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Summary. We consider the numerical analysis of quadratic optimal control problems with
distributed and Robin boundary control governed by an elliptic problem. The Galerkin dis-
cretization is stabilized via the local projection approach which leads to a symmetric discrete
optimality system. In the singularly perturbed case, the Robin control at parts of the boundary
can be seen as regularized Dirichlet control.

1 Introduction

Let 2 C RY,d € {2,3} be a bounded polyhedral domain with Lipschitz boundary 9Q =
IR UIp, Ip NIk =0 and outer normal unit vector n. We address some aspects of the numerical
analysis of the quadratic optimal control problem
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where (u,q0,qr) €V x Qo x Qr :={v € H{(Q) : ulp, =0} x L2(Q) x L*(I}) solves the
mixed boundary value problem of advection-diffusion-reaction type

—eAu+b-Vu+ou= f+qgo inQ, 2)
u=0 onlp, ¢eVu-n+Pu=g+qr onlg.

We assume that € > 0 and o > 0 are constants and that the advective field b is divergence-
free. In (1), the desired states are i and ip. The constants Ao, Ar > 0 with l_é + 11% >
0 describe the weights of the distributed and boundary control in (1) whereas oo, > 0
with 05522 + a% > 0 serve as regularisation parameters. The state equation (2) describes the
dependence of the state u on the control (gq,qr).

Problem (1)-(2) with Iz = 0 has been considered in [3, 10] for the singularly perturbed
case 0 < € < 1, see also the references therein. Here one goal is to consider problem (1)-
(2) simultaneously for distributed and (Robin) boundary control. Notably, for 0 < € < 1, the
Robin control can be seen as regularized Dirichlet control.

The Galerkin discretization is stabilized as in [3] via the local projection approach (LPS
for short below) which leads to a symmetric optimality system. This implies that discretization
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and optimization commute as opposed to residual-based stabilization techniques. Another aim
of the present paper is a more general LPS approach, including a two-level variant (as in [3])
and a one-level variant introduced in [9]. Let us emphasize two aspects of the analysis: (i) The
regularity of the solution of problem (2) is taken into account by using Sobolev-Slobodeckij
spaces and adapting the analysis of the LPS method. (ii) The analysis is performed for shape
regular meshes (as opposed to quasi-uniform meshes in [3]) which allows for (isotropic) mesh
refinement at corners or edges of the domain and in boundary layers.

An outline of the paper is as follows: In Section 2, we address the solvability of problem
(1)-(2). Then, in Section 3, we consider the finite element (FE) discretization of the optimality
system whereas Section 4 presents its convergence properties. In Sections 5 and 6, we address
anumerical experiment and the interpretation of Robin control as regularized Dirichlet control.
For full proofs we refer to [8].

Standard notations for Lebesgue and Sobolev spaces are used, e.g., the L?-inner product
and the L?-norm in G C Q are denoted by (-,-)¢ and || - [|o G-

2 Continuous optimal control problem

Here we consider the optimality system for the continuous optimal control problem (1)-(2).
To this goal, we first consider the solvability of the state equation (2) with f := f 4 gq and
g := g+qr. The variational form of problem (2) reads:

Find u € V such that a(u,v) = f(v) Vv eV, 3)
a(u,v) :==&(Vu,Vv)qo +(b-Vu+ou,v)o + (Bu,v)r,, f(v):= (fv)o+ (& V)

Lemma 1. There exists a unique solution u € H' () of problem (3) under the assumptions:

pbe[L=(Q), Fel*(Q), gel’(Ix). BeL (k)

ii)e>0, 0>0and V-b=0 a.e.in Q,
iii)B::ﬁ—i—%(bn)zﬁon B>0 a.e. onIp,

iv) There holds: (iv); Hg—1(ID) >0, and/or (iv)y >0 or By>0.

Moreover, the optimal control problem (1)-(2) has a unique solution (#,qq,qr)-

The proof can be found in [8], Lemma 2.1. Please note that the assumption 8 > 0 is not needed
for this result, but it will be used later on in the analysis in Section 4.

In general, the solution of (3) is not in w22 (). Let . be the set of points (for d = 2) or
edges (for d = 3) which subdivide the polyhedral boundary 92 into smooth disjoint connected
components. The weighted Sobolev space Vg 2(_(2) denotes the closure of C*(Q) w.r.t.

1
HVHVé(_z(Q):( Z /!2r2(37k+|a‘)|D“u|2 dx>2

@k

where r = r(x) = dist(x,.#), 6 € R, and k € N. The parameter § is defined via eigenvalues
of eigenvalue problems (in local coordinate systems at parts of the set .#’) associated with
problem (3). As it is not the goal here to give sufficient conditions for the solution of problem
(3) to belong to Vg ’2(.(2), we refer to [6]. Moreover, we do not intend to consider graded FE
meshes in the neighborhood of the set . although the forthcoming numerical analysis allows
such kind of refinement. For such approach to optimal control problems, see [1].

Here we consider on a subdomain G C €2 the Sobolev-Slobodeckij spaces
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WE2(G) = {veWF(G): ullarpg <} kENo, 2€[0,1)

2 [D%u(x) — D%u(y)|*
| ||k+7L,27G <H Hk,z,G Z ¢l X — y[d+2A y

|o|=k

=

The spaces W22 (I) are defined in a similar way.

Remark 1. The embeddings V3 () C W% +2(Q) C C(Q) are valid for § <2 — ¢ + K with
Kk > 0, cf. [6]. In particular, for the case dQ = Ip in polyhedral domains, the conditions
5 < % + K, k > 0 are sufficient.

As problem (3) is uniquely solvable, we define the affine linear solution operator S :
L2(Q) x L*(I}) — V, u=S(qo + f,qr +g). Due to the linearity of (2) we can split § in its
linear and affine linear part. Inserting u = S(qo + f.qr +8) = S(qq,qr) +S(f,g) in (1), we
obtain (with trace operator ) and the definitions ug :=iig —S(f,g) and ur :=dr —yoS(f,g)
the reduced cost functional:

. 1
Jag.ar) =7 (40.qr.S(4e.4r)) = 5 *a|S(aa.4r) - vali o

)
+ EMHYOS(CIQCIF) —ur||gn + 500 laallo.q + EOCFHQFHO,G'
Now the reduced optimization problem reads
Minimize j(qq.qr), (490.4r)€ Qa x Qr. Q)

The reduced cost functional j is continuously differentiable. In order to formulate the
optimality conditions for problem (5), we define the associated adjoint state p € V to (¢ ,qr)
as the solution of

Find peV:  aui(p,v)=Ao(li—uglo+Ar(@—ur); Wev, (6)
aadj(P-,V) = E(vavv).Q - (b'Vp,V)_Q +0'(P,V)_Q +((ﬁ +b~n)p,v)rk.

The necessary (and sufficient) optimality conditions read

Dyoj(Go.qr) - (ka —4q) = (@aqq +P.ka —4a)a =0, Vka € Qo, (7
Dy j(4q,4qr) - (kr —qr) = (orgr +vop.kr —qr)r, =0, Vkr € Or, (®)

leading to
00qdo+p =0, inQ orgr+yop=0 on Ig. )

The optimality system (KKT-system) for problem (1)-(2) is formed by (9) together with
the state problem (3) and the adjoint state problem (6). The second order derivatives of
J(go,qr) do not depend on (qq,qr) and are positive definite.

As already said, the solution of (1)-(2) is in general not arbitrarily smooth.

Assumption 1: The optimal solution (%,P,Gq,gr) of the optimal control problem (1)-(2)
belongs to [W!+42(Q)]3 x W%””"z(FR) with 144 > %

Assume that 0, ar > 0. Then Assumption 1 is valid if the solution u of (3) belongs to
W”;L’z(.Q)7 142 > d /2, eventually for sufficiently smooth data f, g, 8. For sufficient condi-
tions, see Remark 1. Then the same statement is valid for the solution p of (6) for sufficiently
smooth data ug ,ur. Moreover, the regularity of g and g follows via (9). Finally, we remark
that Assumption 1 allows later on Lagrangian interpolation of the solution.
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3 Stabilized discrete optimality system

Here we introduce the discretized optimal control problem to (1)-(2). A more general approach
to the discretization as in [3] is applied by considering shape-regular FE meshes and a more
flexible stabilization concept.

Consider a family of shape-regular, admissible decompositions .7}, of £ into d-dimensional
simplices, quadrilaterals (d = 2) or hexahedra (d = 3). Let A7 be the diameter of acell T € .9},
and i = maxyc g, hr. Assume that, for each T € .7},, there exists an affine mapping Fr : T—r
which maps the reference element 7" onto T This quite restrictive assumption for quadrilater-
als/ hexahedra can be weakened to asymptotically affine linear mappings [2]. Let e, denote the
set of element faces (for d = 3) or element edges (for d = 2) induced by .7}, on Q. Moreover,
we assume that the Robin part Iz of the boundary is exactly triangulated by ej,.

Set Py = {v, € L*(Q) : v 0 Fr € P{(T),T € Z,} within P|(T), the space of complete
linear polynomials on 7, and R 5, = {v), € L*(R) : v, 0 Fy € Q(T),T € Z,} within Q; (7,
the space of all polynomials on 7’ with maximal first degree in each coordinate direction. The
state space V is approximated by a FE space Vj, D Pg, NV or V;, D Rg NV. Similarly, let
OnoCH () be a FE space for the control variable and Onr = On.0|r its restriction to Ig.

The basic Galerkin discretization of the state problem (3) reads:

find u, € V), such that a(uy,v,) = f(vs), Vv, € Vj,. (10)

The solution u;, of (10) may suffer from spurious oscillations. As a remedy, we consider the
local projection stabilization (LPS) approach which results in a symmetric discrete optimality
system. LPS methods split the discrete function spaces into small and large scales and add
stabilization terms of diffusion-type acting only on the small scales. There are basically a two-
and a one-level variant (indicated by .#), = %, and .4}, = 7}, respectively).

The two-level variant starts from the given space V;, = Pz NV or V, = R4 NV for sim-
plicial or hexahedral elements. The large scales are determined by means of a coarse, non-
overlapping and shape-regular mesh .}, = {M;};c; which is constructed by coarsening .7, s.t.
each M € ), with diameter iy, is the union of neighboring cells T € .7,. (A more practical
approach is to start from the coarse grid .4, and to construct .7}, by an appropriate refinement,
see [4], Sect. 4.) Moreover, we assume:

3C>0: hy<Chy, VT €I, M #withT CM. (11)

We introduce a discontinuous FE space Dj, C LZ(Q) of piecewise constant functions on .7,
and its restriction Dy, (M) := {vy|sr ; vy € Dy} to M € .4),. The next ingredient is the local
L?-projection myy : L>(M) — Dy (M) which defines the global projection 7, : L?(£2) — Dy, by
(mv) | == 7 (vr) for all M € .4, The fluctuation operator kj, : L>(2) — L?() is defined
by K, :=id — m,.

The one-level variant starts from the given discontinuous FE space D, of piecewise con-
stant functions on .4}, = .7}, and uses an appropriate FE space V, on .7,. For simplicial ele-
ments, define

PMO(T) = P(T) +b-Po(T), b(&):=(d+ 1) A (R)-...-Ays (R)
with the barycentric coordinates il b :id-H- The enriched space is defined as
Vi = {ve HY(Q)NV : v|p o Fr € PPY(T)VT € ).

A similar construction is given in Section 4 of [9] for hexahedral elements. Then the same
framework as in the two-level approach can be used by setting .#}, = ,.
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For both variants, the stabilized discrete formulation reads: find u;, € V, such that

arps(un,vi) = alup,vi) +sp(un,vp) = fv),  Vvp €V, (12)
Sh(uh,vh) = Z TM(Kh (b-vuh),l(h (b'VVh) )M— (13)
Me.

The stabilization s;, with parameters Tj; > 0 acts solely on the small scales. Another variant
uses Sy (up,vy) = Yoar T (Kn(Vuy), €,(Vvy))m instead of sp,(-,-). Here ), denotes a vector-
valued version of the fluctuation operator kj,.

For a discussion of “pro’s and con’s” of the two variants, we refer to [4].

The discretized control problem associated with (1)-(2) reads as follows:
min J(up,qn.0.qnr),  (Unqno,qnr) € Va X Ong X Onr, (14)
ajps(up,vh) = (f+qna,ve)e +(&+anr i), Vi € Vi 15)

Problem (14)-(15) has a unique solution (%, Gy, o,y ) Which allows us to define the discrete
solution operator Sy, : Qo X Or — Vj, by

a1ps(Su(an.e,anr),ve) = (f+ane.vi)o + (& +anr,vi)i; Yvn €Vi

and the discrete reduced cost functional as jj,(qn,0,qnr) = J(Sr(gn.0+9n.1),4n.0,qn1)- The
necessary (and here also sufficient) optimality conditions read

0ogno+pr = 0, argyr+vyop, = 0.
Here the discrete adjoint state p;, € Vj, solves the discrete adjoint state problem
aips(Vi, Pr) = Ao (U —ug,vi) o + Ar (@, — ur,vy)r;,- (16)
where @, = S;,(qq,qr) is the discrete state according to (15).

Remark 2. The symmetry of the LPS term implies that the operations “optimize” and “dis-
cretize” commute, see [3].

4 A-priori error analysis

Here we provide the error analysis for the optimal control problem (1)-(2). It turns out that
additional assumptions for the LPS method are required.

Assumption 2: The fluctuation operator k;, = id — 7, has the property:
3Ce >0 |kuglloss < Cxhiylalsm, YgeWs2(M), s€[0,1], VM € ), (17)
Remark 3. The original version of (17) in [9] only considers s € {0,1}.

Following [9], we construct an interpolation jo : V — Vj, such that the error v — I;v is
L?-orthogonal to Dj, for all v € V. The following assumption is valid for the discrete spaces
discussed in the previous section and allows us to conserve standard approximation properties.

Assumption 3: There exists a constant Sg > 0 such that, for any M € .4},

inf (Vh7 qh)M

sup —— AWM 5o g (18)
€Dy (M) y, ey, 1y 1vallosllgnllo.m
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where Y,(M) := {vy|pr : vy, € Vj,vy =00n 2\ M}.

Condition (18) implies that D, must not be too rich. On the other hand, Dj, must be rich
enough to fulfil (17) .

The following result extends the proof in [9] to A € {0,1}, see [8], Lemma 4.1.

Lemma 2. Under Assumption 3 there exists an operator jo : V — Vj, such that
(v—Jov:an)e =0, Vg, € Dy, V€V, 19)
and for all M € My, for all E € ey, and forv e VAW TA2(Q) with 1 + A > %

1
v = jovlion +hulv—joviim +hillv—jovlior SEY* IVl 2 200 (20)

The next goal is to derive error estimates for the state problems (15) and (16). First, the
stability of the scheme will be given in the mesh-dependent norm

1

~l 3
1l := (eb o+ oIV o + 1B B +s100)) ", wwew.
Lemma 3. The LPS schemes (15) and (16) have unique solutions.

Proof. We consider, e.g., problem (15) with v, = u;,. The application of the Cauchy-Schwarz
inequality and the definition of the triple norm yields the a priori estimate

[[ur]l] < Callf +anallo.e +Crlig+anrlorn

. P _1 e _1 .
with Cg :=min{c~2;Cpe™ 2}, Cr := min{f; *;Cpe 2} and Poincare constant Cp.

The following a priori estimates are based on the standard technique of combining stability
and consistency results based on the previous auxiliary results. Here, and in the following
Lemma, we fix some controls (pg,pr) € Qo X Or which will be later on, for the main
theorem, chosen as the Lagrangian interpolants of the optimal controls (¢q,qr)-

Lemma 4. For (qq,qr) € O X Or, let u = S(qq,qr) € V be the solution of (2). For some
(pa,pr) € Qa x Or, let w, = Sy(pa, pr) € Vi, be the solution of

apps(wWyvi) = (f+pa,vi)a +(E+provin - Y eV, 21
with

v ~ g /||b| 2= agyje- (22)

Then, under the assumptions of Lemma 1, there holds the a-priori error estimate
[lu=willl < Callga —prallo.e +Crllar — prilo (23)

b-Vul? 1

20+1 | A2M 2 2

v X w2 Oyl )

nEw, bl 2= aye
with constants Cyy and Cr as in the proof of Lemma 3 and
Cum = ehyg' + I+ [0l 1= (vayje + 1Bl = omrr) + 10 0ll = (ann) -

For a full proof of Lemma 4, see [8], Lemma 4.3. Similarly, we obtain an a-priori error
estimate for the adjoint problem (16) where |||u — wy]|| in (23) can be further estimated via
Lemma 4. A full proof of Lemma 5 is given in [8], Lemma 4.4.
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Lemma 5. For (qo,qr) € Qo X Or, let p € V be the solution of the adjoint state problem (6)
and for some (pqo,pr) € Qo X Or, let y;, € V), be the adjoint discrete solution. Then, there
holds the a-priori error estimate

=

b Vp‘ig,M

2=l < (CHAQ +CEAR) ||| —wil | +C R+
Il =5nll < (Coa-+CRAn)llu—wall-+¢ (T {222

2
+CM||P||1+)L,2,M}>

with Ty as in (22) and constants Cyy,Cq and Cr as in the previous Lemma.

We can now give the main result for the optimal control problem. For a full proof of
Theorem 1, we refer to [8], Theorem 4.5.

Theorem 1. Let the assumptions of Lemma 1 and Assumption 2 be valid. Moreover, let
(#,qg,qr) be the solution of the optimal control problem (1)-(2) and (@, Gy, ¢ Gy -) the solu-
tion of the discretized problem (14)-(15). Finally, let 0tqy, 0 > 0. Then there exists a constant
C > 0 depending on Ao, A, 0, 0 ,Co,Cr such that the following error estimate holds:

7o —anallo.e + 1gr —nrllo.n

1 1

1422~ 12 2 1424~ 12 2

SC{( Y hy |q!2|1+/l,2,M) +( Y \CIF|1+/1,2,E>
Me. )y Ece,NIy

+<§h}w+u (

with Ty as in (22), hg = diam(E),E € e, and Cy;,Cq,Cr as in Lemma 4.

‘b'Vﬁlﬁ,Z,M |b‘vﬁ|ﬁ,2,M

(SIE

J

+Cu(Jlal? +1713
Bl aye Dl oy (120 4171 2200

3
Remark 4. In the limit case A = 1, we obtain the optimal convergence rate &' (h;;).

S Numerical experiment

Consider the following numerical example:

. 1 <2 1 2
min(gq.) == 1 a3 q) + s 0alldelb),
—€Au+(b-Vu+ou = f+qo in Q, u=0 on JQ

with go € L2(Q), e =107, b= (-1,-2), 6 =1, f=1, ig =1 and ag = 0.1. The
numerical solution in [3] (for box-constraints of control) with the two-level LPS method and
£ =103 gave strong oscillations in the boundary layer regions.

Table 1 gives the convergence history and the numerical convergence rate of the cost
functional J. Figure 1 shows the discrete control and state on the coarse grid for the two-level
approach with Qq-elements and & = ﬁ. Spurious oscillations in the boundary layer regions
are significantly reduced as compared to the results in [3].

There is an ongoing scientific discussion on the strength of the LPS-method vs. classi-
cal residual-based stabilization techniques (like the streamline diffusion method). In [5] it is
shown for the one-level LPS method that the LPS-norm gives additional control of the stream-
line derivative, i.e. on (Y37 op||b- V() HaMﬁ with 8 ~ min(Apr/||bl|o copr3 83, /€). A further
reduction of remaining spurious oscillations in boundary layers is possible with adaptive mesh
refinement based on a posteriori error estimators. For the streamline diffusion method applied
to optimization problems for advection-diffusion problems, we refer to [10].
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Fig. 1. Optimal discrete control and state for Example 2 with € = 107> and 1 =0.1 4

’h:2_l‘ J (g, up) ‘J(qh,ﬁh)fJ(QZh,ﬁZh)‘num. conv. rate

2 3.082E-01 - -
3 2.767E-01 3.152E-02 -
4 2.639E-01 1.277E-02 1.303
5 2.602E-01 3.748E-03 1.769
6 2.592E-01 9.138E-04 2.036
7 2.591E-01 1.743E-04 2.390

Table 1. h-convergence of the cost functional

6 Further application: Regularized Dirichlet control

In applications, a Dirichlet boundary control u = g is desirable. A review of some variants is
given in [7]. One possibility is to approximate the Dirichlet control by a Robin control

Vun+Plu—q)=0, B=0(1) (24)

for &€ — 40, but the choice of € is delicate. For the singularly perturbed problem (2) with
& = &, one can interpret the Robin control as regularized Dirichlet control.

Define the subsets I"_, I and Iy of the boundary 02, depending on the sign of (b-n)(x).
The solution u of problem (2) has boundary layers at the outflow part I’y with gradient |eVu -
n| ~ 1 and at characteristic boundaries Iy with (at most) |€Vu-n| ~ /€. At the inflow part
I, one has only |eVu-n| ~ €. This motivates us to exclude a Dirichlet control at the outflow
boundary Iy. On I'_ Uy, the Robin regularization (24) with & = € and 8 + %b ‘mn>fy>0is
a good approximation of the Dirichlet control u = q.

A typical situation is the flow in a domain of channel type = (0,L) x ( —g, %) with the
flow field b(x) = ((% —|x2])%,0)T with x > 0. The solution  of (2) can be seen as a tempera-
ture field or as the density of some chemical reactant. Let us describe potential applications of
Dirichlet control: A Dirichlet condition u = ¢ is given at ¥ C I = {0} x (—%, g) whereas

a Robin condition 85—;‘1 +B(u—g) =0 with § + %b -n > By > 0 is prescribed on I\ X.

A Neumann condition 85—;‘1 = 0 might be prescribed on I, = {1} x (f%, g) An ”insula-
tion” condition sg—g =0 is given at the channel walls Iy = (0,L) x {—4,4}. Similarly, one

can assume a Dirichlet condition u = g at X C I of the channel walls. Finally, replacing the
Dirichlet control on X C I'_ UIj by Robin boundary control leads to the problem considered
within this report. An analytical justification of this approach and numerical results will be
given elsewhere.
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