1 = min{n : Y, = v} and kpyp1 — 1 = max{n : I, = p}. It follows from the
induction hypothesis and v = 0 that

kavg1—1
exp(vx1) Z anp () = O(e”Wrri—1=o)z1y, ] — 00 (7.7)

n:kl

for any ¢ > 0. For simplicity, first assume that the order m, of all generalized

Floquet modes v, in ([A) is 0. Then wu,(x) := exp(—i&,x1)v,(x) is periodic, and

setting g; := Eiﬁ};l anun () for some x € Qo we find that

M
Zexp(i%fkl)pgl — 0, p — 0. (7.8)
=1

Since the matrices A®) € CM*M given by Agf) = exp(iR&, )P, j,l = 1,.... M
)

have a factorization A®) = diag(exp(i&) =", ... exp(i&k,, ) P A and A© is
a Vandermonde matrix, it follows that ||[A®)]~!|| is independent of p. Therefore,

g1 = =gym = 0 for all z € Qq, ie. ZZZ;I_ anvy =0 for I = 1,..., M. Since
we already know from Theorem EEJ that vy, , ..., vg,,, —1 are linearly independent, it
follows that ag, = -+ = ap,,,—1 = 0.

Now recall the notation in ([ZJl) and assume that 7 := max,—g, ... kyoi—1 Mn 18
positive. Setting Zm := {n : k1 < n < kypr41 — 1 Amy,, = m} and multiplying (1) by
27" it follows that ([ZX) holds with g; := exp(—iR&x1) D o ne Tkt <n<hiy OnlUnm(T)
(with the convention that an empty sum is 0), and it follows as above that g3 = -+ =
gy = 0 for all x € Qp. Recall from Z) that the functions u, m with k < n <
k111 and n € Iy are elements of a basis of ker Be, and hence linearly independent.
Therefore, a, = 0 for all n € Z#. In a second step we can show analogously that a,,
for all n with m,, =m — 1, and so on. Finally, we obtain ax, = --- = ag,,,,—1 = 0. O

With these preparations the proof of the main theorem is now simple:

Proof. [Proof of Theorem 22 (ad 1): The operator F := 5T is Fredholm with
index 0 since F' = 5Ty + 5 (T — Tp), and i Ty is Fredholm with index 0 by Lemma
[C1 and 5 (T — Tp) is compact by Proposition Assume that F(a,) = 0 and set
v := T(ap). Then v is a solution to Il with f = 0, and hence v = 0 by the
assumption of the theorem. Using Proposition we conclude that (a,,) =0, i.e. F
is injective. Since we have already seen that F' is a Fredholm operator with index
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0, it follows that F' has a bounded inverse. Using Proposition [[Z it follows that
v:=TF~1f is a solution of (&II), which depends continuously on f.

(ad 2): The fact that F' is bounded and boundedly invertible is equivalent to the
fact that {5 v, : n € N} is a Riesz basis of H;Y . Since T has the bounded left inverse
F~1%, {v, : n € N} is a Riesz basis of ran(T) = V, and V is closed.

(ad 3): Since the functions v," are chosen as in Theorem 5, the matrix repre-
senting 7 consists of Jordan blocks. Because of Theorem Bl at most a finite number

of these Jordan blocks has size > 1. O

Appendix A. a uniqueness result. In this appendix we prove the uniqueness
assumption in Theorem for an interesting special class of problems:
THEOREM A.1. We make the following assumptions:
1. €, satisfies the symmetry condition

ep(l — 21, 22) = ep(x1, T2), x1 € (0,1),22 € (0, L). (A1)

2. N is the Dirichlet trace, i.e. O =0 and 0p = 1.
3. Floquet modes with real quasi momentum and vanishing group velocity do not
exist for the given w (see Remark[E3).
4. €p is analytic in [0,0) X [l1,l2] for some § > 0 and 0 < I} < lp < L, and
vf, ... vE € C2(ST) (see Remark[A3).
Then the only solution to problem Il with f =0 is v = 0.
Since ¢}, is periodic, [AJ)) is equivalent to the fact that e, is invariant under the
operator defined by

(Sv)(x1,22) := v(—21, 22), (x1,22) € S.

As a preparation we need the following lemma:
LEMMA A.2. If assumptions and[@ of Theorem A hold true, it can be arranged
by an appropriate choice of phase factors that

Svt =uF =ov

" - forn=1,... 7.

Proof. Note that S maps HJ () into itself and that SAs = A_¢S for £ € R.
Therefore,

A_¢SWme + A (£)epStime =0,  E€R.

Taking the complex conjugate shows that (Ag + A (£)ep)StWm ¢ = 0. Therefore, we
can replace Wy ¢ by Wime + SWme. (If Wy ex + SWimer = 0 We use Wy ¢ — St ¢
instead or equivalently multiply @y, ¢ by ¢ first.) This shows that by a proper choice
of the phase factors we can arrange that

SWmg = W ¢ and SWim.e =Wme = W', —¢,

where m/ is defined as in the proof of Proposition B4 O

Proof. [Proof of Theorem [A] Assume that v = >_""_; apv;f +w € H)T(ST) bea
solution to Tl with f = 0. Due to [AJ)), the odd extension v(—z1,z2) := v(x1, z2),
x1 > 0 satisfies the differential equation Av + w?e,v = 0 in all of S. Therefore, also
Aw + w?epw =0 in S, and hence B, (Fw)(-, ) = 0 for all a. Since (Bg) has at most
a finite number of characteristic values on the real axis, it follows that (Fw)(-, ) =0
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for almost all . As w € L?(S), an application of the inverse Floquet transform yields
w =0, i.e.

n
v = g anv:{.
n=1

The function ¥ := v + Sv satisfies 0(0,-) = 2f = 0 and 9,,9(0,-) = 9., v(0,-) —
0:,v(0,-) = 0. By Holmgren’s uniqueness theorem [23, Prop. 4.3] we conclude that
0 =01n [0, 0] x [l1,l2]. Then the unique continuation principle [3, Lemma 8.5] implies

that # = 0 in S*. Since & = Y7_, a, (v +v;) and since v, ..., vl o7, ... v are
linearly independent, it follows that oy = -+ = ai = 0. Therefore, v = 0. O

The first part of the previous proof repeats an argument in [I, Lemma 4.3].
REMARK A.3. The assumption v € C%(S) required for the unique continuation
principle rules out the interesting case of piecewise constant e,. However, if we as-
sume that e, s piecewise constant and the interfaces are piecewise analytic instead
of assuming vi: € C?(S), the assertion of Theorem A still holds true and can be

n
shown by a repeated application of Holmgren’s Theorem and the unique continuation

principle.
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