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“Tbe Road goes ever on and on
Down from the door wbere it began.
Nouw far abead thbe Road bas gone,
And I muft Pollow, if I can,
Pursuing it with eager feet,

Until it joins some larger way
Where manv patbs and errands meet.
And witber then? I cannot sav.”

J. R. R. Tolkien, The Fellowship of the Ring, Book I, Chapter 1.
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Notation

Number systems and spaces:

C complex numbers
cr space of complex column vectors of length n (n € IN)
cmxn space of m-by-n matrices with entries from C, i.e. complex

matrices with m rows and n columns (m,n € IN)

Co(R%) space of continuous functions f : R — C vanishing at infinity

ce see C°(R)

C2(RY) space of infinitely differentiable functions f : R? — C with
compact support in R?

L' (R%) space of absolutely integrable functions f : R¢ — C

N natural numbers (excluding 0)

Ny natural numbers including 0

R real numbers

R4 space of real column vectors of length d (d € IN)

S see S(R)

S(R%) space of infinitely differentiable functions f : R? — C which

are, together with all their derivatives, rapidly decreasing; so-
called Schwartz space

Z integer numbers

Mathematical constants:
s constant pi
e Euler’s number, base of the natural exponential function

i imaginary unit



X Notation
Variables:

gy A, Ag coefficients

aj, aj, By, Bj, v components of points in the real plane

M,V index variables from IN

) parameter for angles that are given in radians

0,0,% angles

1 distribution

© function

€1, &2, w, w1, w2

a;

Ej, aaj,aik, a;k, bj, bj,
bg, Cj» Cy: G €5,
A

fi9

h,hi, ho

g, kK L,m,mg n,
Lj

LN

mj

n

t, ti, €T, Ty

z

j

A

)

C, T

D

F

G,G, K, Sy, Vi, Va, Vi
L

M, N, Ny, Ny, R, R;
P,Q

real arguments of functions or components of real vectors

coefficient or polynomial

coefficients (i € INp)

functions

step sizes with h, hi,hs € R and h, hy,ho > 0

index variables from IN (i = 1,2)

parameterization of L; or line through the origin in the plane
lines through the origin in the plane

slope

outward pointing unit normal field

real arguments of functions (i = 1,2)

complex argument of a function

zero of a polynomial
functions

real constants

polygonal domain

falling factorial (polynomial)
sets (i € IN)

edge of a polygon

natural numbers

functions



Notation xi
Sy, set, knot, or shift value

T} frequency in an exponential sum, knot, or shift value
Vectors and matrices:

0 zero vector, i.e. column vector with zeros as entries
a=(a1,q9,...,aq) multi-index, i.e. d-tuple of non-negative integers

AN € w, fitu,ut,

TR column vectors

= unit vector in R?, d € IN, such that (eg)r = 1

n;,n; normal vector / unit normal vector (column vectors)

D, Pnew, Plmin, Plmax  Points in the real plane or in R? (column vectors)

v, v, 0, w shift vector or vertex of a polygon (column vectors)

A B, D G U matrices

D, D, rotation matrices

Hpyiq,Thi (N + 1)-by-(N + 1) Hankel / Toeplitz matrix

VN N+1 N-by-(N + 1) Vandermonde-type matrix

Functions and operators:

Liap) characteristic function on the interval [a, b)

(w, x) standard inner product of real vectors w and x: (w,x) = w'ax
<,u, <p> evaluation of distribution p with argument ¢

|| the sum Z;{:l a; for the multi-index a = (a1, az, ..., aq)
|z, || absolute value of the real number x / the complex number z
|S] cardinality of the set S

I1€]]2 euclidean norm of the vector &

w® the product H?Zl w?j for w € R? and the multi-index o

1 first derivative of the univariate function f

) kth derivative of the univariate function f

F Fourier transform of the function f

z complex conjugate of z (z: number, vector, matrix, function)
xt AT transpose of the vector & and the matrix A respectively

A* AT conjugate transpose / inverse of the matrix A



xii Notation
a‘i—mm g higher-order partial derivative of g with respect to w

oD boundary of the domain D

d Dirac delta distribution

Tas Tab translation operators with a € R and (a,b) € R? respectively
I(q) distribution, identified with the function ¢

BT B-spline of order m determined by the knots Tj,...,Tj4m
divg divergence operator (with respect to x)

D, function, see p. 37

Du distributional derivative of

D* kth distributional derivative of u

D(1r2) distributional derivative of u ((r1,7r2): multi-index)

D> f mixed-partial derivative of the function f: R? — C (p. 140)

diag(dy,...,dn)
exp

F{r} Fiu}
grad,,

Im(z)

In

min{a, b}

N

P, (p)

rank(A)

sin, cos, tan, cot

Miscellanea:
. 1,09

(7))
(@) ks
(@5)k> T,k

* * *
G Uik 1

diagonal matrix with dy,ds,...,dy as main diagonal entries
natural exponential function

Fourier transform of the function f / the distribution u
gradient operator (with respect to x)

imaginary part of the complex number z

principal branch of the complex logarithm

minimum of the two expressions a and b

centred cardinal B-Spline

orthogonal projection of the point p onto the line [,

rank of the matrix A

trigonometric functions sine, cosine, tangent, and cotangent

place-holder for a variable, as in f(-) or f(:1,2), for example
column vector (11,75, ..., Tn)" or sequence (Ty, Ty, ..., Ty)
(N —n1 + 1)-by-(N — ng + 1) matrix with entries a;
notations for the kth component of a vector ; (k € IN)

numerically reconstructed values
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1. Introduction

In several scientific areas, such as radio astronomy, computed tomography, and mag-
netic resonance imaging, [9], the reconstruction of structured functions from the know-
ledge of samples of their Fourier transform is a common problem. For the analysis of
the examined object, it is important to reconstruct the underlying original signal as
exactly as possible. In this dissertation, we aim to uniquely recover specially structured
functions from a smallest possible set of Fourier data.

Frequently, special properties or structures of the functions to be reconstructed are
exploited in order to reconstruct the functions from only a small set of sampling values.
These can be function values or samples of a transformed version of the function, such
as the Fourier transform.

Normally, one seeks to recover functions which possess sparse representations in a
given basis or frame using only a small set of sampling values. In particular, there has
been significant research activity in the area of Compressed Sensing, [18].

For instance, Candes et al. have shown in [14] that a discrete-time signal f € C"
with s < n non-zero entries can be recovered, under certain conditions, from a set of
Fourier coefficients of size O(slog(n)). In [59], it has been shown that a trigonometric
polynomial of degree N where only s < N coefficients are non-zero can be recon-
structed with probability at least 1 — ¢ from O(slog((2N + 1)/¢)) randomly chosen
sampling points.

Usually, the reconstruction algorithms used in the framework of compressed sensing
are based on /;-minimization methods, and exact recovery is only attained with a
certain probability.

In contrast to those minimization methods where the result is only guaranteed with a
certain probability, also deterministic methods for the recovery of sparse trigonometric
functions are available, which are based upon the Prony method, [33, pp. 457-462], or
the annthilating filter method, [19,65].

Within the past few years, the Prony method has been increasingly applied in the
field of parameter estimation. It enables the determination of specific parameters of
functions using only few sampling values if the functions to be recovered belong to the
class of exponential sums.

Several numerically stable variants of the original Prony method, which is over
200 years old, [17], and suffers from numerical instabilities, have been derived. Potts
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and Tasche have developed the Approximate Prony method in [55,56], which works
not only in the noiseless case but also in the case of noisy measurements. Another
stabilization of the Prony method is proposed in [23], where the possibly perturbed
sampling values are not used directly, but a windowed average of their autocorrelation
sequence is used instead. This approach is motivated by the application of operators
of the form Zévzog(%)f(k:) exp(ik-) with a suitable filter g in [45] and [46], where
such operators have been applied in order to detect singularities of piecewise smooth
functions f.

Recently, the reconstruction of piecewise smooth functions and shifts of several
signals has also been studied in [4-6]. In these papers, the robustness of the involved
Prony type systems is investigated too, see also [3].

There are also well-known parameter identification methods in signal processing,
such as the ESPRIT method, [61], the Matriz pencil method, [36], and the MUSIC
method, [62]. In [58], it has been pointed out that these methods are equivalent
to the Prony method such that they can be seen as so-called Prony-like methods,
see [48, Chapter 3].

The Prony method has also been generalized to the problem of reconstructing sparse
Legendre expansions, [50], and, as the so-called generalized Prony method, to the
problem of reconstructing sparse sums of eigenfunctions of linear operators, see [49]
and the dissertation [48] of Thomas Peter.

Further, the Prony method is equivalent to the annihilating filter method. In [65],
Vetterli et al. have introduced the concept of signals with finite rate of innovation.
Such signals have a finite number of degrees of freedom per unit of time. Using
the annihilating filter method, Vetterli at al. have shown that one can completely
reconstruct signals of finite length which have a finite rate of innovation by applying a
generalized Shannon sampling theorem although the signals considered are not band-
limited.

In the dissertation on hand, we use the Prony method as key instrument in order
to uniquely reconstruct structured, real-valued functions from sparse Fourier samples.
We derive algorithms for unique recovery by means of a smallest possible set of Fourier
data. First, we consider the univariate case, where we propose reconstruction methods
for B-spline functions with non-uniform knots and linear combinations of non-uniform
translates of a known low-pass filter function.

We can transfer the reconstruction results given in the univariate case to the bivari-
ate case in a similar way if we consider separable functions such as tensor-products of
non-uniform spline functions and non-uniform translates.

In case of non-separable functions, the problem gets more involved. We want to
recover the unknown functions from only a small amount of Fourier samples taken
on few distinct lines through the origin. In [44], a linear combination of N bivariate
Diracs is recovered from O(N?) samples of the signal by considering the Fourier series



coefficients of the signal and using the so-called algebraic coupling of matrix pencils
(ACMP) algorithm, [64].

We will study linear combinations of non-uniform shifts of bivariate functions &
of the form f(x1,x2) ::Z;V:l c;j®(x1 — vj1, 22 — v;2) where we seek to recover the
unknown parameters c;, vj 1, and vj 2 from sparse Fourier data. As we will show, it is
possible to uniquely recover these parameters by using only 3N + 1 Fourier samples on
three lines through the origin. We consider two predetermined lines, while the third
sampling line is chosen dependently on the results obtained by employing the samples
from the first two lines. Moreover, if we want to use only predetermined sampling
lines, we will show that N + 1 lines and O(NN?) Fourier samples are required to ensure
unique recovery.

Further, we propose a generalization to d dimensions with d > 2, where we need
d+ 1 sampling lines for unique function reconstruction. Similarly to the bivariate case,
we use d predetermined lines, and the (d + 1)st line is chosen suitably.

Moreover, we examine the reconstruction of polygonal shapes in the real plane.
In the shape from moments problem, [21,27,47], integral moments of the analytic
power function f(z) = z¥ over the characteristic function of a polygonal domain D
are taken, and the vertices of D are computed by applying Prony-like methods to
these moments. We, on the other hand, will take a similar approach as in the case of
bivariate non-uniform translates such that we are able to reconstruct concave polygonal
domains D with N vertices by taking 3N samples of the Fourier transform of the
characteristic function 1p. Here, we use again two predetermined sampling lines and
an appropriately chosen third line.

This dissertation is organized as follows: Chapter 2 provides an overview of the
Prony method in such a formulation as we need later on for our proposed reconstruc-
tion methods in Chapters 3-6, where the focus lies on using as few Fourier samples as
possible in order to uniquely recover functions of different classes. In Chapter 3, we
discuss the one-dimensional case of reconstruction of structured functions from sparse
Fourier data, that is, we consider univariate functions such as step functions, non-
uniform spline functions, and non-uniform translates of low-pass filter functions. We
transfer the results found in Chapter 3 to the two-dimensional setting in Chapter 4,
where we deal with the reconstruction of tensor-products of non-uniform spline func-
tions and non-uniform translates from sparse Fourier data. Further, we also consider
non-uniform translates of bivariate functions where the variables are not separable.
The results for the last mentioned case are then generalized to d dimensions with
d > 2 in Chapter 5. Finally, in Chapter 6, we discuss the reconstruction of polygonal
shapes in the real plane from sparse Fourier data. Some parts of this work have already
been published in [54] and [67].

In several cases, we illustrate our reconstruction results with numerical experiments.
All examples considered in the sections about numerical results have been computed
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using MATLAB 7.11 with double precision arithmetic. For the computation of eigen-
vectors, roots of polynomials, and least squares solutions to linear systems of equations,
internal MATLAB routines have been used.

At the end, we collect some properties of the Fourier transform, which we use
throughout this work, in Appendix A. Further, Appendix B contains the proofs of
some lemmas for non-uniform spline representations which are needed for the recon-
struction of non-uniform spline functions in Section 3.2. Some required lemmas for
integration, needed in Appendix B, are given in Appendix C. The last chapter, Ap-
pendix D, consists of the proofs of lemmas required for non-uniform tensor-product
spline representations in Subsection 4.1.1.



2. Prony method

The Prony method is a method for the identification of parameters in exponential
sums, that is, the Prony method can be used in order to determine frequencies 7 and
corresponding coefficients c; of a function f of the form

fw)=creT 4epe2 4 4 ey eIy

where function values of f are given on a set of at least 2NV equispaced points, e.g.
see [33, pp. 457-462]. This method dates back to 1795, when Gaspard Riche de
Prony introduced it in [17] for solving an approximation problem about expansion
characteristics of gases.

The Prony method consists of two separate steps. In the first step, the frequencies
T; are computed. Afterwards, using the knowledge of the found frequencies, the
corresponding coefficients are determined. We employ the Prony method as a key
instrument for our proposed approaches for the reconstruction of structured functions
from sparse Fourier data in Chapters 3—6.

In the following two sections, we give an overview of the classical Prony method,
which works in the case of exact data. We use a slightly different notation and formu-
lation of the problem than in the literature about the Prony method and its variants
from the past few years, e.g. [8,23,48,51,55-58], such that we can directly apply the
method as described in Sections 2.1 and 2.2 to the problems dealt with in Chapters
3-6, that is, we already adjust the formulation of the Prony method in the following
two sections to the settings considered later.

In the first of the two steps of the Prony method, an appropriate eigenvalue problem
is solved, which yields the coefficients of a so-called Prony polynomial. By computing
the roots of the Prony polynomial, we then obtain the frequencies Tj. In the second
step, a linear system of equations is solved in order to determine the corresponding
coefficients c;.

The original Prony method is numerically unstable with respect to inexact meas-
urements of the function values, see [42, pp. 275-280] for an example. Recently there
have been made various efforts in order to derive stable variants of the Prony method
such that it works also for noisy input data. A stable algorithm, the Approzimate
Prony method, has been derived in [51,55,56], based upon an approach from [8].

Moreover, as Potts and Tasche have pointed out in [58], there exist several Prony-
like methods, that is, methods which solve the same kind of parameter estimation
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problem as the original Prony method, such as the ESPRIT method, [61], and the
Matriz pencil method, [36]. In [48], it is shown that also the MUSIC method, [62], is
a Prony-like method. A nice overview and comparison of these methods can be found
in [48, Chapter 3].

In [23], Filbir et al. have proposed a stabilization of the Prony method where, instead
of using the (perturbed) function samples, a windowed average of their autocorrelation
sequence is applied.

The performance of the Prony-like methods can be greatly improved if a larger
number of sampling values of the function that has to be reconstructed is available, see
[23,51,55], for example, where also error estimates in the case of noisy measurements
are given. In order to obtain certain error estimates, the number M of measurements
has to fulfil the condition M > % where ¢ is the minimal separation distance between
two frequencies. But this is only a theoretical result. Actually, the required number of
function values is often considerably smaller, see [48, Section 3.4]. It is also concluded
that the different Prony-like methods yield comparable reconstruction results, and
that stable variants of the Prony method are given by them, see [48, Chapter 3].

Further, note that the Prony method is also equivalent to the annihilating filter
method used in signal processing, see [19,65], for instance. The relation between these
two methods is shown in [53, Remark 2.4].

In the following, we concentrate on the classical Prony method for the noiseless case
in order to understand the concept of this method, and we present it in an adjusted
formulation such that we can apply the method as described in the following two
sections to our reconstruction problems considered later.

2.1. Prony method for exponential sums with complex-valued
coefficients

Consider a trigonometric function P : R — C of the special form
N .
Pw)=> c¢ie'¥T (2.1)
j=1

with N € IN, non-zero coefficients ¢; € C, and real-valued frequencies T} in ascending
order, i.e. —co < Ty <Th < ... < Ty < 0.

We want to compute the frequencies 11, ..., Tn, and all coefficients ¢y, ..., cy from
the sampling values P(¢h) for £ = 0,...,2N where h is assumed to be a positive
constant with AT} € (—m, n| for all j € {1,...,N}. For this purpose, the Prony
method can be applied as follows.



2.1. Prony method for exponential sums with complex-valued coefficients 7

Let us consider the complex polynomial A : C — C defined by

N N
Az):= H (z — e*ihTﬂ') = Z PYRLE (2.2)
j=1 k=0
This polynomial, the so-called Prony polynomial, exactly possesses the values e™1#7i
j=1,...,N, with the unknown frequencies 7} from (2.1) as zeros. Here, \; are the
coefficients of A in the monomial basis. Particularly, we have Ay = 1 by definition of
the Prony polynomial A.
Then we observe for m =0,..., N that

N
> M\eP(h(k +m) Z e Z hik+m)T.
k=0

k=0 7j=1

N
o= ihmT; Z A e LT
k=0

.“ HMZ

(2.3)
_ZcelhmT]A 1hT)(
Hence, the coefficient vector A:=(\g,...,Any)T with Ay = 1 is the solution of the
linear system

with the Hankel matrix’

Hpyiq ::(P(h(k: + m)))N

c (D(N+1) X(N+1)
m,k=0 ’

which is given by the known sampling values P(¢h), £ =0,...,2N.
We can write this Hankel matrix as a product of two Vandermonde-type matrices
and a diagonal matrix, which enables us to compute the rank of Hy 1. We find

N N , N
Hy .y = (P(h(l{:—i—m)))m’kzo = [ 2o exp(=ih(k+m)T;)
7=1 m,k=0

N N
= (Z ¢j exp(—1ihmTj}) - exp(—ihij))

j=1 m,k=0
= (cjexp(—ihmT; ))m 0,j=1 - (exp(— 1 PKT; ))] 1,k=0
= (exp(—lhmT))m 0,j=1 -diag(c1, co,. .., en) - (eXP(*lhkT))] 1,k=0

= Vi1 D Vv

YA Hankel matriz is a matrix where the entries are constant along the diagonals parallel to the
antidiagonal, see [34, pp. 27-28].
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where Viy y41 is a Vandermonde-type matrix and D a diagonal matrix with
. N .
VN N+1 ::(exp(— i hij))j:Lk:O and D :=diag(ci,ca,...,cN).
Further, we know
rank (Vy n41) = rank(VJ\?’NH) =rank(D) = N (2.5)

since Viy nv41 and V]\?, ~N41 are Vandermonde-type matrices where T; # Ty for j # k,
and since D is a diagonal matrix with non-zero main diagonal entries.

In order to compute the rank of H 1, we need some rank properties. The following
lemma collects rank properties which are taken from [34, p. 13].

Lemma 2.1.

(a) For a matrix A € C™*" and a non-singular matric B € C"*", one has the rank
equality
rank(A) = rank(AB). (2.6)

(b) Let the matrices A € C™** and B € C**™ be given. Then one has the rank
inequality

(rank(A) + rank(B)) — k < rank(A - B) < min{rank(A),rank(B)}.  (2.7)

Using Lemma 2.1, we can now compute the rank of Hx 1. Remember that we have

Vil yar € CNH Y and D e €V with rank(D) % N.

ot

First, we observe that

rank(VJ\rENH - D) = rank(VJ\rENH) =N (2.8)

Secondly, define A::V]\j,ﬂN_H - D e CN*tIXN and B:=Vyny1 € CN*N+1 Then,
using the equalities (2.5) and (2.8), we get the following by (2.7):

rank(A) + rank(B) — N < rank(A - B) < min{rank(A),rank(B)}
& N+ N — N <rank(A - B) <min{N, N}
& N <rank(A-B) < N.

Therefore, we have

rank(A - B) = 1“ank(VJ\?7N+1 -D- VN,N+1) = rank(HN+1) = N.

2See [34, p. 29] and [34, p. 23] respectively.
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Since rank(Hpy 1) = N, the dimension of the eigenspace of Hx 1 corresponding to
the eigenvalue 0 is equal to one®. Thus, the eigenvector A of Hy 1 corresponding to
the eigenvalue 0 is uniquely determined by (2.4) and Ay = 1.

Knowing A, which is the coefficient vector of the polynomial A in (2.2), we can
compute the zeros z; := e 1M j=1,..., N, of that polynomial A. Hence, using the
assumptions about h (see also Remarks 2.3, 1.), we get the frequencies T1,..., Ty by
the computation
—Im(In(z;))
5,
where we consider the principal branch of the complex logarithm?, i.e. In(z) =i6 for
z = e'? with 0 € (—m, 7).

Finally, the coefficients c;j, j = 1,...,N, are obtained from the linear, overde-
termined Vandermonde-type system

1}-: j:]_,...,N,

N
P(th) =Y cje T £=0,...2N. (2.9)
j=1

We summarize the algorithm to determine the frequencies and the coefficients in
(2.1) as follows.

Algorithm 2.2 (Prony method for complex-valued coefficients).

e Input:

— P((h),£=0,...,2N;

— step size h with hT; € (—m, 7] for all j € {1,...,N}.
e Computation:

1. Construct the Hankel matrix

N

Hy 1= (P(h(¢ - m))>m,ezo'

2. Solve the system Hpy 1A = 0 where A = (Mg, A1, ..., Ay)T with Ay = 1.
3. Consider the polynomial

N
A(z) = Z ezt
=0

and compute all its zeros z; := e~i"; j=1,... N.

3Ct. [24, p. 317].
1See [68, p. 559], for example.
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4. For T; = M, j=1,...,N, compute the corresponding coefficients
cj, j =1,..., N, as least squares solution to the Vandermonde-type system

N
> ¢y = P(¢h), £=0,...,2N.
j=1

(Here, In is the principal branch of the complex logarithm.)

e Output: Frequencies T}, 7 = 1,..., N, and coefficients c¢j, j = 1,..., N, de-
termining P in (2.1).

Remarks 2.3.

1. In order to compute the frequencies 7} for j = 1,..., N uniquely, we need to
ensure that hTj € (—, 7] since the function w +— e~ is 27t-periodic. Otherwise,
we will not be able to extract the values T} from the zeros z; = e T of A on
the unit circle uniquely.

2. While the frequencies T} are not known, we only need to find a suitable upper
bound for |7}| in order to fix a suitable step size h.

3. In applications, also the number N of terms in (2.1) is usually unknown. Having
given at least an upper bound M > N and 2M + 1 sampling values P(¢h) for
¢=0,...,2M, we can also apply the above procedure (replacing N by M) and
obtain N by examining the rank of Hjs; numerically. In this case, (2.4) cannot
longer be solved uniquely, but each eigenvector corresponding to the eigenvalue
0 will serve for the determination of the zeros of A on the unit circle and hence
of Tj, j=1,...,N, see [55], for example.

4. The sampling values taken here are the values P(¢h) for ¢ = 0,...,2N. This
is not the only possible choice. Observe that the equations in (2.3) are valid

for all integers m. Thus, we can take also the 2NV + 1 sampling values P(¢h),
{=k,...,2N + k for some k € Z.

Remark 2.4.

Observe that we consider an eigenvalue problem in (2.4); i.e., we want to compute the
eigenvector A of the Hankel matrix Hy 41 which corresponds to the eigenvalue 0. We
know that this eigenvector is uniquely determined since we have rank(Hpy 1) = N and
An = 1. Moreover, this eigenvalue problem determines the number of sampling values
of the trigonometric function P we need because the Hankel matrix Hpyy1 contains
the function values P(¢h) for £ = 0,1,...,2N as entries. But by taking a closer look
at the system (2.4), we notice that we can change this eigenvalue problem into a linear
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system of equations where we have to find N unknowns such that we need only 2N
function values of P.

First, remember that the vector A is the coefficient vector of the polynomial A in
(2.2), and that we have Ay = 1 due to the definition of A. Thus, we actually have
N unknowns in the linear system (2.3), namely Ao,...,Ay—1. By rearranging the
equations in (2.3), we obtain the linear system

N-1
AP (h(k +m)) = =ANP(h(N +m)) = =P(h(N +m)), m € Z.
k=0
Since we have to determine the N unknown parameters Ag,...,Any_1, it suffices
to take N equations, e.g. the equations for m = 0,..., N — 1. Therefore, we need

the function values P(¢h), £ = 0,1,...,2N — 1, such that 2N sampling values of P
are enough in order to determine the frequencies and coefficients of the trigonometric
function P in (2.1).

2.2. Prony method for exponential sums with real-valued
coefficients

Let us now consider an exponential sum where the coefficients are real numbers, i.e. a
trigonometric function P : R — C of the form

N

Plw) =) cje ¥l (2.10)

=1

with N € IN, non-zero coefficients ¢; € R, and real-valued frequencies T} in ascending
order, i.e. —co < Ty <Th < ... < Ty < 0.

In the present case, observe that we do not have complex-valued coefficients as in the
exponential sum considered in (2.1) in the previous section but real-valued coefficients.
Therefore, the function P in (2.10) has a conjugate symmetry, i.e.

N
P(-w) =Y ¢l = P(w). (2.11)
j=1

This enables us to identify the parameters of P, namely the frequencies T} and the
coefficients ¢; (j = 1,...,N), using fewer sampling values than in the case where the
coefficients are complex-valued.

We still need 2N + 1 function values of P for the actual computations. While we
have taken the sampling values P(¢h) for £ = 0,...,2N in the previous section, we
can also take the function values P(¢h) for £ = —N,...,—1,0,1,..., N as explained
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in Remarks 2.3, 4. By using the conjugate symmetry (2.11), we can compute the
values P(¢h) for = —N, ..., —1 from the values P(0),..., P(Nh) such that the N +1
sampling values P(¢h) for ¢ =0, ..., N suffice for the determination of the parameters
of the exponential sum P.

Here, h is again assumed to be a positive constant satisfying hT; € (—m, m for
all j € {1,...,N}. In detail, the Prony method applied to exponential sums with
real-valued coefficients works as follows.

First, we again consider the Prony polynomial A : C — C defined in (2.2), i.e.

N N
Az):= H (z - e_ith) = % Aozt (2.12)

j=1
which possesses the values e '"%i for j = 1,..., N with the unknown frequencies T;
from (2.10) as zeros. The leading coefficient of A in the monomial representation on
the right-hand side of (2.12) is given as Ay = 1 by definition of A.
As already mentioned, the equations in (2.3) hold for all integers m. Thus, we
obtain the following for m =0,..., N:

N N N N N
Z )\Zp(h(f — m)) = Z Ar Z Cj e_lh(e—m)Tj — Z ¢ elhmTj Z by e_lhgTj
h x - - (2.13)
N «
= > eyl (e ) P27,
J=1
which means that the coefficient vector A:=(Xg, ..., Ay)" is the solution of the linear
system
TvaA=0 (2.14)
with the matrix
N
Tivi=(P(h(e—m)) e,
m =0

Note that this matrix is no longer a Hankel matrix as in (2.4) but a Toeplitz matrix’.
All (N2 + 2N + 1) entries of Ty, are given by the 2N + 1 function values P(¢h),
{=-N,...,—1,0,1,..., N. Since

P(—th) = P(th), (=1,...,N, (2.15)

by the conjugate symmetry (2.11), the Toeplitz matrix T4 is completely determined
by the sampling values P(¢h), ¢ =0,...,N.

SA Toeplitz matriz is a matrix with constant entries along the diagonals which are parallel to the
main diagonal, see [34, p. 27].
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The further approach is based on the calculations in the previous section. First, we
can write the Toeplitz matrix Tiy4+1 as a product of two Vandermonde-type matrices
and a diagonal matrix. Using the definitions

Vi n+1 = (exp(— i hkTj )) —1.k=0" D :=diag(ci,c,...,cN),

we find

T = (Plte=m),

N N
Zc exp(—1ih(¢—m) ]))

Jj= m, =0

N N
(Z c; exp(i hmT}) - exp(—ihﬂ}))

m =0

—_

Jj=1

— (cjexp(ihkTy))N . - (exp(—ihkT}))Y

k=0,j=1
= (exp(i hij))k:O,j:l -diag(c1, ¢z, ..., cn) - (exp(—ihkT); ))

j=1,k=0
j=1,k=0
=Vani D Vyni
Similarly to (2.5), we have the equalities
rank(Vy yy1) = rank(Vy y41) = rank(D) = N. (2.16)
Thus, in complete analogy to the steps following Lemma 2.1, we obtain
rank(Tny1) = N,

and the eigenvector A of T corresponding to the eigenvalue 0 is uniquely determined
by (2.14) and Ay = 1.

The next step consists of the computation of the zeros z; := e i =1,...,N,
of the polynomial A, which is possible since we have determined the coefficient vector
X of A in the previous step. Then, using the assumptions about h (see also Remarks
2.3, 1.) and the principal branch of the complex logarithm, we get the frequencies
Ty,..., TN by the evaluation

—Im(In(z;)) ,
T; = — j=1,...,N.
Finally, we obtain the coefficients ¢;, j = 1,..., N, from the linear Vandermonde-
type system
N

P(th) =Y ¢je T £ =0,...,N.

j=1
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Observe here that this system consists only of N +1 equations, whereas we have 2N 41
equations in the case of complex-valued coefficients, see (2.9).

In Summary, we have the following algorithm for the determination of the frequen-
cies and coefficients in (2.10):

Algorithm 2.5 (Prony method for real-valued coefficients).

e Input:
— P(¢h), £=0,...,N:;
— step size h with hT; € (—m, 7] for all j € {1,...,N}.

e Computation:

1.
2.

Compute P(—(h), ¢ =1,..., N, using (2.15).
Construct the Toeplitz matrix
N

TN ::(P(h(€ - m))>m,e=0'

3. Solve the system T 1A = 0 where X = (g, A1, ..., )\N)T with Ay = 1.

. Consider the polynomial

N
Az) = Z Aozt
£=0

and compute all its zeros z; := e M j=1... N.

Determine the frequencies 11, ...,TN by

Tj:_Im(illn(zj))’ j=1,...,N.

(Here, In is the principal branch of the complex logarithm.)

For the frequencies T}, j = 1,..., N, compute the corresponding coeffi-
cients ¢;j, j = 1,..., N, as least squares solution to the Vandermonde-type
system

N

> cje T = p(eh), £=0,...,N.

j=1

e Output: Sequences (7;)Y_; and (c;)%_;, determining P in (2.10).

7j=1 =1
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Remark 2.6.

In the present case of the Prony method applied to exponential sums with real-valued
coeflicients, we obtain a Toeplitz matrix in Step 2 of Algorithm 2.5, while we have a
Hankel matrix in the case of complex-valued coefficients.

The different matrix structure in these two cases is due to the differences in the
systems of equations (2.3) and (2.13). The latter system results from (2.3) by using
the indices m = —N, ..., 0 instead of the values m = 0,..., N, and by reversing the
order of the equations.

Hence, the Hankel matrix in (2.4) turns into a Toeplitz matrix, and a further con-
sequence of the reversed order of equations is that the rank of the Toeplitz matrix is
also equal to N, which we have shown above in detail.

Remark 2.7.

In analogy to Remark 2.4, we can transfer the eigenvalue problem in (2.14) into a
linear system of equations. But, in contrast to the situation described in Remark 2.4,
this does not enable us to take fewer sampling values of the trigonometric function P,
which is due to the different matrix structure in (2.13) compared to (2.3).






3. Recovery of special univariate functions
from sparse Fourier samples

In this first chapter of the main part, we will discuss the reconstruction of structured,
real-valued functions from sparse Fourier samples where the considered functions are
univariate. For different cases, we want to answer the question of the number of needed
Fourier samples in order to uniquely recover the original function.

The key instrument for the reconstruction will be the Prony method, which has been
described in Chapter 2. The focus lies on using as few Fourier samples as possible
where we use clean data. Further, for the Fourier transform f : R — C of a function
f € LY(R) we use the definition

Flw)i= [ f@ye i da.
R

Some important properties of the Fourier transform which we need throughout this
work are collected in Appendix A.

The chapter on hand is organized as follows: In the first section, we will consider
step functions. Afterwards, we will extend the theory from the first section to the
reconstruction of non-uniform spline functions of higher order. The third section will
deal with non-uniform translates of low-pass filter functions. In order to show the
applicability of the presented approaches, we will conclude the chapter with a section
in which we will conduct numerical experiments.

3.1. Step functions

Let us consider a step function with compact support of the form

N
FiROR, f(x):=> I lgm,, (@) (3.1)
7=1
where c?, j=1,...,N, are real coefficients with c? #+ c?H for all j € {1,...,N —1}.

Further, T}, j = 1,..., N + 1, are knots satisfying —oo <711 < T < ... <Tny1 < 00.
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Here, 1, ) denotes the characteristic function of the interval [a, ), i.e.

1 if z € la,b);
1[a,b><x>={ a:0)

0 else.

We aim to recover the function f from sparse Fourier samples, that is, we want
to recover f from as few Fourier samples as possible. The function f is completely

determined by the N coefficients c{,...,c%;, and the knot sequence (T])j\[: +h

f(@),
34 —_—
2 4
1 4
0 +———oo —_—
—1 4
—92 -
_3 4

—4 4 —_—

T T T T T T T T T kol

—12 —10 —8 —6 —4 —2 0 2 4
Figure 3.1. Example for a function f of form (3.1), completely determined by the knot
sequence (—11.5, —11.2, =9, —5.4, —1.3, 1, 4) and the coefficients —2, 3, 1.2, 1.1, —4, 2.

In order to recover f, we need to know these 2N + 1 function parameters. The
following theorem shows that IV + 1 Fourier samples suffice to compute all parameters.

Theorem 3.1 (Reconstruction of step functions).
Suppose that f has compact support, and that f is piecewise constant, that is, there
exists a sequence (Tj)jvjll of knots with

—OO<T1<T2<...<TN+1<OO,

and there exist real values c(; forj=1,..., N such that
N
f ‘R — R: f(x) = Z C? 1[Tj,Tj+1)(x)' (32)
j=1

The expression (3.2) is supposed to be in its most simplified form, i.e. c? == c?_H for
j=1,...,N—1, and c? #0 for j =1, N. Further, we assume that the constant h > 0
satisfies WT; € (—m, 7| for j=1,...,N +1. Then f can be completely recovered from

~

the N + 1 Fourier samples f(¢h), £ =1,...,N + 1.
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Proof. We observe from (3.2

~—

that the following holds for w # 0:

fr ¥ [ e as

Jj=1 R
N Tjy1
= E c?- / e 1w g
=1
J Tj
1 N
- § CQ (efle] e*le]J’»l) (3 3)
iw J
=1
1 ' N N
- § CO efinj _ § cOe iwTjiy
iw J ,
Lj=1 7j=1
1 [ N N—+1
= — CO e—lej . CQ—I e—le]
iw 2 : J } : J
Li=1 Jj=2
N+1 cl- o
— .7] e_lw J
L
J=1
with
1._ 0 0 s
CJ o— C]_Cj—17 ]— .)...7]\74_17 (3.4)
and with the convention that
0o _ 0 _
CO = CN—‘,—]_ = 0 (35)

Observe that cjl- #0for j=1,...,N+1 by assumption. Otherwise, f in (3.2) can be
simplified.
Since f is real-valued, i.e. f(x) = f(x), we have
fl—w) = fw) forallweR (3.6)
by Proposition A.2. Further, Equation (3.3) yields

N+1

g(w) =) f(w) = 3 che T, (3.7)
j=1
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and this equation is also true for w = 0 since we have

N Lin
fo)=3"d / 1dz < (3.8)
=t
and
N+1 N+l
;710T]_Zc —C 1269\7+1—68:0. (39)

j=1

Remember that cjl- # 0 for j =1,...,N 4+ 1. Moreover, for h > 0 we have the
assumption hT; € (—m, 7] for j = 1,...,N 4+ 1. Thus, the requirements for using
the Prony method are fulfilled, and we can apply the Prony method as described in
Section 2.2 to the function g, where we use the known values

g(Lh) = (ith) - f(ﬁh), L=1,...,N+1, sampled Fourier data;
g(—th) =g(¢th), £=1,...,N+1, by (3.7) and (3.6);
g(0) =0, by (3.7), (3.8), and (3.9).
In this way, we uniquely determine the knots 7T} and the corresponding coefficients

c} for j =1,...,N + 1 in (3.7). Finally, the coefﬁc1ents ,j=1,...,N +1, are
obtained using the recursion

A =1,
cg] 91—1—0 7=2,...,N,
which is due to the definition of the coefficients le in (3.4) and (3.5). O

The algorithm to compute the knot sequence and the corresponding coefficients in
(3.2) from Fourier samples is based on Algorithm 2.5.

Algorithm 3.2 (Reconstruction of step functions).
e Input:
— Step size h > 0 with hTj € (—m,n] for j =1,...,N +1;
— Fourier samples f(éh), {=1,...,N +1.

¢ Computation:
1. Compute f(—éh), ¢=1,...,N +1, using (3.6).
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2. Construct the Toeplitz matrix

N+1

G ::(g(h(f - m)))

m, =0

~

where g(w) = (iw) f(w) and g(0) = 0.
3. Solve the system GA = 0 where A = (Ao, A1,..., Avg1) T with Ayq = 1.

4. Consider the polynomial

N+1
AN+1(Z) = Z )\kzk,
k=0

and compute all its zeros z; := e M j=1,... N+1.

5. For T = w,j =1,...,N + 1, compute the corresponding coeffi-
cients c}, j=1,...,N + 1, as least squares solution to the Vandermonde-
type system

N+1

> e T =g(eh), £=1,...,N+1.

=1
(Here, In is the principal branch of the complex logarithm.)

6. Compute c? for j =1,..., N using the recursion

0 1

C]_:Cl,

0_ 0 1 ? —
Cj_cj—1+cj7 ]—2,,N

e Output: Knot sequence (T]);\[;i1 and coefficients c?, j=1,...,N, determining
Fin (3.2).
Remark 3.3.

The case described here is a special variant of non-uniform spline functions, which are
dealt with in the following section. If the order m of the B-splines considered there
is set to one, then we have a linear combination of characteristic functions, i.e. a step
function as examined in the section on hand.
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3.2. Non-uniform spline functions

In this section, we extend the theory from the previous section to the reconstruction of
non-uniform spline functions of higher order. For this purpose, consider non-uniform
spline functions f : R — R of the form

N
f(z):= Z C?B;n(:n) (3.10)
j=1
with non-zero, real-valued coefficients c(;- for j=1,...,N. Here, BY" is the B-spline of

order m € IN determined by the knots T3, ..., T4, € R. These knots do not have to
be equispaced. The aim is to reconstruct functions f of the form (3.10) from sparse
Fourier data. In order to use Fourier data for the determination of the parameters of
f, we have to know a representation of the Fourier transform f. Then we can derive
an algorithm to determine the parameters of f, namely the coefficients c(l)7 . 709\/7 and
the knots 11, ..., TN4m-

o FECEEER
| 1 -6 |-32
2 [ -58 | 3.1
3 -4 [-08
4 225 15
il 5 -06 | -3
6 0
7 1.3
8 [ 2.73
I R 9 [ 35
oo s 10| 42

Figure 3.2. Example for a function of the
form (3.1) with N =5,m = 5; determined Table 3.1. Knots T; and coefficients c?
by (T;);2, and (c))5_, given in Table 3.1. of the function displayed in Figure 3.2.

First, we will take a look at some properties of the B-splines B;”. The B-spline le
is defined as the characteristic function of the interval [T}, Tj11), i.e.

Bj =11, 1,,,)- (3.11)
B-splines of higher order m for m > 1 are obtained through the recurrence relation
xz—T; Tivm —
BMz)=———"1 _B™l(g)+ 2" = pmlg) zeR, 3.12
P = g By ) T B ) (312

see [16, pp.89-90]. From (3.11) and (3.12) it follows directly that the B-splines are
piecewise polynomial functions of degree m — 1 with the compact support [T}, T)jym].
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The smoothness of the function Bj" is determined by the multiplicity of the knots
Tj, ..., Tjtm, see [16, pp.91,99].

In the present case, we have B-splines of order m with simple knots, i.e. knots with
multiplicity 1. This means that the splines are (m—2)-times continuously differentiable
at the knots for m > 3, and for m = 2 the splines are only continuous at the knots
but not differentiable; see [16, p. 99]. By definition, the splines of order one are only
continuous from the right.

For m > 3, we can compute the first derivative of BJ" and obtain (see [16, p. 115])

B (x B!
(B (z) = (m—1)- <Tj+fnl(—)Tj - Tﬁ:l— (Tj)ﬂ> : (3.13)

Using this relation, we acquire the following lemma, see also [16, p. 117].

Lemma 3.4.
For a non-uniform spline function f of the form (3.10) with m > 3, we can compute
the kth derivative f&®) fork=1,...,m—2 by

N+k

Z B (x (3.14)

Here, the coefficients cf for 3 =1,...,N + k are recursively defined by

k m—k ) k=1 k-1
k= N st 3.15
7 <,1T7'+mk:_,—rj ( 9 ]71) ( )
with the convention
G =di, =0 (3.16)

Note that cg‘-’ does not denote the kth power of ¢; but the coefficient corresponding
to the B-spline B;”_k of order m — k in the linear combination (3.14).

Proof of Lemma 3.4. We will prove the statement by induction.

(BC) Base case: Using (3.13), we get the following for the first derivative of f:

Bz m -1

m—1
/ ()_Tj—i-m_ j—l—lB ()

Jj+1

N m—1 N m—1
0 m—1 0 m—1
——E c;+ — B’ x—g c;+ — B’ T
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N m—1 ol m—1
0 m—1 0 m—1
= L — - - ) .~ B
;c] Tijyma =T @) ; K Tjrm—1—T; )
N+1 m— 1
0 0 m—1
— ¢l —cl ) ——B" " (x)
j:l( ) jme1 = 157

where we use the convention that 08 = c?\, 41 = 0. Finally, we have

N+1

chBm 1

0 m—1

J _C?—l) T

forj=1,...,N + 1.
j4m—1—Tj

(IH) Induction hypothesis: The following is true for some k € IN with k& > 2:

N+(k—
Z ~(b=1)

with
k—1 k—2 k—2 m— (k—1) k—2 k—2
C> = (C~ —C; . s C =C 1= O
! (4 Y T 1y — T 0 N+k=1
(IS) Inductive step: (k—1) =k <m—1
N+k-1 .
_ m—(k—1)\/
Py =Y &t (B (@) by (IH)
j=1
N-+k
k=1 k-1y m—(k=1)—1 o (e—1)-1
= Tt —cT) - B T by (BC
DD G A a—" (@) by (BC)

where we use the convention that ck - cN +k =0.
O
In the case k = m — 2, the kth derivative f*) of the spline function f is a linear
combination of B-splines of order two, i.e. piecewise linear funtions. These splines are
not differentiable at the knots. Therefore, we will consider distributions and gener-
alized functions in order to be able to compute derivatives of B-splines of order two
and one. This is discussed in detail in Appendix B.1 and leads to the following two

lemmas.
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Lemma 3.5.
Consider a generalized function f of the form (3.10) with m > 2. The (m — 1)-th
distributional derivative D™ 1 () s given by the generalized function

N+m—1
U R>3z— Z c;-”_lBJl-(a:) eR
j=1

where the coefficients c;-n_l forj=1,...,N+m —1 are recursively defined by

enlim L (on2 ey (3.17)

T T =1 Y 7 '
with the convention

@ =di =0 (3.18)

The proof of Lemma 3.5 is given in Section B.2. In Section B.3, we will prove
Lemma 3.6.

Lemma 3.6.
The m-th distributional derivative D™ sy of the generalized function f of the form
(3.10) with m > 1 is a linear combination of translated Dirac delta distributions, that
18, it is given by the distribution
N+m
f =D gy = Y & (a8).

=1

Here, & denotes the Dirac delta distribution’, and Tr,0 denotes the translation of it? for
the definition of the translate of a distribution. The coefficients ¢* for j =1,..., N+m
are recursively defined by

C;” e Cmfl — c?l_]l (319)
with the convention

chn =cCr,, =0. .
0= =0 (3.20)

'The definition of the Dirac delta distribution is given in (B.12) on p. 146.
2See (B.14) on p. 147.
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We want to have a representation of the Fourier transform of the function f in (3.10)
in order to derive an algorithm for determining the function’s parameters from sparse
Fourier samples. Since the function f is not often enough differentiable in the classical
sense, we had to introduce distributions and generalized functions. Therefore, we need
the definition of the Fourier transform of a distribution, see Appendix B.4. Together
with Lemma 3.6, this yields the following lemma which is proved in Section B.4.

Lemma 3.7. R
The Fourier transform f of the function f in (3.10) can be represented by

(iw)™f(w) = Z e 1wl weR,

where the coefficients ' are defined by (3.19) and (3.20).

Theorem 3.8 (Reconstruction of non-uniform spline functions).

Let N and m be natural numbers. Suppose that there exist a knot sequence (Tj);\];ﬁm,
ie. —00o < Th < Ty < ... < Tnym < 00, and non-zero, real values c; € R for
7=1,...,N such that

fl@)=> &IB(x) (3.21)

is a linear combination of B-splines of order m. The B-splines B are defined by
(3.11) and (3.12). Assume that the constant h > 0 satisfies hT; € (—m, 7] for all
j€{l,...,N+m}. Then the spline function f in (3.21) can be completely recovered
from the N + m Fourier samples

~

Fen), £=1,...,N+m.

Proof. Due to Lemma 3.7, we obtain the representation

N+m
gw)=(1w)"flw) =Y dre ¥l weR, (3.22)
j=1

where f is the Fourier transform of the function f of the form (3.21). Considering
the assumptions about f and the constant h, we can uniquely compute the knots Tj
and the coefficients " for j = 1,...,m by applying the Prony method for exponential
sums with real-valued coefficients, see Section 2.2, to the function g.

For this purpose, we need the function values

g(th), £=—(N+m),...,—1,0,1,....,N +m.
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Observe that the values g(¢h) for £ =1,..., N + m are given by the Fourier samples
f(lh), £=1,...,N 4+ m, and the step size h.
These Fourier samples also provide the values g(¢h) for £ = —(N+m),...,—1. Since

we have

J?(—w) = f(w) for allw € R

by Proposition A.2, the values g(¢h) for £ = —(N +m),...,—1 can be computed by
using the Fourier samples and the relation

g9(~w) = (—iw)"f(-w) = ((w)"f(w)) = g(w). (3.23)

The last remaining value of g which we need is given as

g9(0) = 0. (3.24)

~

This can be seen as follows: The left-hand side of (3.22), i.e. g(w) = (iw)™ f(w), yields
the value zero for w = 0 since

£(0)] =

< 00

/f(:c) e 10T g
R

due to f being an almost everywhere continuous function with compact support. Fur-
ther, the right-hand side of (3.22) also equals to zero for w = 0:

N+m N+m N+m N+m—1
m —i-O~Tj _ m—1_ m-—1\ _ m—1 m—1_ m—-1 _ m-—1 _
E cje = g (cj i1 ) = E c; cj = CN1m —Co =0,
j=1 j=1 j=1 §=0

where we have used the definition of the coefficients ¢]" in (3.19) and (3.20). Thus,
the representation (3.22) is also valid for w = 0, and the equality (3.24) holds.

The coefficients c? are computed by a recursion formula which is derived from the
definitions of the coefficients cf in Lemmas 3.4-3.6. Using (3.15)—(3.20), we obtain

c’ fork=m, j=1,
- cm+c;n:11 fork=m,j=2,....N+m—1,
G = Tl*:ln‘_]jg_Tl ck fork=m-—1,...,1,7=1,

Lipmi iy ok p =1 fork=m—1,...,1,j=2,... . N+k— 1.
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Remarks 3.9.

1. The proof of Theorem 3.8 which is given above is constructive. In particular, if
N is not known, but we have an upper bound M > N, then we will also find the
correct knots Tj and the corresponding coefficients ¢7* by applying the Prony
method to M + m Fourier samples, cf. Remarks 2.3, 3. Observe that we need
fewer sampling values than stated in the mentioned remarks since the present
case deals with exponential sums with real-valued coefficients, cf. Section 2.2.
By this way, the numerical procedure will also be more stable, see [23,51,55].

2. In the above proof, we rely upon the fact that " #0forj=1,...,N+m. If
we have the situation that ¢} = 0 for an index jo € {1,..., N+m}, then we will
not be able to reconstruct the knot 7},. But this situation will only occur if the
representation of f in (3.21) is redundant, that is to say, if f in (3.21) can be
represented by less than /N summands. Therefore, we will still be able to exactly
recover the function f. Observe that the above procedure always results in the
simplest representation of f such that the reconstructed representation of f of
the form (3.21) does not possess redundant terms.

3. Considering the non-linear problem to approximate a continuous univariate func-
tion g from given samples by a spline function with free knots, we want to find
optimal knots as well as optimal coefficients of the B-spline expansion f in (3.21)
such that g — f is small in a given norm. This problem is very challenging but
of high interest for sparse signal approximation. While the above Theorem 3.8
yields a reconstruction of spline functions with free knots from Fourier samples,
it would be highly desirable to have a method that, using sampling values of g
itself, yields a non-linear approximation of g by constructing optimal knots and
optimal coefficients of a spline function.

The algorithm to determine the knots 7 and the coefficients c? in (3.21) is similar
to Algorithm 3.2 and based on Algorithm 2.5.

Algorithm 3.10 (Reconstruction of non-uniform spline functions).

e Input:
— Step size h > 0 with hTj € (—m,n] for j =1,..., N +m;

~

— Fourier samples f(¢h), {=1,...,N +m.

¢ Computation:

~

1. Compute f(—¢h), £ =1,...,N + 1, using (3.23).
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2. Construct the Toeplitz matrix

G i=(g(h(e - k))>N+m

k,6=0

~

where g(w) = (iw) f(w) and g(0) = 0.
3. Solve the system GA = 0 where A = (Ao, A1, ..., ANpm) T With Ay ym = 1.

4. Consider the polynomial

N+m
ANer(Z) = Z )\kzk,
k=0

and compute all its zeros z; := e M j=1... N+m.
5. For T; = %, j=1,...,N 4+ m, compute the corresponding coeffi-
cients ¢j*, j=1,...,N+m, as least squares solution to the Vandermonde-

type system
N+m
Z c}ne_thj =g(h), ¢=1,...,N+m.
j=1

(Here, In is the principal branch of the complex logarithm.)

6. Compute c? for j =1,..., N using the recursion
c’ for k=m, j =1,
- c’-"—l—c;”:ll fork=m,j5=2,..., N+ m—1,
G = %)c’f fork=m-—1,...,1,j=1,
%)cg?qucfj fork=m—1,...,1,7=2,... N+k—1.

N-+m

e Output: Sequence (7}),;27™ and coefficients A, ..., determining f in (3.21).

3.3. Non-uniform translates

As the last univariate case, we will examine functions f : R — R that have a sparse
representation of the form

N
f(x):= Z c;®(x —Tj) (3.25)
j=1
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with ¢; € R\ {0} for j =1,..., N, and a shift sequence —co < T} < ... < Ty < 0.
Further, we assume that @ € L'(R) is a real low-pass filter function with a Fourier
transform that is bounded away from zero, i.e. @(w)] > C for w € (=T,T) for some
constants C' > 0 and T" > 0. For example, as a low-pass filter function @ we can take

e the centred cardinal B-spline of order m, & = N,,, with

N (w) = <sinc (g))m #0 for all w € (—2m, 27);

e the Gaussian function, &(x) = exp ( ) o > 0, with

2w2

$(w):ﬁ'a-exp<— )>0 for all w € R;

e the Meyer window @, see [15, p. 137], which is defined by the Fourier transform

1 for |w[ < 1
P(w) =  cos (FBlw| —1) for < \w[ <2
0 otherw1se,

e a real-valued Gabor function ¢(x) = e—ow? cos(fx), a > 0, B > 0, with

P(w) = ;\/j <exp (—(64_;)2) + exp (—WL@Q» >0 forallweR.

The Fourier transform of f is given by (cf. Definition A.1 and Proposition A.3)

(Zc] leJ> (w), weR. (3.26)

Theorem 3.11 (Reconstruction of non-uniform translates I).

Let —oo < T1 < ... <Tn < 00 be a real sequence and c¢; € R\ {0} forj=1,...,N.
Further, let ® € L*(R) be a given real-valued function with @(w)] > C forwe (=T,T)
for some constants C' > 0 and T > 0. Assume that the constant h > 0 satisfies
hT; € (—m, 7] for j =1,...,N and h < % Then the function f of the form (3.25)

can be uniquely recovered from the Fourier samples f(ﬁh), {=0,...,N

Proof. Equation (3.26) yields the following for w € (=T, T):

9(w) éw Z e 1wl (3.27)
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Since ®(¢h) # 0 for £ = 0,...,N, and hT; € (—m, 7] for j = 1,...,N by the as-
sumptions about i, we can apply the Prony method as described in Section 2.2 to the
function g, where we use the known function values

f(th
g(ﬁh)z&, =0,...,N.
b (Ch)
But we still need the function values g(¢h) for { = —N, ..., —1 in order to compute all
shift values T and all coefficients ¢; in (3.27) by applying the Prony method. These
values can be computed using the already known function values g(¢h) for ¢ =1,..., N
because we have
flw) o flw)  —
o(ow) = L9 TW)
P(-w)  P(w)
by Proposition A.2 since f and @ are real-valued. O
The above idea can be generalized to functions f : R — R of the form
N R-1
Z Z cjr V" (x —Tj) (3.28)
7j=1r=0
where ¢;, are real-valued coefficients with ¢; 1 # 0 for all j € {1,..., N}, and where

(Tj)j\[:]L is again a real sequence of shift values. Further, we assume that the given real-
valued low-pass filter function @ € L'(R) is (R — 1)-times differentiable for R € IN.
For r = 0,..., R — 1, the r-th derivative of @ is denoted by @(") where we suppose
that () € LY(R) for r = 1,..., R — 1. Using the propositions A.1, A.3, and A.4, we
obtain the following representation of the Fourier transform of f:

N R—-1 ) R
= <Z > cipliw)” elea')@(w), w € R. (3.29)

j=1r=0

Theorem 3.12 (Reconstruction of non-uniform translates IT).

Let —oo < T < ... <Tn < 00 be a real sequence and cj, € R forj e {1,...,N} and
r € {0,...,R — 1} where we assume that c;r—1 # 0 for all j € {1,...,N}. Further,
let ® € LY(R) be a given real-valued function which is (R—1)-times differentiable with
&) € LYR) forr =1,...,R — 1, and which fulfils |®(w)| > C for all w € (=T, T)
for some constants C > 0 and T > 0. Assume that the constant h > 0 satisfies
WIj € (—m,m] for j = 1,...,N and h < L. Then the function f in (3.28) can be
uniquely recovered from the Fourier samples f(fh), £=0,...,NR.

Proof. Using (3.29) and the assumptions about P, we get

fw N R-1 )
QW)=5m = o1l (3.30)

7j=1r=0
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for w € (=T,T). In order to compute the shift values 7} and the coefficients c;,, we
want to apply the Prony method to the function ). Note that the structure of @ is
different from the function structure in (2.10). Functions @ of the form in (3.30) are
called extended exponential sums, see [10, p. 169].

We consider now the polynomial

. —inty\ - ¢
Az) = 1_[1 (z —e J) = Zzg Aoz (3.31)
= —

where T1,...,Ty are the unknown shift values in (3.28). Then we observe that the
following holds for m =0,..., NR:

NR NR N
Z M Q(h(L—m)) = Z A Z cjr(ih( —m))"e” Lh(E=m)T;
=0

N R-— NR
— Z Z Cjr elhmTj Z o (1 h(f o m))r e—thTj
j=1r=0 =0
N R-1 T , NR
_ ihmT. r r—v v —ihtT
=50 X ey S () (Y e
j=1r=0 v=0 £=0
N R-1 T r
_ ihmT, r r—v
= Zl 0 cjr T 1) 2) <y> (—m)™7VS, (3.32)
J=1lr= V=

where we have used the binomial theorem?® and
NR
Syi=3_ At e T
(=0

The derivatives of the polynomial A are computed as

NR n—1
A (z) =3 "\ ( [ k:)) 27 e N,
l=n k=0
We will show later, in Lemma 3.17, that S, can be written as a linear combination
of the derivatives A, n=0,...,v, that is, there exist coefficients ay € INg such that
Sy = ay A (e= M) e inT; (3.33)
n=0

3See [31, p. 57, Satz 7.4], for instance.
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By definition of A in (3.31), we get
AM (=Y =0 forn=0,...,R—1.
Plugged into (3.33), this yields
Sy,=0 forv=0,...,R—1. (3.34)

Combining (3.32) and (3.34), we finally get
NR
D MQ(h(t = m)) =0.
£=0

Hence, the coefficient vector A = (Ao, ..., Ayvgr)" with Ayg = 1 is the solution of
the linear system
TnpiiA =0 (3.35)

where T pr11 is the Toeplitz matrix defined by

Tyt i=(Q(b(t—m)) " e T,

m, =0

Note that we have the property
rank(TNR+1) =NR

due to the assumptions about the coefficients ¢;, and the values hT;. This is shown
in detail in Lemma 3.13. Hence, the eigenvector A of Tyry1 corresponding to the
eigenvalue 0 is uniquely determined by (3.35) and Ayg = 1.

Since f and @ are real-valued, we have

= L9 _ Q)

flew) W) A
@

by Proposition A.2. Thus, all entries of T+ are given by the NR + 1 sampling
values f(ﬁh) for {=0,...,NR.

The solution A of (3.35) is the coefficient vector of A in (3.31). Therefore, we can
compute all roots of A, which are given by the values z; := e T j=1,... N. Note
that all these roots are roots of multiplicity R. From the roots z; we get the shift
values T} by
—Im(In(z;))

er = h, )

j=1,...,N.
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As the last step, we compute the coefficients ¢;, for j =1,...,N,r=0,...,R—1
as least squares solution to the linear system

N R-1 .
3 ein(ith) e T = Q(th), £=0,...,NR.
7j=1r=0

O

We now want to show that the rank of the data matrix T gy considered in the
proof of Theorem 3.12 is equal to NR such that the dimension of the eigenspace
corresponding to the eigenvalue 0 is equal to one.

Lemma 3.13.

Let the assumptions from Theorem 3.12 be fulfilled. Then the rank of the matriz
Tnr+1 in (3.35) is equal to NR such that the solution X to the eigenvalue problem
(3.35) is uniquely determined by the normalization A\ng = 1.

Proof. Consider the linear system

NR
> MQ(h(t —m)) =0, m=0,...,NR.
=0

An equivalent formulation for this system is

TNpyiA=0
with the Toeplitz matrix
NE NR+1)x(NR+1
Tnp+1 = (Q(h(f— m))) o € CUWRHDX(NE+)
m,f=
and the coefficient vector A = (Ao, ..., Ayvg)" with Aygr = 1.

Reversing the order of the equations, we obtain the linear system

HypiN =0
with the Hankel matrix
NR
HNR+1 = <Q (h(—NR +m + @))) —0 S C(NR+1)X(NR+1)
and the coefficient vector X :=(Ayg, ..., \o)T with Axg = 1.

The data matrix Hygy1 consists of sampling values of the signal

N R-1 N R-1

N
QW) =302 espliw) e =303 e (i) e HOD) = 3 a5(w)z] (3.36)
j=1 =

r=0 j=1r=0
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where we use the definitions
. —ihTj L . \r
zji=e J and aj(w):= E cjr(iw)

The coefficients a;(w) in the sum in (3.36) are complex-valued polynomials of degree
less than or equal to R — 1. Each of these polynomials can be represented as a linear
combination of falling factorials. Using

0 if £ <0,
Fp(z):={1 if k=0,
V(@ — k) if k>0,

we get

x) = Za}kuk(x), j=1,...,N,

with coefficients a +r€CJ7=1....N, k=0,...,R—1, see [2, II. A. and II. B.].
Thus, the signal Q can be represented by

N R-1

=22 il
j: :

For the sampling locations ht € {—NRh,...,—h,0,h,..., NRh}, we have
N R-1
Qht) =) ), dj,Fi(ht)

j=1 k=0
N R-1

=3 ajrFi(ht)zi " (3.37)
j=1 k=0

with the falling factorials
Fy(ht)y=ht-(ht—=1)-...- (bt —k+1)

and the coefficients a;; :=a’; zjk, cf. [2, [II. A. and II. B.] and [7, Eq. (1.5)].
Using the representation (3.37), the data matrix Hypr4+1 can now be factorized as
follows:

Hypy =UBUT

with a so-called confluent Vandermonde matriz U of size (NR 4+ 1) x NR and an
NR x NR block diagonal matrix B:=diag(Bji,...,By) where each block B; for
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j=1,...,N of size R x R is an upper antitriangular matrix such that (B;);¢ = 0 for
¢ >k, see [2, Proposition II1.7] and [7, Lemma 2.6].
Further, we have
rank(U) = NR

since the values z; = e " 4§ = 1,... N, are pairwise different by assumption,
cf. [2, Proposition II1.6] and [7, Eq. (2.4)].

The block diagonal matrix B is non-singular if and only if
ajr-17#0 forallje{l,...,N},

cf. [2, Corollary IIL1.8] and [7, Theorem 2.7, which means that each polynomial a;(-)
is of exact degree R — 1. This is fulfilled by the assumption that c¢;r_1 # 0 for all
jed{l,...,N}.

Then we have (compare the explanations following Lemma 2.1)

rank(HNR_H) =NR

such that the eigenvector corresponding to the eigenvalue 0, i.e. the solution vector
X = (ANR,---,A0)7T, is uniquely determined by the normalization Axp = 1.
Since the system

HypiX =0

is obtained by reversing the order of the equations in the system

TNr+1A =0,
also the vector A = (Ag,...,Avgr)T with Ayg = 1 is uniquely determined. This
completes the proof. O

Remarks 3.14.

1. Observe that the described reconstruction method still works if the highest orders
of the derivatives ¢(")(- — T}) in (3.28) for j € {1,..., N} are different, that is,

if we consider
R;j—1

N
F@)=>">" ¢pd(x - 1Ty).

j:l r—=

Then we need R + 1 Fourier samples where R:= Z;vzl R;. In this case, see [2]
and [7] for the factorization of the data matrix occurring in a problem similar to
(3.28).
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2. Similarly as in (3.28), we can also generalize the method to sums of B-splines
and their derivatives, that is to say, we can consider non-uniform translates of
B-splines of different order as follows:

N m
f@)=>"> c¢;rBj().
j=1r=1

~

Then f(x) can be recovered from the Fourier samples f(¢h), ¢ =1,...,(N+m)m.

3. The special functions f regarded in Sections 3.1 — 3.3 can also be seen as functions
of finite rate of innovation as introduced in [65], that is, functions with a finite
number of degrees of freedom per unit of time.

It still remains to show that the representation of S, in (3.33) is valid. In order to
prove this, we need some further statements.

Lemma 3.15.
Define for v € N with v > 2 the function D, : Ng — IN by
v—1
D,(0):=¢" - [[-k)=¢"—£(t—=1)-...-({—v+1)
h=0 (3.38)
_{W, { <,
_ v 4
v — = YV <.
Then the following is true:
v—1
1) Dy() =) ()™ dy_, e
m=1
with a2 =1,
& =dt (v -1), v>3,
&, =dr  (v—1)+dL ., m=2..v-2 v>4
&_y=d "3+ (v —1), v>3.
v—1
2) (-)m™Hgy_ =1, v>2
m=1
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Proof. We will prove the statements by induction.

1) (BC) Base case:

) =4
D3(0) =03 —0(0—1)(0 —2) =03 — (> —30+2) = 30* — 2,
Dy(f) =04 —£(0 —1)(£ — 2)(£ — 3) = 6% — 114£% 4 6L.

= di=2=d2-2, di=3=d1+2;

= di=6=d3-3, dy=11=d3-3+d}, dij=6=d5+3.
(IH) Induction hypothesis: The claim holds for some v € IN with v > 4.
(IS) Inductive step: 4 <v —v+1

v v—1
Dy(t) = ¢ ==k = e = —v) - ] —F)
k=0 k=0
v—1 v—1
= (. [E”—H(E—k)] +v- [k
k=0 k=0
v—1
= (- [D,(O)] +v- |t - <£“ - JIe- k))]
k=0

m=1

1 v—1

(IE) ‘. Z (_1)m+1dll:_m£1/—m +uv. |:£1/ _ Z (_1)m+1dll:_m£1/—m
m=1
-1

v—1 v
= ul’ + Z (_1)m+1dlz: mE(VJrl + m+2dll;7m Ly

m:l

— (dy 1+V /. Z m+1du (V+1)7m

v—2
+ Z [(_1)m+2d,,jfm . I/gufm] + (_1)V*1+2(d11/ . I/) A

m=1
_ (dl/ 1—|—l/ /. gus Z m—i—ldu (V+1)—m

v—1
+ Z [(_Um—l—ldz_(m_l) . yé”_(m_l)] + (_1)1/—&-1((% . U) -/

m=2
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v—1
= (dy_1+v)- 0"+ Z (_1)m+1[ U dzlj—m} ) —m
m=2

+ (=) TNy v -0
Hence, we have
At =dy v,

v+1 g v —
Ay gy =dpg v tdy g, m=2...v—1,

T =d o

2) (BC) We know from part 1) that
=1 and di =2, d3=3.

Therefore, we compute
v—1
Z(—l)mﬂdllj,m =1 forv=2andv=3.
m=1
(IH) The claim holds for some v € IN with v > 3.
(IS) 3<v—v+1

v

v—1
do(=nmHart o= det Y [yt ]+ (- eyt
m=2

m=1
v—1
D@4 0)+ S (0™ (@ v+ )] + (1)
m=2
v—1 v—1
= (V)" DY (D) ]+ Y [,
m=2 m=2
+ (dy_y +v)
v v—1
= DY v+ Y ()]
m=2 m=1
v—1 v—1
= Y (0™, v]+ (0", v
m=1 m=1
v—1 v—1
= (-v)- > _[(=ymHay_ ]+ > [y, v
m=1 m=1
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3) (BC) We know from part 1) that d3 = 3. Therefore, we compute
i _23
= 2

(IH) The claim holds for some v € IN with v > 3.
(IS) 3<v—v+1

vl D B u—i—l
v - Y%v—1 -
AR (Z]) +v= Z]

by Gauss’s formula for sums of consecutive integers®.

Remark 3.16.
Observe that the coefficients d_,,, in Lemma 3.15, 1) are the Stirling numbers of the
first kind®. This can be seen as follows:

The Stirling numbers of the first kind are denoted by [’ﬁ With the help of these
numbers, we can write the factorial power £({—1)-...-({—v+1) as a linear combination
of ordinary powers:

Dy(l) =" — 60 —1)-...-(L—v+1)
. ZV:(—W*’“ m o, (3.39)

see [40, p. 67, Eq. (44)]. Since we have [/] =1 and [j] = 0, see [40, p. 67, Eq. (48)]
and [40, p. 68, Eq. (50)] respectively, (3.39) leads to

v—1 v—1

Dy(f) =0 —1-¢% - Z(_l)u—k [ﬂ ok — Z(_l)u—k—H [Z] Vi

k=0 k=0

_ 1/+1 0+Z llk+1|::|€k‘
v—1

Z m+1 ]Eu m

m=1

“For example, see [31, p. 59, 7.7].
SFor the definition of the Stirling numbers of the first kind, see [1, p. 88] or [40, pp. 66-68], for
instance.
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The last equality is due to reversing the order of summation. Hence, d},_,, = [Vi’m],

that is, the coefficients d%_,,, of D, in Lemma 3.15, 1) are the Stirling numbers of the
first kind.

Now we have all required statements to validate (3.33).

Lemma 3.17.
Consider

NR _
S,,::Z)\gél’eﬂhnj, v=0,...,R—1,
/=0

where Ag, £ =0,..., NR, are the coefficients of the polynomial A which is defined in
(3.31). The values T; are the unknown shifts in (3.28). Then we can express the sum
Sy, v=0,...,R—1, by

Sy =Y af A (em i) g~ 1nhT; (3.40)
n=0

with coefficients oy € No, n = 0,...,v, which fulfil the following conditions:

0

O[O:]_,
ag =0, v>1,
al{:a;::l’ _].7

v—1

. (v=1)w

aZ—IZZ]: 92 ; V>2a

7=1

a,’;:a,"]j—k’n-ozzfl, n=2,...,v—2 (v >4).

Moreover, the coefficients a; have the recursive representation

oy = (_1)m+1dZ_ma;’]—m7 n=1,...,.v—1 (v>1),

m=

—_

where d;,_,, are the coefficients of D,,, see Lemma 3.15.

Proof. We will prove the claim of Lemma 3.17 by induction. First, remember that

NR NR NR -1
_ v —ih(T; _ 1 M () — ] _ L=
Sy=> Mtl’e oo AR) =Y A () =) N [Tk )T 0 e N,
=0 =0

l=n k=0
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SO_ZA e —ihtT} (7ith)

NR NR
— Z >\€£ efthTj — eflth Z )\gﬁeflh(ffl)Tj
/=0 /=0

NR
_ o~ iRy ZAegefih(éfl)Tj — iy A(l)(efith)

NR )
:Z/\€£2e—1héT ZAK _1 +€] — i hLT;
=0

NR NR
/=1

_672ith A(2)(efith) _i_efith A(l)(efith)

NR A NR .
S =D NPT = N7\ J0(0 — 1) (£~ 2) + 362 — 2] e T

NR NR NR
= e PN A1) (0= 2) e I 43N AP e T 2 " A lem
- prd -
ef3ith /1(3)( —ihT} ) + 352 . 251
— o 3ihT; A(3)(e—ith) 4 36 2ihT; A2 )(e—ith) 436 1hT A(l)(e—ith)
_ 9 ihT} A(l)(e—ith)
O

5422“4 —H _ZAZ 0—1)(€—2)(£ —3) + 663 — 1142 + 6] =MD
. _ NR
e 4T Z Al(£ = 1)(£ = 2)(£ = 3) e HEITi 163" N A3 1.
(=4 =0

NR ) NR )
—11 Z NP e M 46 Z Mol e 1T
(=0 =0
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= e MM AW (e71T5) 4 655 — 1195 + 651
— o 4ihT; A(4)(e—ith) + 6o 31T A(S)(e—ith) + 18 e 21T} A(Q)(e—ith)
+ e iR A(l)(e—ith) 11 2ihT; A(Q)(e—ith)
_11e hT; A(l)(e—ith) 4+ e 1M A(l)(e—ith)
— o 4ihT; A(4)(efihT]~) + e 31T} A(S)(efith) + 7 21hT; A(Q)(efith)

+ e—ith A(l) (e—ith)

The above computations yield the expression
14
S, = Z O‘ZA(U) (e~ lth) e~ inhT;
n=0

for v =0, 1,2,3,4 with the following coefficients:

1
2 2 : 2 .
og =0, alzlzg j, a3 =1;
j=1
2
3 3 3 E/‘ 3 .
Oéo:o, 0[1:1, a2:3: j, a3:17
j=1

3
aé:O, a%:l, a%z?za%&—i—a‘%, a§:6:§ Js oﬁ:l.
j=1

We know from Lemma 3.15 that
2=1 di=2  di=6,
ds =3, dj=11,
d3 = 6.

Therefore, we compute the following:

1
F=1=1-1=dj-a; =) (-1)""d3_,af ™
m=1
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2
a?=1=3-1-2-1=dsa? —dia} = Z (—1)™ a3 ad™,
m=1
1
a3 =3=3-1=djos =Y (-1)""dj_,ai ™

m=1

3
af =1=6-1-11-1+46-1=dja} — dsoi +diaj = Y _(-1)™"'d}_,af ",
m=1
2
a3 =T7=6-3—11-1=djos —djos = Y _(-1)™"'d} a3,
m=1
1
a3 =6=06-1=dgof = (-1)""dj_,a5 ™

m=1
v=n
= o = (-1 *Higy ap”™ forn=1,...,v—1, and v =2,3,4.
m=1

(IH) The claim holds for some v € IN with v > 4.

(IS) 4<v—v+1
NR .
SV+1 — Z A€€V+1 e*thTj

_ ZM(H >eithj+§M[gu+1_ <ﬁ(€_k)>] —iner,

k=0 =0 k=0

i v NR
(328) e—(V—‘rl)ith Z )‘f (H(g _ k?)) e—ih(@—l/—l)Tj 4 Z)\EDV—I—l(g) e—ithj

(=1+1 k=0 £=0
3.15 o~ (HD)IRT; A(u+1)( —ith)

+ Z )\6 (Z m+1d51% mglﬂrlm) efihéTj

m=1

_ e—(u+1)1th A(V+1) (e—lth)

v NR
+ Z (_ erlei% o (Z )\ZEVJrlfm eih@Tj)
m=1

=0
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= o HDIAT; JWHD) (o= 1RT5) 4 Z(_Um*ldzﬂfmb’yﬂ_m

m=1

(1) o~ (V1) ihT; A(u+1)(e—ith)

v v+1l—m
+ Z<—1>m+1d511_m< S ayrraA® ())
m=1 n=0

Since v +1 —m € {1,...,v} for the index m with m = 1,...,v, we have
a('frl*m = 0 for m = 1,...,v by the induction hypothesis. Therefore, we find

the expression

Sl/+1 — e—(l/—i—l)ith A(li-‘rl) (e—ith)

v v+1l—m
+ Z (_1)m+1dzi%_m ( Z a;;-‘rl—m/l(n) (e—ith) e—inth)
m=1 'r]:l

— o~ (H)iRT; A(u+1)(efith)

v v+1—n . | (341)
+ Z Z (_1)m+1d5ﬂ_maz+1—m A (e—lth) o~ inhTj
n=1

m=1

Note that the last equality is due to the fact that

v v+l-m v v+l—m
Z Z Ay = Z Z amy for an, € C.
m=1 n=1 n=1 m=1
Equation (3.41) now yields
ag'H =0, aZﬂ =1,
and
v+1—nm
aytl= 3" (ymHat L adttm o p=1,. v (3.42)
m=1

For the coefficients o/t and a*!, we find the following from (3.42):

v v
v+1 _ m+1 ju+1 v+l-m (Il{) m41 g+l 3.15
o = Z(—l) dy 1 = Z(—l) dyiiom 2) L
m=1 m=1

1 v

H : v(v+1
all:-f—l — § :<_1)m+ldll:i%_mallj+l—m — d,’j—HOéZ (:) d,’j—H 5%5 § :] _ ( + )
m=1 j=1
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Hence, it remains to prove the equality

v+1—n
o= > ()Tt = gt ag
m=1
for n =2,...,v — 1. First, we will examine the casesn =v —-2andn=v —1

forv+1>5.

3
v+l _ m+1 ju+1 v+l—m
Q9 = E (_1) dl/—i-l—man
m=1
_ g+l v v+1 v—1 v+l v—2
- dl/ Qy_o — dzzflaz/f2 + dl/72a1172

= (df_y+v)ah_o— [di_y v+ di ool Ty + [di_y - v+ di_g]al 75

by using part 1) of Lemma 3.15. The induction hypothesis about of_, now
yields

+[dh_y v+ d_glals
v—1

_ v v—1 v v v—1 v v—1 v
= (v =2)dy_a, s +vay g +dy oy g —vdy o5 —dy_s0n 75

v v—2 v v—2
+ le/72a1/—2 + du73au—2

1 1
—(v-2) (Z <—1>m+1dz_ma55") +val_y+ (Z <—1>m+1d5_ma5;?)

m=1 m=1

alty=dy - & v=2)+ 045:%,] +voy o —[dy_ v+ difz]aZZ%
14
v

1 v—1 v v—2 v v—1 1 v—2
- du—2ay—2 + du—3ay—2 - V<d1/—1ay—2 - dl/—2ay—2> :

Since az:g =1= aZ:g’ and az:% = % by the induction hypothesis, we
get,
1 1
ot = (-9 (z <1>m+1dz_mazz") tvat gt (z <1>m+1dz_maz;7)
m=1 m=1

2
v (V B 2)(7/ B 1) v v— m v v—m
—dy_ 2 + du—3az/f§ il Z (_1) +1du—mau72

m=1
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Further, we have

, w=2)(r-1) y [ (r=3)¥-2)

A | L= LR
~3) w2
= w2l 1y, Y
(IH) v v
= (VﬁZ)dV— +du 20[11 3

Together with (3.43), this yields

1
aﬁé—(u—%(}j( RUEPI Z?)-WV—2M”%%§

m=1

1
+ (Z( n"Hdy ol ?) —dy sy 3+ dy_son73

m=1
2 3

=<u—2><2( ™ty ol 3”) +(Z< ™y al” ?)
m=1 m=1

Incorporating the induction hypothesis, we finally get
vty = (v —2)ay_,+aj_s.

The proof of the case n = v — 1 for v+ 1 > 5 also makes use of Lemma 3.15 and
the induction hypothesis.

2
= St
m=1
1 v+1 v—1
:dIIjJr au 1 du+1 Qy

=v—-141)a —i—[d” o —vdy, O[Z ﬂ d, 10/’%
= ( v1) -

,’ﬁ 1 v
v—1)ay_y + [y +dy_ja)_; — dy_pa”5 (3.44)
since we have the following by the induction hypothesis:
ayTp=1=ay.
We denote the middle term in (3.44) by A, i.e.

oV v v v
A= a1 + du—lazz—l - Vdu—l
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For the expression A, we have the following:

A v=br [(V—DV]Q_V. W=Dy (H) and 3.15, 1)

2 2 2
v—1v] (v—1)w
= 1 —
[ v+ 5 5

P =3v+2 (v-1)p
B 2 2

-2)(v—-1
_ )2(” ) by 3.15, 3)
—auhy by (IH).

Putting this into (3.44), we find
aytl = (v —1ay_ 1+du 1)y = dy_pay )
(v T)ar_ + Z (1™t

(V_l) Qy— 1+a1/ 2 by (IH)

The last remaining case is the case n = 2,...,v — 3 for v + 1 > 6. In this case,
we have the following for the coefficients a%“:
v+1—n
ay™t = 3 ()Mt =2 v =38 (v 2 5),
m=1
v—n—1
1 1 041 1—
— o (3 o )
m=2
- 1 2— 1
+ (=1)r*t "d;j;lozzﬂ + (=1)¥* "d;fr a
v—nm—1
5 _
=" [dy_y +v]ay + ( Z (=0)™ v+ dy_] a%“ m)
m=2

+( 1)1/+1 n[du_H V_l_du]an—i-l ( 1)1/—0—2 77[ V+d ] o)
n—

v—n—1
H
© voi[ay ™+ apTy] +vay +’/< PGt AT mOéZH_m)

m=2
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v—n—1
= vay, + V( ( 1)m+1d5+1—m047u7+1_m) +dy_y[ay ™t n+ay]
m=2
v—n—1
+ ( > (=nmtdy [erm n+o/_m>
m=2
P v dlagt o (1R o,

In the first sum, we use an index transformation, and we can add the term

dv_, [04571 N+ 047”7:%] to the second sum. Thus, we obtain

v—n—2
ot = ot + 1/( (—1)m+2d5_ma,”7_m)

v—n—
+ ( =y fer ™ +a;:§”}>

+ (=) dy v+ dy ]t 4+ (=) Ay v dy o)
71 and (=1)Y*271dy - v - oy) can be fit into the

The terms (—1)"*'=7dy ;- v - aj)
first sum. Further, we split the second sum into two sums. This results in

v—n v—n—1
oyt = va%—v(Z(—l)m“dz_maz‘m) +n< <—1>m+1dz_maz‘m)

n
m=1

v—m-—n—1

v—n—1
+ ( S (1yay m) (T dha — d_ja)
m=1

Using the induction hypothesis, we find that

v—n
(Z (_1)m+1d11:_mag—m

~_
Il
Q
SN

m=1

and ( D
+1 _ nn+ _ op-1
:7] =5 oz:]] =a, ;.

Hence, we get

v—n—1
IH
a;;“ (1H) voy — vag + 17( Z (—l)mﬂd,’j_ma?’;_m)

—_

m=

vl 3.45)
mtl w vem ity wn(m+1)
+ ( Z (_1) +1d1/me[7771 ) + (_1) + ndnT
m=1
+ (=) _alm]
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By the induction hypothesis, we find

n(n+1)
=14 2T
2 it

Thus, it follows from (3.45) that

v—n—1
Oé,l;—H — "7( (_1)m+1d5_ma;—m> +7- (—1)V+1_17d;042

m=1

n
+ Z (_1)m+1d5—maz:§n> + (_1)V+1—77d7y7042_1

By adding the term 7 - (=1)"*17"d} ;] to the first sum, and by fitting the terms
(=17 dya) ) and (—1)”+2_”dzfla”_1 into the second sum, we obtain

n—1
v—n v—n+1
ot = n<2<—1>m+ldzma5m> + ( > <—1>m“dzmaz:§”>
m=1 m=1

o 14 v
= noy, + oy g

where the last equality is due to the induction hypothesis.

Remark 3.18.

Note that the coefficients a; in Lemma 3.17 fulfil the initial conditions and the recur-
rence relation for the Stirling numbers of the second kind; for instance, see [1, p. 89]
or [40, pp. 66-68]. Thus, the coefficients used in the representation (3.40) are Stirling
numbers of the second kind.

3.4. Numerical results

In this section, we want to apply the described reconstruction methods to examples
of step functions and non-uniform spline functions using simulated Fourier data.

First, Figure 3.3 presents a step function consisting of eight steps, i.e. seven jumps
inside its support, that is determined by the knot sequence (Tj)?:1 and the coefficient
sequence (c?)8:1 given in Table 3.2. Note that this is actually a special case of non-

uniform spline functions where the order of the B-splines is set to one. Further, observe
that the considered example includes several difficulties. On the one hand, some knots

are very close to each other, namely 77 and 15, T and 7%, and the last two knots
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Ty and Ty, such that these jumps are barely visible. On the other hand, there are
some successive coefficients with a rather small difference, namely cg and Y, and 09
and cg. In order to show the exactness of the reconstruction, we give the absolute
reconstruction errors |T; —T7| and |c? —cj|, see Table 3.2. Here, T and ¢} denote the
reconstructed knots and coefficients respectively.

f(@) 4
3 [
2A
la
0 +— N
—1 4
_9 4
—34

—4 —_—

T T T T T T T T T

—-12  -10 —8 —6 —4 —2 0 2 4

Figure 3.3. Original function of the form (3.1), determined by the knot sequence (T})}_, and
the coefficient sequence (C?)§=1 gtven in Table 3.2.

n | n-T] [ | ld-dl |
-11.5 | 7.052-1078 | -2 | 3.962-10~1
-11.43 [ 2.753-10° 13 3 1.776 - 10~ 14

9 [3553-107° | 1.2 [1.998-10°™
537 16.217-100® | 1.1 |2.043-10"™

-1.3 [ 4885-107" | -4 |6.661-10"P

1 7.172-1077 0 5.73-107°
1.001 | 1.43-10°8 2 1.559 - 1013

4 3.622- 10711 | 2.005 | 1.828 - 1012

41 |5.329-1071P

OO || T | W N | >.

Table 3.2. Parameters of the original function in Figure 3.3 and approximate reconstruction
errors. The sampling step size used is h = 0.27.

In the next two examples, see Figure 3.4 and 3.5, we consider the recovery of non-
uniform spline functions of higher order, namely of order m = 2 and m = 5. The
original parameters 7} and c? are listed in Tables 3.3 and 3.4, and we also compare
them with the reconstructed values T]* and c;f.
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f(@),
4 -
3 i ]
2 -
1 -
0 - 0 ]
—1 4 |
—9
—34 Ak |
T T T T >
0 1 2 3 4 7
Figure 3.4. Original function f of the Figure 3.5. Original function f of the
form (3.10) where m = 2, determined by form (3.10) where m = 5, determined by
(T})5_, and (9)j_, given in Table 3.3. (T;);2, and (c9)%_, given in Table 3.4.
G & | LT [ G| Ig-gl |
‘ ; . 1 -6 0 -3.2 | 8.66-10"1
5[ -7 [4] Id-¢l | 2 |[ 5.8 | 3.553-10 1 | 3.1 | 2.576-10 1
1o 0 1 | 3.504-10"12 3 -4 |8882-10716 | -0.8 | 7.996-10 13
2] 1] 355-10712 | 2 | 3.064- 10712 4 || -2.25[1.332-107° | 1.5 | 2.783- 10712
31 1.8]2971-107 | -3 | 1.06-10712 5 -0.6 [ 2.887-107° | -3 | 579910712
4/ 25]2132-1071 | 4 | 1.678- 1012 6 0 |1337-1071
5/ 3 |2665 1071 7 1.3 [3109-10°P
63.7]1821-107™ 8 2.73 | 4.441.10°16
9 3.5 | 4.441-10715
Table 3.3. Parameters of the original 10 || 42 [4.441-1071

function f in Figure 3.4 and approzimate

reconstruction errors (h = 0.8). Table 3.4. Parameters of the original
function f in Figure 3.5 and approzimate
reconstruction errors (h =0.5).

As we have mentioned in Remarks 3.9, 2., the reconstruction procedure for a non-
uniform spline function f always results in the simplest representation of f such that
the reconstructed representation of f of the form (3.21) does not possess redundant
terms. We want to illustrate this by the next example.

Consider the non-uniform spline function f of order m = 2 given by

fl@)=> "B, zeR, (3.46)

7j=1
which is determined by the coefficients
c(l)rig =1, cgrig =2, Cgrig =3, Czrig =4, (347)
and the knots

TE =1, TyUi=2, TPUEi=3, TPE:i=45, T9M:=5, T9U8i=6. (3.48)

)
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The representation in (3.46) with the coefficients and knots given in (3.47) and
(3.48) is redundant. Using the definition of the B-splines and the recurrence relation,
i.e. (3.11) and (3.12), we conclude that the function f considered above is the same
as the function given in Figure 3.6, which is determined by the knot sequence (Tj)g’:1
and the coefficient sequence (cj);‘:l with

T = 1, T := 3, T32:4.5, T, := 5, T53: 6, (349)

and
c1:=2, c9:=3, c3:=4. (3.50)

These parameters are approximately obtained by applying the reconstruction scheme
for non-uniform spline functions, i.e. Algorithm 3.10, to sampling values of the Fourier
transform of the function f in (3.46), see Table 3.5.

(@),
! G -1 T e—cl |
37 1] 95481071 | 1.51-1071
5 2 || 4.974-107% [ 1.021- 1071
3] 1.67-1071 | 5.818-1071
1 4153291071
Ll - 51 4.441-10°1
1 2 3 4 5 6
Table 3.5. Reconstruction results for f
Figure 3.6. Original function f of the in (3.46). Note that the reconstruction of
form (3.10) where m = 2, determined by f does not possess redundant terms. The
the knot sequence (Tj)?:1 in (3.49) and the errors are obtained by comparison with the

coefficient sequence (¢)_, in (3.50). parameters in (3.49) and (3.50).






4. Recovery of special bivariate functions
from sparse Fourier samples

In this chapter, we want to extend the theory from the previous chapter to the bivariate
case. On the one hand, we generalize the results for the reconstruction of non-uniform
spline functions and non-uniform translates in the univariate case to tensor-products
of such functions. On the other hand, we consider linear combinations of non-uniform
translates of bivariate functions where the variables are not separable.

4.1. Tensor-products

4.1.1. Tensor-products of non-uniform spline functions

The first case of tensor-products where we want to give reconstruction results are
non-uniform tensor-product spline representations of the form

N1 N2

FRES R, flonae)=Y Y B (21) B (z2) (4.1)
=1 k=1

with real-valued coefficients c?,’g #0for j=1,...,N;,and k = 1,...,Ny. As in-
troduced in Section 3.2, B;-"l and B;"? are B-splines of order m; and my which are
determined by the knot sequences (T}, ..., Tjim,) and (Sk, ..., Sk4m,) respectively.

As done similarly in the univariate case of non-uniform spline functions, we want
to recover functions f of the form (4.1) from sparse Fourier samples, i.e. from as
few Fourier samples as possible. Therefore, we need a representation of the Fourier
transform of f. The approach to compute ffollows similar lines as the calculations in
Section 3.2.

First, we can consider f(-,z2) for all 2o € R as a univariate non-uniform spline
function. In the case m; > 3, Lemma 3.4 yields

arl Ni+r1 N2

grrd@ne) = 3 > GBI @) B )

j=1 k=1
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for i =1,...,m; — 2. The coefficients cglkj,o are defined by

— _ . jZl,...,Nl—i-?”l,
0. < mip — 711 ) ) (c’fl 10 _ 1 1,0)) 4.9
Bk T.‘j+m1*7'1 - T‘J ok =Lk k= 17 o 7N2a ( )

with the convention

e U=l =0, k=1,..., Ny (4.3)
Secondly, aa mll gm f(z1,-) is a univariate non-uniform spline function for all z; € R.
Therefore, We get the following for mo > 3 and ro = 1,...,mo — 2 by Lemma 3.4:
Jr2 Jm1—2 Ni4+m1—2 Na+r2 )
m ,T 2 —
T () =SS e e
7=1

with the coefficients

mi1—2,ra mg — T2 ) ( mi1—2,r9—1 mi—2 r271>

c. b = N . C. ’ — C. ’ (4.4)
k k k—1

J <Sk+m2—r2 - Sk? J J

fork=1,...,No+1ry,and j=1,..., Ny +mq — 2 where we have

mi1—2,72—1 _ m1—2,r9—1 __ L
Cj70 - cj7N2+»,«2 - 07 J = 1) s 7N1 + mi — 2. (45)

As an analogue to the univariate case, we have to work with distributions, gener-
alized functions, and the Fourier transform of a distribution if mq,mo < 3. For this
purpose, the approach from the univariate case transfers to the bivariate case, which
is explained in Appendix D and results in the following three lemmas.

Lemma 4.1.

Consider a generalized function f of the form (4.1) with my, mg > 2. The distribu-
tional derivative D(m1—1m2—1) K(f), where (m1 — 1,mg — 1) denotes a multi-indez, is
given by the generalized function

Ni+mi—1 No+ma—1
f(ml—l,mg—l) . R2 9(961,962) iy Z Z m1 1,ma— lBl(xl)Bé(ﬂﬁz)eR

The coefficients cm1 Lm2=1 e defined by the following formulae:

mi—2,mo—2 mi—2,mo—2 .
mi1—1mo—2, cj,k _cj—l,k J = 17"'7N1 +my — 17

c = ,
it Tiv1—T; k=1,...,No+mg —2,

(4.6)
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and
mi1—1,mgo—2 - mi1—1,mo—2 -
mi—1,ma—1._ Sk Cjk—1 k=1,...,No+mp—1, (47)
k T ) . .
I Sk+1 — Sk 7=1,...,Ni +mq — 1,
where we use the conventions
mi1—2ma—2 _ mi—2,mo—2 __ o
Cox =Cny o1k =0, k=1,...,Ng+mgy— 2, (4.8)
mi1—1mo—2 = mi—1mo—2 g
o = Cj Nptma—1 =0, j=1,...,Ny +mq — 1. (4.9)

Lemma 4.2.

The distributional derivative D(ml’mQ)u(f) of the generalized function f of the form
(4.1) with m1,me > 1 is a linear combination of translated Dirac delta distributions.
This means that D(m1:7m2) K(r) s gen by the distribution

Ni+m1 Nao+mo

(m1,m2) .__ 1y(m1,mz2) _ mi,ma

f =D H(p) = e (v1y,5,9)
=1 k=1

where Tr; 5,6 denotes the translation of the bivariate Dirac delta distribution’. The

coefficients c?é’mZ are defined by the following formulae:

mi,me—1 ., mj—1mg—1 _cml—l,mg—l j=1,...,Ny +my, (4 10)
o = T , .
% 5 = k=1,...,Ny+mo — 1,
where we use
cra=tme=l _ gm-lma—l _ k=1,...,Ny+mg—1; (4.11)
0,k = CNitma k. O =L5...,1V2 2 — L3 .
and
mi,mg ,__ mi,ma—1 mi,ma—1 k=1,..., No+my, (4 12)
ik = Gk “Ck-1 . -
J J J j=1,...,N1+mq,
with the convention
my,ma—1 _ mimo—1 __ s
Ci0 _Cj,N2+m2 =0, g=1,..., N1 +m;. (413)

'See (D.15) and (D.14) for the definitions of the bivariate Dirac delta distribution and the translate
of a distribution in the bivariate case respectively.
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Having given the distributional derivative D(™1:72) p(ry of the function f considered

n (4.1), we can apply the Fourier transform in order to get a representation of f

Lemma 4.3. R
The Fourier transform f of the function f in (4.1) is represented by

Ni+m1 Na+mo

(iw1)m1 (iwg) w1 LUQ Z Z ml,m2 ,1 wlTjerQSk)
7j=1 k=1

for w:=(wy,w2)T € R? where the coefficients cml’m2 are defined by (4.10)—(4.13).

Knowing the structure of the Fourier transform of the non-uniform tensor-product
spline representation in (4.1), we can now derive a theory for the reconstruction of
such tensor-products from very few Fourier samples.

Theorem 4.4 (Reconstruction of tensor-product spline functions).

Let my, mo € IN be given natural numbers, and let f be a real-valued, bivariate spline
function of the form (4.1) with knot sequences —oo < Ty < ... < TN, 4m, < 00 and
—00 < 81 < ... < SNytm, < 00, and real coefficients c?:,? #0 forj=1,...,N1, and
k=1,...,No. Further, let h1 and ho be two positive constants, and assume that they
satisfy hiTj, hoSy € (—m, 7] for all j € {1,..., N1 +mi} and k € {1,..., Ny + ma}
respectively. Then f can be uniquely recovered from the 2(N1+my) - (Na+mg) Fourier
samples f(nhi,vhe) wheren=1,...,2(N1 +m1) andv =1,..., Na + ma.

Proof. Lemma 4.3 provides the following representation of the Fourier transform f

Ni+my Na+mo

o)™ ) ) = 3 3 e )
Jj=

Ni+m1 /No+ma
Z Z cm17m2 710.)25)@ efiwlTj (414)

7j=1

where the coefficients c; 7w are defined by (4.10)-(4.13).

We have here an exponential sum. But we cannot directly apply the Prony method
from Chapter 2 to this exponential sum since it as a bivariate one. In order to use the
Prony method, we need a univariate function structure. Thus, in a first step, we restrict
the function in (4.14) to the variable w; in order to obtain the knots 771, ..., TN, 4+m,-
Then we fix the variable w; such that we get a univariate problem with respect to
the variable wp. In this way, we can determine the knots Si,...,SNn,+m,, and all
coefficients cml’m2 in (4.14). In the last step, we compute the original coefficients c?:g,
j=1,. Nl, k =1,..., Ny, by using recursion formulae.
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Part 1: First, we set

No+mo )
pj(we) = Z cgrfkl’mQ e~ w2k for j=1,..., N1 +m. (4.15)
k=1

Then the equality (4.14) reads as

Ni+my

(w)™ (iwe)™ flwr,wa) = > pjlwa)e” 4T3, (4.16)
j=1

We fix wy := hy and hence obtain a univariate function P with respect to the variable
wi which is defined by

P(wi) i=(iw)™ (ih2)™ f (w1, ho) = > pi(hg)e T (4.17)
=1

In this univariate exponential sum, the coefficients p;(h) are complex-valued, see the
definition of p;(hg) in (4.15). Therefore, we apply the Prony method which is presented
in Section 2.1 to the function P where we use the Fourier samples f(nhl,hg) for
n=1,...,2(N1+my). Using these sampling values of f, we can compute the function
values P(nhy) for n = 1,...,2(Ny + mq), which we actually need for the application

of the Prony method, by

~

P(?]hl) = (inhl)ml (i h2)m2 (nhl,hg) for n= 1,.. .,2(N1 +m1).

Observe that the still needed function value P(0) is given by this computation too,
i.e. P(0) = 0, since the equation (4.17) also holds for w = 0. This can be seen as
follows: First, the left-hand side of (4.17), namely P(wy) = (iw1)™ (ih2)™2 f(w1, ha),
equals to zero for w; = 0 because we have |f(0, hg)‘ < 00 by definition of f as an almost
everywhere continuous function with compact support. Secondly, also the right-hand

side of (4.17) yields the value 0 if w; is set to zero:

Ni+my Ni+mi Na+mo
' —i.0T; mi,m2 —iwzSk
> pilha)e” 0T = YT N e
j=1 j=1 k=1
No+mga /Ni+m1
B mi,msa —iwaSk
— E E iy e
k=1 j=1
No+mo /Ni+m1
(412) j : thmQ_l _le,mg—l e—iwzsk
k=1 j=1
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. Nao4+ma—1 /Ni+my
(4.13) Z Z mima—1 ) —iwsSy
= €.k ©

k=1 j=1
No+msa /Ni+my
mi,ma—1 —iwaSk
- > Z R e
k=2
No+mo—1 /Ni+m1
_ mi,ma—1 —iwa Sy
= > | X e
k=1 j=1
No4+ma—1 /Ni+mq
. mi,ma—1 —iwaSk41
> 2 i e
k=1 j=1

No+mo—1 <N1+m1

_ Z Z CZL];,mQ—l) [efiwgsk o e*iWQSkJrl] . (418)

k=1 j=1

Further, we have

Ni+mq Ni+m1
m1 ma—1 (4.10) mi—lmo—1 _ mi—1,ma—1
Z 4, = Z ik Cj—1k
j=1
_ mi1—1,mo—1 _ mi1—1,mo—1
= CNitmak Cok
(4.11)
="0.

We insert this result into (4.18), which leads to

Ni+my .
> pi(hg)e 0T =0,
j=1
Thus, we obtain the knot sequence (71, ..., Ty, Jim) as well as the coefficients p;(h2),

j =1,..., Ny +mq, by using the Fourier samples f(nhy, hs) forn =1,...,2(N1+mz).

In the unlucky case that not all values p;(hg) for j € {1,..., N1 +m;} are non-zero,
we will not find all parameters T of the exponential sum in (4.17) by this procedure.
Hence, we may have to repeat the method for additional fixed values wo = 2hs, 3ho
etc. in order to complete the knot sequence (71, ..., TN, +m, ). But it is always possible
to complete the sequence in this way, see Remark 4.5.

Part 2: Next, knowing the knots (71, ...,TN,+m, ), we can compute the further coeffi-
cients p;(vhe) for all j € {1,..., Ny +mi} and v € {2,..., Ny +ma} from the overde-
termined linear system of equations in (4.16) using the Fourier samples f(nhl, vhs),
n= 1,...,2(N1—}—m1), v=1,...,No+mo.
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Part 3: Up to now, we know the knot sequence (171, ...,TN,+m,) and the values
pj(vhs) forj=1,...,Ny+mq, and v =1,..., Ny + ms. (4.19)
We still need to compute the knot sequence (S1,...,S5 N2+m2) and the original coeffi-

cients of the function f, i.e. & n 0 for j=1,...,Ny, k=1,...,No. This will be done by
a further application of the Prony method and a recursion formula afterwards.
Consider the univariate exponential sum

Na+mo
p1(we) = Z cTé’nw e 1w2Sk
k=1

We know the values
pi(vhe), v=1,...,No+ma,

see (4.19), and p; is now an exponential sum with real-valued coefficients. Thus, we
can use the Prony method as described in Section 2.2 in order to compute the knot
sequence (51, ..., SN,+m,) and the coefficients c; ,i’mQ k=1,...,Na + msy. Observe
that the function value p;(0) is again given as zero since we have the following:

No+mo No+mo
pl(o) — Z an]i,mz e—l 0-S, Z CTIi’mQ
k=1 k=1
Nao+ma
4.12 _ _
( = ) Z |:C’;T’L]i,m2 1 _ C’;T:,li,l‘qQ 1:|
k=1
—_ m17m2—1 m1,m2—1
- 1,No+ms - 1,0
4.13
(4.13) 0
In case that c;”li’"@ =0 for some k € {1,..., N + ma}, we do not obtain all knots
Sk and need to apply the Prony method also to pj(we) for j = 2, 3 etc. in order to
complete the knot sequence (S1, ..., SNy+m,), cf. Remark 4.5.
Part 4: All further coefficients of the exponential sums in (4.15), i.e. ¢j;"™ for the
indices j = 2,..., N1 +mq, and k = 1,..., No 4+ mo, are determined from the linear
systems
No+mo .
pﬂ(th): Z Czlkl’m2e_lyh25k7 Vzla"'7N2+m27
k=1

for each j € {2,3,..., Ny + mq }.

Part 5: Finally, we use recursion formulae in order to evaluate the original coefficients
e & 0 of the function f in (4.1) from the coefficients c; kl ™2 which we have just ob-
tained. The definitions (4.2)—(4.13) result in the followmg recursions, which have to

be executed one after the other:
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e j=1,...., Ny +mg:
mi,ma i
le,mg—l o Cj71 for k = 1,
7,k - mi,msa mi,mo—1 o .
Cik +¢ipl for k=2,...,No+mg — 1;

e k=1,...,No+mo—1:

C;nk%ilmwil = {Cg’?:Z_i mi1—1,mo—1 for J - 1’
’ ik +citi g forj=2,...,Ni+m1 — 1;
e j=1,....Ny+m; —1:
mi1—1,mao—1 _
Cm171,m272 _ (SQ - Sl)cj,l s k= 1,
Gk (Sk4+1 — Sk)cfkl_l’mQ_l + C;?kl__ll’m2_2, k=2,...,No+mo—2;

e k=1,....,No+mo —2:

mi1—1,mo—2 .
Cm1—2,m2—2 o (T2 - T]-)ch; ) J = ]-7
7,k - mi—1,mo—2 mi1—2,mo—2 . .
(Tj+1 _Tj)cj,k +¢ g s J=2,...,Ni+m —2

e rg=mo—2,....,0 andj=1,..., Ny +m; —2:

S14mg—re—51 cm1—27T2’ k— 1’

cm1—2,r2—1 _ mo—12 7,1

Jik - Sktmg—ro —Sk mi1—2,12 mi1—2,r2—1 _ .
T ma—rg Cj,k +Cj7k—1 y k‘—2,...,N2+T2—1,

ero=m;—2,....,1,and k=1,...,No:

Tigmy—r; =11\ r1,0 -
r1—1,0 mi—ry CLk ) i=1
ijk - Tj+m1—r1 _Tj T‘171,0

)cgfk’OﬁLcj_l,k, j=2,...,Ni+r; —1.

mi1—ri

The last iteration of the last recursion formula now provides the coefficients c?.’]g
forj=1,...,Ny,and k=1,..., No.
O

Remark 4.5.
Observe that we usually need to apply the Prony method only twice in order to obtain
the two knot sequences (T1,...,TN,+m,) and (S1,..., SNy+ms)- All coefficients c?”lg
can be computed afterwards from linear systems of equations.

At the end of Part 1 of the proof of Theorem 4.4, we have encountered the problem
that maybe not all values p;(hg) for j € {1,..., N;+m1} are non-zero such that we are
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not able to find all parameters T;. If this is the case, we repeat the method described
in that part of the proof for additional values wo = 2ho, 3hg etc., that is, we consider
pj(2h2), pj(3hg) etc. in order to complete the knot sequence (71, ..., TN, +m,)-

In this manner, we can always complete the knot sequence, which can be seen as
follows:

Assume that the parameter T}, for some index jo € {1,..., Ny +m1} is never found,
i.e.
No+mo .
Pjo(vh2) = Z ;;“m —‘hQSk)”:o forv=1,...,No+ mao.

Thus, we have the linear system

e—ithI . e_ihQSN2+m2 le,mg 0
Jjo,1
: : : =|:], (.20
—ihgSy)N2tma2 —ih2Sn Na+m2 m1,msa
(e : 1) t (e 2+m2) cjo,N2+m2 0

where we denote the system matrix by V. Using simple rules for calculating deter-
minants?, we obtain

Na+mo ) _
det(V) = ( H (e—lmsk)) -det (V) (4.21)
k=1
with
1 1
~ e~ th25 e 1h2SNy+m,
V=
(e—ih25'1).N2+m2_1 o (e—ihQSN2+ﬂ.12)N2+m2—1

Since |e” "% | =1 for k = 1,..., Ny + mg, the product HN2+m2( ~ih25k) in (4.21)

is unequal to zero. Further, the parameters Si, k = 1,..., No + mo, are pairwise

different, and we have haSy € (—m,m| for k = 1,..., Ny + mo. Thus, the values

e 1S I =1,... Ny + mo, are pairwise different such that the determinant of the
v 3

Vandermonde-type matrix V is also unequal to zero~.
Hence, the matrix V is invertible, and the solution to the system in (4.20) is given
by

my,m2 mi,ma _ O

¢ = Cjo,Natmy —

jo, b T
This means that the parameter T}, does not occur in the representation (4.14). There-
fore, if a parameter Tj, is necessary for the representation of f in (4.1), we will always

be able to find it by using the approach described in the proof of Theorem 4.4.

2See [43, pp. 79-81, Lemma 7.11, (4) + Lemma 7.14, (1)], for example.
3Ct. [34, p. 29].
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Remark 4.6.

As in the univariate case, see Remarks 3.9, 2., the problem of vanishing coefficients
c?:”kl’mQ only occurs if the function f in (4.1) contains local redundancies. Then the
approach presented above will result in the simplest representation of f, that is, the
reconstructed representation of f will not possess redundant terms.

4.1.2. Tensor-products of non-uniform translates

In this subsection, we want to extend the theorem for the reconstruction of non-uniform
translates of low-pass filter functions, i.e. Theorem 3.11, to the case of tensor-products
in the bivariate case. Thus, we consider sparse tensor-product representations of the

form
N1 No

FiR?P SR, flrnae)i=) > cjp®i(z1 — Tj)Pa(zs — Sp) (4.22)
=1 k=1

with two low-pass filter functions @; and @» as introduced in Section 3.3; i.e., the
functions @, € L'(R), v = 1,2, satisfy the condition |&,(w)| > C for w € (=T, T)
for some constants Cy and T" > 0 (v = 1,2). Further, we have non-zero, real-valued
coefficients ¢ for j = 1,..., Ny, kK = 1,..., N2, and the two real shift sequences
—00<T1 <...<Tn, <ooand —00 < 51 <...< Sy, < o0.

Application of the Fourier transform yields®

1 2
Flwi,ws) = (Zch,ke torT; e_1w25k>¢1(a}1)¢2(u}2), wi=(wr,ws)T € R?2. (4.23)

7j=1k=1

Theorem 4.7 (Reconstruction of tensor-product non-uniform translates).
Let —oo < Th1 < ... < TN, <0 and —oo0 < S1 < ... < Sn, < o0 be real sequences,
and cj, € R\ {0} for j = 1,..., N1, k = 1,...,No. Further, let 1,92 € L'(R?)
be given real-valued functions satisfying |§g(w)] > C forw € (=T,T) for some con-
stants C > 0 and T > 0 (¢ = 1,2). Assume that the positive constants hi and hs
satisfy hiTj, haSy € (—m, @) for all j € {1,...,N1} and k € {1,...,Na}, and as-
sume that hy < Nll and he < N% Then the function f of the form (4.22) can be
uniquely recovered from the (2N1 + 1) - (No 4+ 1) Fourier samples f(nhl, vhy) where
n=0,1,...,2N; and v =0,1,..., Ns.

Proof. The proof follows the same lines as the proof of Theorem 4.4. It consists of
two major parts. First, we fix the variable wo in the frequency domain such that we
get a univariate problem to which we can apply the Prony method in order to obtain

4Note that we have used Definition and Proposition A.1, Proposition A.3, and Fubini’s theorem,
see [22, pp. 175-176, 2.1c)], in order to compute the Fourier transform.
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the shift values T1,...,Tn,. In the second part, we use a univariate problem with
respect to the variable wy and determine the shift values S, ..., Sn,, and the original
coefficients ¢, j=1,...,N1, k=1,..., No.

Part 1: Considering (4.23), we obtain

f(w w N1 No Ny No ) .
B TR WU Il ) P et
2\W2) o1 k=1 j=1 \k=1
for wy,ws € (=T, T). Secondly, we set
N2
pi(wa) =) cjpe % for j=1,...,N (4.24)
k=1
such that we get
Flwi,ws) T
i (wn)Palwn) ij wp) e Ty (4.25)

We fix wy := hy in order to obtain a univariate exponential sum with respect to the
variable wy. Define

o M — S . e—iwlTj
Plen)i= o AT ; p;(ha) . (4.26)

The coefficients p;(hg) are complex-valued due to their definition in (4.24). Observe
that we have ®,(nh) # 0 for n = 0,...,2Ny, kT € (—m,m] for j = 1,..., N, and
S/ég(hg) # 0 by the assumptions about h; and he. Therefore, using the Fourier samples
f(nhy, hy) for n =0,...,2N7, we can apply the Prony method as presented in Section
2.1 to the function P. For this purpose, we need the function values P(nh;) for
n=0,...,2Ny, which we can compute by

F(nha, ha)
D1 (nhy) P2 (hs)

Using this approach, we obtain the shift sequence (77, ...,Tx,) and the coefficients
pi(ha), j=1,..., Ny,

If it happens that not all values p;(h2), j = 1,..., Ny, are non-zero, we will not find
all shift values T} in (4.26) by using the Prony method. Thus, we my have to repeat
the method for additional fixed values wo = 2hs, 3hy etc. such that we can complete
the shift sequence (71, ...,Ty,), cf. Remark 4.5.

Employing the found shift values 71, ..., Ty,, we can compute the coefficients p;(0)
and p;(vhg) for j = 1,...,Ny, v = 2,..., Ny from the linear system of equations

P(nhy) = forn=0,...,2N;.
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~

that we obtain from (4.26) using the Fourier samples f(nhi,vhe), n = 0,...,2Ny,
V= 0, ce ,NQ.

Part 2: Let us recall that we have computed the shift sequence (T1,...,Ty,) and the
values
pj(ljhg) jzl,...,Nl, I/IO,...,NQ. (427)

It remains to determine the shift sequence (Si,...,Sn,) and the original coefficients
of the function f,ie. ¢j, for j=1,..., N1, k=1,...,No.
Consider the univariate exponential sum

N2
— 1wy S
p1(w2) = g crpe POk,
k=1

where we know the values
pl(l/hg), Z/ZO,...,NQ,

see (4.27). Note that p; is an exponential sum with real-valued coefficients. Hence,
by applying the Prony method from Section 2.2, we compute the shift sequence
(S1,...,5nN,) and the coefficients ¢; 4, k =1,..., Na.

As the last step, we have to compute the remaining original coefficients in (4.22),
i.e. ¢j for the indices j = 2,..., N1, and k = 1,..., Na. They are determined by the
linear systems

N2
—ivhsS
pj(VhZ):ch,ke ok v=1,...,Ng,
k=1

for each j € {2,3,..., N1}. This completes the proof. O

Remark 4.8.

Most of the time, we need only two applications of the Prony method in order to
establish the shift sequences (71,...,Tn,) and (Si,...,SnN,), cf. Remark 4.5. The
coefficients c;j are determined from linear systems of equations.

4.2. Non-uniform translates of bivariate functions

In the previous subsection, we have generalized the results from Section 3.3 for the
reconstruction of non-uniform translates to the bivariate case, namely to the case of
tensor-products of low-pass filter functions. Now we want to consider a more general
setting for non-uniform translates in the bivariate case.

Therefore, we assume the given bivariate function ¢ € L'(R?) to have a bounded
Fourier transform @ which satisfies |P(w)| > C' > 0 for ||wl||z < T for some constant
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T > 0, and we examine functions f : R? — R that have the sparse representation

N
flx):= Z c;P(x — vj) (4.28)
j=1
where ¢; and v; for j = 1,..., N are non-zero, real-valued coefficients and real shift

vectors respectively.
Note that such a function @ can, for example, be constructed with the help of a
univariate low-pass filter function @ as given in Section 3.3 with

B(x) == 3(||z|2).

Further, observe that we can also take radial basis functions such as polynomials, thin
plate splines, Gaussians, Multiquadrics or inverse Multiquadrics® as the given function
®. See Remark 4.10 for more details.

As before, we would like to answer the question of the number of needed Fourier
samples in order to recover the function f if ® and N are known. Additionally,
we want to establish a reconstruction scheme for computing the real shift vectors
vj :=(vj1,vj2)" and the real-valued coefficients ¢; (j = 1,..., N) from these samples.
Observe that this problem is completely different from the separable case considered
in Subsection 4.1.2.

Application of the Fourier transform to the function f in (4.28) leads to

N

flw) = (Z ¢ e_i<“””j>>$(w), w e R?, (4.29)
j=1

cf. Definition A.1 and Proposition A.3.

We will see later that there can be cancellation effects in the reconstruction scheme
if the non-zero coefficients c¢; are not restricted to having the same sign for all indices
j €{1,...,N}. Thus, we only consider the cases where all coefficients ¢y, ..., cy have
the same sign. Without loss of generality, we assume ¢; > 0 for all j € {1,...,N}.

In the following, we will distinguish between adaptive sampling and sampling on
predetermined lines. Adaptive sampling means that we use Fourier samples from the
horizontal and vertical axis of the frequency domain and choose a third sampling line
through the origin in the frequency domain where the choice of this third line is based
upon the results we have obtained by using the data from the first two sampling lines.
In the case of sampling on predetermined lines, we decide on N + 1 arbitrary sampling
lines through the origin in the frequency domain, and we will show that fewer lines do
not suffice in general. This may be of great interest for practical purposes, but we will
need N? — 2N samples more than we need by applying adaptive sampling in order to
recover the N shift vectors and corresponding coefficients in the representation (4.28)
if N> 2.

SFor the definitions of these functions, see [37, p. 1], for example.
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4.2.1. Adaptive sampling

Considering the assumptions mentioned at the beginning of the section on hand, the
following theorem shows that 3N + 1 Fourier samples suffice to uniquely reconstruct
the function f in (4.28) if we use adaptive sampling.

Theorem 4.9 (Reconstruction of bivariate non-uniform translates).

Let & € LY(R?) be a given bivariate function with a Fourier transform satisfying
|@(w)| > C for |[w||2 < T for some constants C > 0 and T > 0. Further, let f be a
bivariate function with the sparse representation (4.28) where c¢j and vj = (vj1,vj2)"
forj=1,..., N are positive real-valued coefficients and real shift vectors respectively.
Assume that the constant h > 0 fulfils the conditions h||v;||2 < 7 for allj € {1,...,N}
and h < % Then we get the following reconstruction result:

The function f can be uniquely recovered from the 3N +1 Fourier samples
which are given by the set

{7(0,0), F(¢h,0), F(0,£h), f(cos(Im)eh, sin(dm)eh) | £ =1,...,N}

where ¥ € (0,1) \ {3} needs to be chosen suitably.

Proof. Considering the assumption about the Fourier transform of the given function
&, the equation (4.29) yields

fw Y
= E c; e Hw)) 4.30
g(w) @ j ( )

for w:=(wy,wz)" € R? with [|w]||2 = (w} —|—w%)2 <T.

In order to recover the original function f from samples of its Fourier transform, we
have to reconstruct the parameters in the exponential sum on the right-hand side of
(4.30), namely the shift vectors v; and the coefficients ¢;. We cannot directly apply
the Prony method from Chapter 2 since we have here a bivariate exponential sum.
Therefore, we will restrict the function g to different lines through the origin in the
frequency domain such that we obtain univariate exponential sums in each case.

Part 1: First, we restrict g to the wi-axis, that is, we set wo to be zero. This produces

g(w1,0 g cje —iwivin

However, we are faced with the problem that two or more shift vectors v; may
possess the same first coordinate v;1. Let us assume that the set {vi1,...,vn1} of
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the true first coordinates contains Ny < N distinct values v11 < U271 < ... < Un;1-
Then we find
Ny
g(w1,0) = Z c} e WYl (4.31)
=1

where cjl is the sum of all coefficients belonging to shift vectors with the same first
coordinate vj 1, i.e.
cji= > o j=1,...,N. (4.32)
k:vg,1=0j,1
If we would allow the coefficients cq,...,cy to have different signs, it may happen
that cjl- = 0 for some indices j € {1,...,N;1}. But this would mean that the terms

e~ 11%.1 for these indices j do not occur in the exponential sum in (4.31) such that
we would not be able to recover the coordinate v; ;. Thus, we restrict the coefficients

¢i,...,cn to having the same sign and assume ¢; > 0 for all j € {1,..., N} without
loss of generality. Hence, we have c} >0forj=1,...,N;.
Observe that the coefficients cjl for j = 1,..., N7 are real-valued. Further, we have

h|vj1] < h|lvj|l2 < m for all j € {1,..., N1} by assumption. Hence, we can apply the
Prony method as described in Section 2.2, see Algorithm 2.5. For this purpose, we
need the function values

g(¢h,0), £=0,...,N,

which are given by the definition of ¢ in (4.30) and the N + 1 Fourier samples

~

F(th,0), £=0,...,N.

Observe that the fractions

~

are well defined since the assumptions h < % and |&(w)| > C > 0 for ||wl|s < T ensure

that &(¢h,0) # 0 for all £ € {0,...,N}.
The application of the Prony method then provides the set

V1 12{51’1, . 7:5N1,1}

and corresponding coefficients cjl, j = 1,...,Ny. Note that these coefficients are not
the coefficients that we need for the reconstruction of f in (4.28) if Ny < N. Those
coeflicients have to be determined later. R

Actually, it would suffice to use the N1 + 1 Fourier samples f(¢h,0), £ =0,..., Ny.
But since we do not know the value N1, we have to assume that the coordinate values
v11,...,VN,1 are distinct and hence take IV 4 1 Fourier samples.
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Part 2: Now we restrict g to the ws-axis and apply the above-described procedure to
the univariate function g(0, -) defined by

N
0 WQ Z iwzng .
=1
We assume that the set {vig,... ,?)NQ} of the true second coordinates contains Na

distinct values v12 < V22 < ... < Uny,2. Setting

0]2:: Z ck, J=1,...,No,

k:vg 2=0; 2

where we have cj2- > 0 for j = 1,..., N3 by the assumption about the coefficients c;
(j=1,...,N), we get

9(0,ws) = Zc e~ 1wz (4.33)

Using the Fourier samples f(O, ¢h) where £ =0,..., N, we apply the Prony method
in form of Algorithm 2.5 to the function g in (4.33). As a result, we obtain the set

={012,...,UNn,2}

and corresponding coefficients c ,j=1,...,No. Like in the first univariate problem,
these coefficients are not the coefﬁ(:lents of fin (4.28) if No < N.

Part 3: So far, we know the first coordinates vy 1, ..., vy, 1, and the second coordinates
V1,2, -..,0nN,,2 Of the true shift vectors v;, j = 1,...,N. Thus, the true shift vectors
have to be elements of the set

K:={v:=(v1,02)" | v1 € Vi, vy € T2}, (4.34)

which contains Ny Ny < N2 candidate vectors for the true shift vectors.

In order to determine the IV true shift vectors in the set K, we use a third univariate
problem to which we apply the Prony method. This means that we need further Fourier
samples from a third sampling line.

For this purpose, we choose a parameter ¢ € (0,1) \ {3} such that the orthogonal
projections of all candidate vectors in K onto the line x9 = tan(dm)z; are pairwise
different, that is to say that the values (cos(97)v1+sin(9m)vs) where v = (vy,v2)T € K
are distinct, see Figure 4.1. Such a line can always be found since we consider linear
combinations with a finite number of summands in (4.28). Thus, the candidate set K
contains finitely many points.

The parameter ©) is then used to determine the third sampling line in the fre-
quency domain. The angle between the positive wi-axis and the part of the line
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we = tan(¥m)w; which lies in the upper half space is given by the value J7 rad. We
use equispaced sampling locations on this third sampling line we = tan(dm)w; with
step size h, see Figure 4.1, and take the N Fourier samples

f(cos(ﬁﬂ)fh,sin(ﬂﬂ)éh), ¢=1,...,N.

A wo = tan(Y¥m)wy
|
|
|

A 2 = tan(V¥m)z1
|
|
|
|
|
|
|
|
|
|

@: original shift vectors ~ @: further candidates in K v:i=(vy,v2)T vg = cos(Im)v1 + sin(Im)ve

Figure 4.1. Left: Determination of the parameter ¥ in the time domain. Right: Third
sampling line in the frequency domain with sampling locations (displayed example: ¢ =5).

Part 4: Now we consider the univariate function g(cos(dm)-, sin(d7)-) given by

N N
g(cos(ﬁn)wh sin(ﬁn)wl) = Z ¢ e*iw1[COS(’197T)’U]'71+Sin(’l9717)’Uj72] _ Z ¢ e~ 1w1v;3 (4.35)
=1 j=1
with
vj3:=cos(Umv;1 +sin(Im)v;2, j=1,...,N.
Observe that the values v1 3, ..., vy 3 are coordinate values of the true shift vectors with

respect to the line zo = tan(¥7)z1, and that these values are distinct since all possible
shift vectors in K yield different orthogonal projections onto the line x9 = tan(dm)zq,
which is due to the choice of ¥. This also means that there are no summation effects for
the coefficients such that the coefficients c¢1,...,cn in (4.35) are the true coefficients,
which we seek to recover.
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Let us order the coordinate values v;3 such that we obtain

~

(cos(Im)wy, sin(I7)wr )

g(cos(Im)wy, sin(Im)w; ) = g;

(cos(Im)wy, sin(Im)w )
v (4.36)
2 :C e —iwi7; 3
Jj=1
with 013 < V23 < ... < Un,3 and corresponding coefficients ¢}, ..., 3 where the set
{v13,...,vn3} is a permuted version of {vi3,...,vn3}, and the same permutation

maps {c1,...,cn} onto {c},..., X}

We now apply the Prony method as described in Section 2.2 to the function g in
(4.36) where we use the Fourier samples f(cos(97)¢h, sin(dm)h) for £ = 0,...,N.
For this purpose, note that all coefficients c? are real-valued, and that we have the

assumption h|vj|l2 < 7 for all j € {1,..., N}. The rotated vectors

— sin(Im) cos(ﬁﬂ)) vy J= LN

( cos(¥7t)  sin()

fulfil the same norm condition. Thus, we obtain

hlvjs| = h|cos(9m)v;1 + sin(Im)v; 2| = h\/(cos(ﬁﬁ)vj,l + sin(ﬁn)vﬂ)Q

< h\/ (cos(Im)v;1 + sin(z?n)vj72)2 + (= sin(Im)v;1 + cos(ﬁn)ng)z
H < cos(9m) sin(q%r))
vj

— sin(¥m)  cos(vn) ST

2

for j = 1,...,N. This means that h|v;3| < 7t holds for all j € {1,..., N}. Further,
we have

H (cos(9)h, sin(ﬁﬂ)fh)THQ - ( (cos?(vm) + s,in?(z%r))e?h?)é = |¢h] < T

for all £ € {0,..., N} by using the assumption h < % This ensures, together with
the assumption about @, that the fractions in (4.36) are well defined for wy = ¢h,
¢=0,...,N.

The application of the Prony method then produces the set

Va:={T13,...,0n3}

and corresponding coefficients c ,j=1,...,N.

Part 5: Now, as the final step, we can compute the true shift vectors in the set K of
candidate shift vectors by comparison of the set K with the set V3. For this purpose, we
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determine all vectors (v1,v2)T in the set K for which there exist indices j € {1,..., N}
such that cos(¥m)vy + sin(¥m)vy = v53. Then the set

GI:{’U = (’U]_,’UQ)T ’ V1 € ‘71, Vo € ‘72, COS(197T)U1 + Sin(197'[)7)2 S ‘73}

contains only the N true shift vectors vq,...,vy, and each of the vectors v € G is
uniquely associated with a coefficient cg? for j € {1,...,N}. Thus, we have
G ={vy,vs,...,0n} (4.37)

with corresponding coefficients
€1,€2,...,CN. (4.38)

The parameters of the function f in (4.28), which we wanted to recover, are now
given by the elements of G in (4.37) and the corresponding coefficients in (4.38). O

Remark 4.10.

We can also take radial basis functions such as polynomials, thin plate splines, Gaus-
sians, Multiquadrics or inverse Multiquadrics as the given function @. Observe that
only the Gaussians and the inverse Multiquadrics have Fourier transforms in the clas-
sical sense. In all other cases, we have to consider the generalized Fourier transform.
The generalized Fourier transform of the mentioned radial basis functions is positive
on R?\ {0} and has at most a pole at the origin, see [37, pp. 17-19]. Thus, we cannot
take the function value 5(0) in all cases, which means that we will not be able to con-
sider the function value of g in (4.30) for w = 0. Hence, we cannot apply the Prony
method from Section 2.2 to the three univariate problems (4.31), (4.33), and (4.36)
because the function value g(0) is essential in order to use the conjugate symmetry
of g, being an exponential sum with real-valued coefficients. Instead, we can consider
2N + 1 sampling values of ]?on each sampling line, e.g. on the right-hand side of the
origin, in such cases where we cannot take the value Qg(O) and apply the Prony method
from Section 2.1 to each of the three univariate problems.

Remark 4.11.

The reconstruction scheme given above uses three univariate problems, (4.31), (4.33),
and (4.36), in order to recover the shift vectors and the coefficients in the original
bivariate problem (4.30). Each of these three problems is solved by using the Prony
method from Section 2.2, which yields coordinate values of the shift vectors and corres-
ponding coefficients. But, as we have seen in the proof of Theorem 4.9, we do not need
the coefficients which are results of the application of the Prony method to the first
two problems (4.31) and (4.33). Thus, we do not need to compute those coefficients,
that is, we only need the computation steps 1-5 in Algorithm 2.5.
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We summarize the scheme for the reconstruction of non-uniform translates of bivari-
ate functions in the following algorithm where we assume that the real-valued coeffi-
cients ¢;, j =1,..., N, in the representation (4.28) are positive.

Algorithm 4.12 (Reconstruction of bivariate non-uniform translates).

e Input:
— & € LY(R?) with |@(w)| > C for ||w||2 < T for some C' >0 and T > 0;
— step size h > 0 with hl|vjls <mfor j=1,...,N and h < %;
— 3N + 1 Fourier samples, given by the set

{7(0,0), £(¢h,0), £ (0, €h), f(cos(9m)eh, sin(9m)eh) | £ =1,...,N}

where ¥ € (0,1) \ {3} needs to be chosen suitably, see Step 6 of the com-
putation.

e Computation:

1. Compute R
g(en,0) = L0
&(Ch,0)

¢=0,...,N.

2. Use Algorithm 2.5, Steps 1-5 in order to compute the coordinate values
5]"1, j=1,...,Np,in (4.31).

3. Compute

=)

g0, 0n) = 2OM N
(0,¢1)

)

4. Use Algorithm 2.5, Steps 1-5 in order to compute the coordinate values
Vj2, j=1,...,Na, in (4.33).
5. Compute the Cartesian product of the two sets ‘71 ={011...,Un,1} and

Vo = {V12,...,0n,,2} as the set of possible candidates for the true shift

vectors, i.e. N N
K i={v=(v1,02)" | 01 € V1, v3 € Va}.

6. Choose a parameter ¥ € (0,1) \ {3} such that the orthogonal projections
of all candidate vectors in K onto the line z9 = tan(Jm)z; are distinct.

7. Acquire the N Fourier samples f(cos(i%c)ﬂh, sin(ﬁn)fh), {=1,...,N.
Then compute

~

g(cos(Im)lh, sin(Im)lh) = {(cos
P(cos

(

(970)€h, sin(970)£h)

, ¢=1,...,N.
(970)h, sin(ITT)h)
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8. Use Algorithm 2.5 in order to compute the coordinate values v;3 and the
corresponding coefficients c:;, j=1,...,N,in (4.36).

9. Determine the true shift vectors vy, ..., vy in K by comparison with the set
Vi = {013,...,0n3}, that is, determine all vectors (vi,v2)T in K for which
there exist indices j € {1,..., N} such that cos(dm)vi + sin(dm)va = v; 3.

Thus, we obtain the set

G= {’01,1)2,... ,’UN}
with corresponding coefficients ¢y, ca, ..., cn.
e Output: Shift vectors vy, ...,vy with corresponding coefficients ¢y, co, ..., cn

determining f in (4.28).

The above-given reconstruction scheme relies upon the assumption that all coef-
ficients ci,...,cy in the representation (4.28) have the same sign. Otherwise, there
may occur cancellation effects such that we would not be able to recover all coordinate
values of the shift vectors v;, 7 =1...,N.

Example 4.13 (Possible cancellation effects).
Let us consider the following example:

4
f@):=> ;@ —v;), xeR’
j=1

with
U1 ::(171)T7 V2 ::(_171)Ta U3 ::(_17_1)T7 U4::(17_1)T;
c1:i=—1, cyi=1, c3:i=—1, cy:=1,

see Figure 4.2.
Now assume that the Fourier transform ®(w) does not vanish for ||w||s < T for some
constant T > 0. Then the application of the Fourier transform yields

)

(@) N~
= cj e Hwwi) i=(wy,w2)T € R,
(w) j=1

g(w):=

S| =

cf. (4.29). First, by restricting the function g to the w;-axis, we have

g(w1,0) =1 e W 4oy el g el 4oy eT i
= (c1 +c4) e 19 4 (cg + c3) et (4.39)
=0.
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Secondly, restriction to the ws-axis results in

9(0,w2) =1 e”1W2 4o eT W2 gl oy el®2
= (c1 +ca) e 1% 4 (c3 + cy) @2 (4.40)
= 0.

Thus, we are not able to recover anything by applying the Prony method to the two
univariate problems (4.39) and (4.40), meaning that we are not able to determine a
candidate set in order to choose a third sampling line appropriately. This means that
we have to choose two new, different sampling lines. But it can still happen that these
new sampling lines are chosen inappropriately such that there are again cancellation
effects.

i
|
|
|
l
co=—1 : c1 =1
-+ ----9
l ! |
| ! |
|
l ! l
|
,,,,,,,,,,,,,,,,,,,,,,,, -
—!1 1 *‘1 1
| ! |
|
o
.777;1‘ 7777.
c3 =1 cg = —1

Figure 4.2. [llustration of the original shift vectors with corresponding coefficients considered
in Example 4.13. Red, dashed lines indicate that the connected vectors yield the same projec-
tions onto the lines xo = 0 or x1 = 0.

Remark 4.14.

We will generalize the proposed approach for the determination of the shift vectors and
the corresponding coefficients of a linear combination of translates of a given function
to d > 2 dimensions in the following chapter.

In [12], Buhmann and Pinkus consider a similar problem of determining the shift
vectors and the corresponding coefficients of a function f of the form (4.28) in R
But they assume that the function f is completely known such that they can compute
the Fourier transform of f, i.e. a function g of the form (4.29). In contrast, we take
only a small number of sampling values of the Fourier transform f.

Buhmann and Pinkus then use a differential operator and values of higher-order
directional derivatives of g in order to determine the shift vectors and the correspond-
ing coefficients. But they are also faced with the problem that they only know the
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projections of the shift vectors onto lines given by vectors that determine the direc-
tion of the derivatives, and that those projections have to be distinct for the unique
determination of the shift vectors. In order to obtain always distinct projections, they
consider altogether values of $N(N — 1)(d — 1) + d directional derivatives of g.

By transferring this approach to our setting of sampling the Fourier transform of f,
we would need sampling values on $N(N — 1)(d — 1) + d lines. But, as we will show
in the following chapter, it suffices to consider d + 1 sampling lines by generalizing our
approach of adaptive sampling to d dimensions.

4.2.2. Sampling on predetermined lines

In the reconstruction scheme given in Theorem 4.9, the third sampling line in the
frequency domain is chosen dependently on the set K in (4.34), i.e. dependently on
the candidates for shift vectors in K which are found using Fourier data from the first
two sampling lines. For practical purposes, it would be of great interest to compute
the true shift vectors and coefficients in (4.28) from Fourier samples taken beforehand
independently from the shift vectors.

Using three sampling lines, each of the candidates in K has not only three co-
ordinate values but also three corresponding coefficients. These coordinate values and
corresponding coefficients are the results from the Prony method applied to the three
univariate problems (4.31), (4.33), and (4.36), which are associated with the Fourier
data from the three sampling lines.

The proof of Theorem 4.9 shows that we do not need the coefficients obtained by
applying the Prony method to the problems (4.31) and (4.33), see also Remark 4.11.
Thus, the computation of those coefficients is not part of Algorithm 4.12.

Now the question arises if the function f in (4.28) can by uniquely reconstructed by
taking three predetermined lines where we also exploit the knowledge of the corres-
ponding coefficients from all three univariate problems (4.31), (4.33), and (4.36). Is it
possible to employ all these corresponding coefficients, namely cjl, c?, and c?, in order
to acquire conditions of the form (4.32) (or similar conditions) such that we can find
the true shift vectors in K by using these conditions? First, let us consider the

Example 4.15 (Using a linear system to determine the coefficients).
Consider the linear combination of non-uniform translates given by

flx):= Z c;®(x —vj), =€R?
j=1
with

U1 ::(1,1)T7 v2::(_1a1)Ta '03::(_17_1)Ta v4::(17_1)T7
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$2A
I
I x2 = T1
| 7
| e
s
! ’
| ,
| 7/
C2—1‘****1-'-****‘C1:1
NN ! 7
I N ! s I
I N ! 4 |
AY 4
I NI I
Nz
****** s s uia I
_\1 //‘\\ \1 1
I P RN I
| ’ ! N |
. l N
, | N
c3=10"--- - -@cy=1

Figure 4.3. [llustration of the original shift vectors with corresponding coefficients. Red,
dashed lines indicate that the connected vectors yield the same projections onto the lines xo = 0,
1 =0, or xo = x1.

and corresponding coefficients ci, ¢, c3, and ¢4 as given in Figure 4.3. Actually, this
is an adjusted version of Example 4.13 such that there are no cancellation effects.

Again, we assume that the Fourier transform @(w) does not vanish for ||w|jy < T
for some constant 7" > 0. Then we have

-~ 4
w)
g(w): Ji ZC] e W) i=(wy,wo)T € R2.
D (w) —
7=1

We consider the wi-axis, the we-axis, and the line we = w; (i.e. the parameter o for
the third sampling line as introduced in the previous subsection is ¥ = 7) as sampling
lines in the frequency domain. Restriction of g to the wi-axis yields

9(w1,0) = (1 +ca) e +(co + c3) e

g emiw1 4y g (4.41)
and by restricting g to the we-axis, we obtain
9(0,w2) = (1 + ) €1 ey + ca) €' (4.42)

—9. e*iwg +2 . eiwg

Next, we restrict g to the line wo = w; and get

g(cos(VIm)wy, sin(Im)w,) Z cje —lwr J5-(vg,1+5.2) (4.43)
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since it is well known® that

cos (g) = 1 and sin (T—t> = L

Equation (4.43) now leads to
: —iw 2 —iw- L0 —iwp 22
g(cos(Im)wy, sin(Im)w) = cr e V2 +(ca+cq)e V2 +tcze vz
1. v +2- ¢ s +1- efiwl'% )
Using Fourier samples from the three lines wo = 0, w1 = 0, we = w1, and by applying
the Prony method to the three univariate problems (4.41), (4.42), and (4.43), we obtain
the candidate vectors

o=, 07T, vyi=(-1,D)7T, wv3:=(-1,-1)T, w,:=1,-1)7T,

which have to fulfil the following system of linear equations for the corresponding
coefficients ¢1, ¢a, ¢3, and ¢4:

1+ ¢y = 2, 1 +c¢q4 =2, =1,
C3+ ¢4 =2, Ca +C3 =2, C+ ¢4 =2,
c3 = 1.

This system is uniquely solvable such that we have the corresponding coefficients
Cl =C) =C3 =C4 =

associated with v1, Vs, v3, and v4 respectively.

Example 4.15 illustrates the approach of using conditions on the coeflicients asso-
ciated with the shift vectors in order to determine the coefficients by using a linear
system of equations. Unfortunately, such an approach is not always successful since
we can always find counterexamples of sets of shift vectors with special symmetry
properties where a complete reconstruction of f is not possible if we only use three
predetermined sampling lines, see Example 4.17. We will show that for N shifts to be
recovered N + 1 predetermined sampling lines are always sufficient in order to uniquely
recover the N shift vectors and corresponding coefficients in (4.28).

During the reconstruction process, we compute coordinate values of the true shift
vectors with respect to certain lines through the origin in the time domain. If we
consider Fourier samples from the horizontal or vertical axis of the frequency domain,

5See [68, p. 59], for example.
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we obtain coordinate values with respect to the horizontal and vertical axis of the
time domain respectively. On the other hand, if we use Fourier samples from the line
wy = tan(YIm)wy with 9 € (0,1) \ {3} in the frequency domain, this yields coordinate
values with respect to the line x5 = tan(J7)z; in the time domain, see also the proof
of Theorem 4.9.

Actually, by considering Fourier samples from the three lines wy = 0, wy = 0, and
wo = tan(¥m)wi, we obtain the orthogonal projections of the true shift vectors onto
the lines x9 = 0, 1 = 0, and x9 = tan(¥7m)z respectively, see Figure 4.4. Thus, the
question of the number of the needed predetermined sampling lines in the frequency
domain can be reduced to the question of the number of needed lines in the time
domain on which we have to know the orthogonal projections of a set of vectors in
order to uniquely determine this set of vectors.

T2 w1 =0 wo = tan(YIm)wy
|
|
|
|
|
|
|
|

Y7 rad

3324 x1 =0
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

Figure 4.4. Top left: Original shift vectors in the time domain. Top right: Sampling lines
in the frequency domain. Bottom left: Using Fourier samples from the line wy = 0, we obtain
the orthogonal projections of the shift vectors onto the line x5 = 0. Bottom middle: By using
Fourier samples from the line w; = 0, we find the orthogonal projections of the shift vectors
onto the line x1 = 0. Bottom right: Using Fourier samples from the line we = tan(¥m)w;, we
get the orthogonal projections of the shift vectors onto the line xo = tan(9m)x;.

These considerations lead us to the article [60] by A. Rényi. In the second chapter
of that article, discrete mass distributions on the real plane which consist of IV mass
points with positive masses are examined, and Theorem 3 of that work states that
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such distributions are uniquely determined if the orthogonal projections of all mass
points onto N + 1 lines through the origin are known. By transferring this theorem to
our setting, Theorem 3 of [60] reads as follows:

Proposition 4.16 (Determination of a set of vectors by projections).
A set G of N wvectors vi,...,vN is uniquely determined if the orthogonal projections
of all vectors in G onto N + 1 distinct lines through the origin are known.

Since we have to understand the procedure of determining the vectors using the
known projections in order to come up with a reconstruction scheme for our case of
shift vectors and corresponding coefficients, we will prove this proposition by relying
on the proof from [60, Chapter 2, Proof of Theorem 3].

Throughout this proof, we will use the following terminology (see also Figure 4.5):

e Projection: One projection onto a straight line through the origin consists of the
N orthogonal projections of the vectors in G onto this line.

e Projecting line: A projecting line is a line which is perpendicular to a line on
which the orthogonal projections of all vectors in G are taken, and which goes
through at least one vector v € G.

e Extreme points: For each of the N +1 projections, we consider two specific points
which are called extreme points of the projection: Let [:={Au|X € R} be one
of the lines on which the orthogonal projections are considered. Further, let the
orthogonal projection of an element v € G onto this line [ be denoted by P;(v).
Then take the two points

Dlmin ‘= argmin (p, u) and Dl max ‘= argmax (p,u).
pE{Pi(v1),....,P1(vN)} pE{Pi(v1),....P1(vN)}

These points are defined as the extreme points of the projection considered on
the line [.

o Extreme projecting lines: For each projection, consider the projecting lines which
go through the two extreme points of this projection. These two lines are called
extreme projecting lines.

Proof of Proposition 4.16. For N = 1, the assertion is obviously true since
the projections of v; onto two distinct lines through the origin define v; uniquely.
Consider now the case N > 2.

Assume that we know N —+ 1 projections of the set G. We obtain two extreme points
for at least IV projections. Only for one projection it is possible that the projection
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® : shift vector
e : extreme point
- - : projecting line

- - : extreme projecting line

Figure 4.5. Illustration of the used concepts in the proof of Proposition 4.16.

consists of one point, which is the case if all vectors v € G lie on the same projecting
line. Thus, at least 2N + 1 extreme projecting lines are given.

Further, we observe that each extreme projecting line passes through at least one
vector v € G. We have N vectors and at least 2N 4+ 1 extreme projecting lines. Thus,
there is at least one vector v € G through which three or more extreme projecting
lines are passing.

All vectors v € G are located in one of the two closed half-planes which are deter-
mined by every extreme projecting line. Consider now the case that r > 3 extreme
projecting lines pass through a point p of the plane. The before mentioned obser-
vations yield that the plane is divided into 2r angular domains by these r extreme
projecting lines, see Figure 4.6 for an illustration. This can be seen by mathemat-
ical induction: every additional extreme projecting line through p divides two of the
already existing angular domains where each of these two domains is divided in two
parts. Thus the number of domains increases by 2.

Moreover, all vectors v € GG must lie in the interior or on the boundary of one of
these angular domains. Let us denote this domain by D. The boundary of D is formed
by two extreme projecting lines. This means that the other » — 2 extreme projecting
lines which are passing through p can only have the point p in common with the set
G. Since r > 3, at least one such extreme projecting line is given. But we know that
every extreme projecting line passes through at least one vector v € G. Thus, we
deduce that p is an element of G.

Summarizing this, we have shown the following: On the one hand, there exists
at least one vector v € G through which three or more extreme projecting lines are
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passing. On the other hand, every point of the plane which is common to at least three
extreme projecting lines is an element of G. Thus, we can find at least one element of
G by considering only the extreme projecting lines.

Now we omit the orthogonal projections of the vector which we have just found.
Hence, we know the orthogonal projections of the remaining N — 1 vectors onto N + 1
lines, and we apply the described procedure again to these projections. In this manner,
we find step by step all vectors v € G. O

“ \

Figure 4.6. Left: Set G of two points in the plane (black dots) and three lines on which the
orthogonal projections of these points are taken (solid, coloured lines). The point p is common
to three extreme projecting lines (dashed lines). Right: These extreme projecting lines divide
the plane into siz angular domains (grey domains and the green domain, in which all points

of G are located).

Example 4.17 (Non-unique recovery of shift vectors and coefficients).
Let us consider the set of original shift vectors given in Figure 4.7, i.e.

v (1) e (20 e ()

Further, we assume that the corresponding coefficients ¢1, ca, c3 for the representation
(4.28) are all equal to two.

We will show that this set of vectors with corresponding coefficients is not uniquely
recoverable by using Fourier samples from the three predetermined sampling lines
we =0, w; =0, and wy = tan(§)wi.

Using Fourier samples from these three lines in the frequency domain and apply-
ing the Prony method to the problems (4.31), (4.33), and (4.36), we obtain the or-
thogonal projections of the original shift vectors onto the lines o = 0, ;1 = 0, and

ry = tan(§)x1 in the time domain. The orthogonal projections are coordinate values of
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the original shift vectors with respect to the these three lines. Combination of these co-
ordinate values to points in the plane produces the candidate set {v1, 02, Vs, V4, Us, Vg }
with

V1 ‘=1, V2 1= V3, V3 ‘= Vs,

since the vectors v4, U5, and vg yield the same orthogonal projections onto the lines
w2 =0, 21 = 0, and x2 = tan(§)r1 as the vectors vy, vz, and vs, see Figure 4.7. Note
that each point of the candidate set is an intersection point of three projection lines.

Now we have to determine the true shift vectors in this candidate set. But also
considering the corresponding coefficients which we can compute for the problems
(4.31), (4.33), and (4.36) does not lead to a unique solution. In particular, the unknown

corresponding coefficients ¢;, j = 1,...,6, must solve the following linear system of
equations:

¢+ ¢ = 2, Cy+ 5 =2, C3+ 4 =2,

1+ =2, Co + €4 = 2, 3+ cg = 2,

1 +cy =2, Co + ¢ = 2, 3+ ¢c5 = 2,

which is given by conditions of the form (4.32). This system has infinitely many solu-
tions. For all o € [0, 2], the set {v1, V2, V3, V4, U5, Vg } with corresponding coefficients

El 252253261 and 54255256:2—04
is a possible solution. Special cases are

e the set {v1, V2, V3,4, Us, Vs } where all corresponding coefficients ¢; (j =1,...,6)
are equal to one (i.e. @ = 1);

e the set {v1, V2, v3} with corresponding coefficients ¢; = ¢2 = ¢3 = 2 (i.e. a = 2);

e the set {vy, V5, v6} with corresponding coefficients ¢4 = ¢5 = ¢ = 2 (i.e. « = 0).

Example 4.17 illustrates for N = 3 that IV lines on which the orthogonal projections
of a set of IV vectors are taken do not always suffice to uniquely determine this set
of vectors. As Rényi states in [60], such examples can always be constructed in the
following way:
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Figure 4.7. Left: Original shift vectors in time domain. Right: The set {vy, v, v3} yields
the same orthogonal projections onto the lines xo =0, x1 = 0, and zo = tan(%)xl as the set
{v4, 5,06}

Procedure 4.18. (Construction of a set of N vectors being not uniquely
determined by orthogonal projections onto N lines — according to [60]).

Consider a convex polygon of 2N sides with anticlockwise numbered vertices v; for
j=1,...,2N such that the following condition is satisfied:

The line through the vertices v; and vy, is parallel to the line through the
vertices vy and v,, in the case

j+k=1(mod2) and j+k=/{¢+m (mod2N). (4.44)

There are N distinct sets of such parallel lines, see Figure 4.8. Denote these sets by
S;, j=1,...,N. Further, denote the line through the origin which is perpendicular
to the lines in S; by /;, and take the sets

Vi:={voj41|j€{0,1,2,...,N—1}} and Va:={wy;|j€{1,2,...,N}}.

Then the orthogonal projections of the elements in V; onto the lines [y, ...,y are the
same as the orthogonal projections of the vectors in V5.

Thus, in order to be always able to uniquely recover a set of N vectors from given
orthogonal projections of these vectors onto predetermined lines through the origin,
we need N + 1 lines through the origin. In our reconstruction scheme, we obtain these
orthogonal projections by using Fourier samples from corresponding N + 1 lines in
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Figure 4.8. Left: Starting with an arbitrary vertex of the grey polygon, and connecting it with
its successor (here, starting with vy ), we obtain a set of N parallel lines (here, N = 4) fulfilling
(4.44). Right: Mowving in anticlockwise direction, we find further N — 1 sets of parallel lines
(blue, brown, and green lines) fulfilling (4.44).

the frequency domain where we take N + 1 samples on each line. Remember that the
origin is always taken as a sampling location. Hence, we need

(N+1) - (N+1)=N=N-(N+1)+1=N?*+N+1

Fourier samples. This means that we need N2 — 2N sampling values more than we
need in the case of adaptive sampling, where we only need 3N + 1 Fourier samples.

Let us turn back to our original problem, i.e. the recovery of shift vectors and cor-
responding positive coefficients of a function of the form (4.28) using Fourier samples
from predetermined lines through the origin in the frequency domain.

First, we take N +1 arbitrary distinct lines [;, 7 = 1,..., N+1, through the origin in
the frequency domain such that we obtain N + 1 univariate problems similar to (4.31)
and (4.35). On each line, we use equispaced sampling locations with step size h where
we always take the origin as a sampling location. Each of the lines [; corresponds to a
line [; through the origin in the time domain (j = 1,..., N +1). Applying the Prony
method, see Algorithm 2.5, to each of the N + 1 univariate problems, we obtain the
orthogonal projections of all shift vectors onto the lines Iy, .. ., Iy4+1 with corresponding
coefficients.

Secondly, the proof of Proposition 4.16 now provides a reconstruction scheme to
recover the original shift vectors from these known orthogonal projections. Further,
we have to compute the original corresponding coefficients. Remember that the cor-
responding coefficients which we obtain by applying the Prony method may be sums
of coefficients that correspond to original shift vectors with same coordinate values.
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Assume that the coefficients cj,...,cy in (4.28) are positive, and that we have
given the orthogonal projections of the original shift vectors v1,..., vy onto the lines
li,....,Iny1,le.vjpforje {1,...,N}and k € {1,..., N+1} with corresponding coef-
ficients. Then we can compute the original shift vectors and the original corresponding
coeflicients by using the following algorithm:

Algorithm 4.19. (Reconstruction of shift vectors and corresponding coef-
ficients using sampling on predetermined lines).
e Input:

Orthogonal projections of the original shift vectors vi,...,vy onto the
lines Iy, ...,In+1 with corresponding coefficients. Thus, for each line I
(k € {1,...,N + 1}) the distinct coordinate values of the original shift
vectors with respect to the lines Iy, ...,INy1 are given by

Vie : ={01 ks Vo ks - - -, Oy i
with corresponding coefficients

cf:: Z ce, j=1,...,Ng.

£:vg g =7; 1

e Computation:

1. Compute the set K of the original shift vectors, i.e.
K:={v|P,(v)€Vfork=1,...,N+1}.

2. For each of the lines /1, . .., Iy41, consider the associated extreme projecting
lines.

3. Determine a point p which is common to r > 3 extreme projecting lines
and set
V1 i =D.
(We know from the proof of Proposition 4.16 that there exists at least one such point.)

4. Among these r extreme projecting lines, find the line which goes only
through v; but not through other points in K. This line is perpendicu-
lar to a line I, for an index ky € {1,...,N + 1}. Determine the index
jo € {1,..., Ni} such that Py, (v1) = vj,k,- Then set

c1i= cfg
(There exists at least one extreme projecting line which goes only through v;, see the proof of

Proposition 4.16. Since we have found an extreme projecting line which goes only through vy,
there are no summation effects such that c?é’ is the original corresponding coefficient.)



88 4. Recovery of special bivariate functions from sparse Fourier samples

5. Update the set K, the sets Vk, k=1,...,N + 1, and the corresponding
coefficients c;? as follows:

a) Set K:=K \ {v1}.
b) Set Vi := Vi \ {Tjo.ko }-
¢) For each k € {1,...,N + 1} \ {ko}, consider the set Vj:
— Determine the index ji, € {1,..., Ny} such that Py, (v1) = vj, -

— If the projecting line which is associated with the line I and v
contains no other point from K, then set

Vi = Vi \ {9, 1 }-

Otherwise, update the coefficient cé“k corresponding to v;, 1 by

6. Repeat the computation steps 1-5 until K is an empty set.

e Output: Shift vectors vy, ...,vy with corresponding coefficients ¢y, co, ..., cn
determining f in (4.28).

Remark 4.20.

In many practical cases, it is sufficient to take fewer than N + 1 sampling lines in
order to uniquely determine the N shift vectors and the corresponding coefficients
since the cases where N sampling lines do not suffice are sets of vectors with a very
special structure, compare Procedure 4.18. Such an approach is used in [57], where
in the case of parameter estimation for bivariate exponential sums at most N + 1
sampling lines are considered for the estimation of the frequency vectors f; and the
corresponding coefficients ¢; in an exponential sum of the form

N
g(x) ::Zq i) e R
j=1

First, the axes in the real plane are used as sampling lines. With regard to these
two lines, two problems of parameter estimation for univariate exponential sums are
obtained. The solutions to these two problems yield a set of feasible frequency vectors
similar to the candidate set K we consider in Step 5 of Algorithm 4.12.

Then further sampling lines are considered in order to test if a feasible frequency vec-
tor is an actual frequency vector of g. But it is not directly clear if a third line suffices,
or if a fourth, fifth, sixth line and so on is needed. This is only found out in the last
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step of the computation of the coefficients, which is done by an overdetermined linear
system. If the rank of the involved data matrix is not equal to the number of feasible
frequency vectors, another sampling line is needed. This may happen repeatedly such
that up to at most N 4+ 1 sampling lines are needed.

Hence, also the method presented in [57] uses an adaptive sampling scheme in the
sense that, due to the solvability of a linear system, it is decided if further sampling
lines are needed. Those additional sampling lines are not chosen dependently on the
already found set of feasible frequency vectors. Therefore, it may well happen that
much more sampling values are needed than in our proposed reconstruction scheme in
Subsection 4.2.1, where we choose the third sampling line dependently on the results
obtained by using the sampling values from the first two lines. In this way, it is
ensured that we do not need more than a third sampling line. Instead, a third line
always suffices regardless of the structure of the set of the actual frequency or shift
vectors.

4.3. Numerical results

Now we want to apply the reconstruction method using adaptive sampling from Sub-
section 4.2.1 in order to recover non-uniform translates of bivariate functions, i.e.
functions f of the form (4.28), where we want to uniquely determine the shift vectors
v1,...,vN, and the coefficients cq, ..., cn.

First, remember Algorithm 4.12. In the first four steps of this algorithm, we restrict
the function g defined in (4.30), which we consider for the reconstruction of f, to
the wi- and the we-axis in the frequency domain. Thus, we obtain two univariate
problems. We apply the Prony method as described in Section 2.2 to these problems
in order to obtain the sets V; = {v11,...,9n, 1} and Vo = {v1,2,...,VUn, 2} of the first
and second coordinates of the true shift vectors respectively. Then we know that the
true shift vectors are contained in the candidate set

K= {v ::(vl,vg)T | vy € ‘71, Vg € ‘72},

and we determine a line zo = tan(9m)z; with 9 € (0,1)\ {3} such that the orthogonal
projections of all candidate vectors in K onto this line are distinct. We denote this
line by [, and we have

Il={ | e R}

with the normalized direction vector
cos ()
wi=| . .
sin ()
The parameter ¥ also determines the third sampling line in the frequency domain,
i.e. wy = tan(¥m)wi, to which we restrict the function g in the next step such that we
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get a third univariate problem. Applying again the Prony method, we finally find the
true shift vectors by comparing the results from the third problem with the candidate
set, and we also compute the corresponding coefficients.

In order to improve the robustness of the reconstruction method, the parameter o
of the line [ should be chosen in such a way that the minimal distance between two
orthogonal projections of candidate vectors from K onto the line [ is maximized. The
orthogonal projection P;(v) of v € K onto the line [ is given by’

Pi(v) = (v, u)u = (cos(Im)vy + sin(Im)ve)u

and the distance between two projections P;(v) and P;(w), v,w € K, v # w is given
by ||P;(v) — P;(w)]|2, for which we have

|IP;(v) — %: H v, u)u — (w,u uH2 H(v—w,u>uH§
= (v —w, u))*|[ull}

= ((v— w,u))2

since ||u|l2 = 1. Thus, in order to choose ¥ as mentioned, we need to maximize the
minimal distance between two projections with respect to 9, that is, we have to solve
the max-min problem

max  min ((v —w, u))2 (4.45)
D€(0,)\{5} vwek
VAW

In the following numerical examples, this is done by considering a discrete set of
values 7 rad for the angle between the positive wi-axis and the part of the line
wo = tan(¥m)w; which lies in the upper half space. In particular, we consider the

parameter 1 for

1 4 5
— <¥9<- and -<I9<— (4.46)
18 9 9 18

in increments of 720, that is, we consider angles from 10° to 80° and from 100° to 170°

in 0.25° increments.

Now we have to take Fourier samples from the third sampling line. Note that we
use clean data by simulating the Fourier data of the function f which we want to
reconstruct by using Fourier samples. Since we use a discrete grid setting of size
128 x 128 such that we have given function values on all grid points, and since we
use the discrete Fourier transform in order to obtain the simulated Fourier data, we
are able to take Fourier samples on the lines wy = 0 and w; = 0 in the frequency
domain. But, using this approach, we do not exactly have the Fourier data on the
third sampling line wy = tan(Y¥m)w;, where we want to consider equispaced sampling

TCf. [39, p. 118, (1.88)], for example.
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locations with step size h. Therefore, we use another approach to simulate the Fourier
data of the third sampling line.

First, consider the case of a continuous function argument. The rotation around the
fixed origin is a linear transformation. It is given by the rotation matrix

po= () i)

where 1) is the angle of the rotation, and the rotation is an orthogonal transformation
(note DT = D! and hence the preservation of the inner product, cf. [63, p. 134]).
Thus, we can interchange the application of the Fourier transform and the rotation,
see [63, p. 135, Theorem 1.1].

Let us turn back to the discrete setting. We consider the values of the function f on
a square grid of size 128 x 128 where the values of the first and the second coordinate
are ranging from —64 to 63 and from —63 to 64 respectively. Actually, we consider a
matrix of size 128 x 128 such that the entries of the matrix are the function values of
f at the grid points. Here, the first coordinate corresponds to the column index of the
matrix, and the second coordinate corresponds to the row index. The origin of the
coordinate system then corresponds with the matrix entry in the 65th row and 65th
column of the matrix.

Aside from the horizontal and vertical axis in the frequency domain, the Fourier
transform f has to be sampled on a third, radial line. Since we also use a discrete
setting in the frequency domain, we are not able to consider exact radial lines. In order
to obtain exactly the data from the radial line wy = tan(9¥7m)w;, we rotate the original
function f, and afterwards we apply the Fourier transform. Actually, we use a so-called
passive rotation in the time domain, meaning that we rotate the coordinate system
anticlockwise such that the line xo = tan(¥m)z; in the original Cartesian coordinate
system becomes the horizontal axis in the rotated coordinate system. By applying the
Fourier transform afterwards, we can take Fourier samples on the horizontal axis in
the frequency domain (i.e. 65th row in the discrete setting in the frequency domain) in
order to obtain the Fourier data from the original third sampling line we = tan(¥7m)w;.

We have explained that this is possible in the case of a continuous function argu-
ment. Now we use this approach in the discrete setting. For this purpose, we use the
restriction that the shift vectors of the original function f are only lying in the disc
determined by the incircle of the discrete grid. By this circle, we mean the incircle of
the square domain which is the convex hull of the discrete grid.

For the following examples, we have taken the radial function
&(x1,x9) 1= exp(—a . (m% + x%))

with a:=0.05. The original parameters are always denoted by v;1, vj2, and c; for
the coordinates of the shift vectors and the corresponding coefficients respectively.
Parameters with the superscript * denote reconstructed parameters.
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First, we have taken an original function which consists only of four summands, but
where three shift vectors are lying closely to each other on the same vertical line, see
Figure 4.9. Visually, one can only make out two shift vectors. The determining para-
meters for the displayed original function are listed in Table 4.1. In addition, also the
absolute reconstruction errors between the original parameters and the reconstructed
parameters are given in Table 4.1. We have used these parameters to evaluate the re-
constructed function on the discrete grid and to compare it with the original function
on this grid. In this way, we find a maximal absolute error between the original and
reconstructed function of approximately 1.175 - 1075,

64
6
5
4
0 . i
3
2
1
-63 0
) 0 63

Figure 4.9. Original function of form (4.28), determined by ('Uj)?:l; (%‘)?:1 in Table 4.1.

G v [ o =il | wia | w2 —vlsl ¢ | lg—cl |
1] 34 0 5 1.194-10711 | 3 [ 1.862-10710
2 | -34 0 5 1.194-107 | 4 | 1.408 - 1012
3 34 0 10 1.779-1078 | 2 | 5.141-1077
4] 34 0 1025 | 7.993-1079 | 4 | 5.143-10 "

Table 4.1. Parameters of the original function in Figure 4.9 and approximate reconstruction
errors. The measure of the angle between the first sampling line and the adaptively determined
third sampling line is 80°, i.e. ¥ = %.

Secondly, we consider a linear combination of seven translates of @, see Figure 4.10.
Again, some shift vectors are only slightly different, see Table 4.2, such that one can
identify only five shift vectors visually. Evaluation of the reconstructed function on
the grid yields a maximal absolute error of approximately 1.152 - 1077,

In the last example, see Figure 4.11, we have a function which has an 8-fold rotation
symmetry if we only consider the shift vectors but not the coefficients. Thus, it is
important to use adaptive sampling. By comparing the original function and the
reconstructed function on the grid, we find a maximal absolute reconstruction error
of approximately 3.338 - 10710,
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Figure 4.10. Original function of the
form (4.28), determined by ('Uj);:1 and
(¢j)i—; given in Table 4.2.

Figure 4.11. Original function of the
form (4.28), determined by (v;)5_, and
(¢j)3=1 given in Table 4.3.

G v | Toa =il [ vie | Jve—vial [ ¢ | lg—¢l |
1] -25 |3.908-10~™ 8 0 2 [9.952.10713
201-10.2]2959-1072 | -19.9 | 9.366-10"'1 | 1 | 2.717-10°F
3 -10 | 1.847-1078 | 20 |1416-107'1 ] 2 | 2.717-10°©
41 -10 | 1.847-10713 8 0 2 | 5.64-1071
5 15 |5.329-107*° | 20 |1416-10"" | 5 | 5.033-10"1!
6 15 |5.329-1071° [ 39.25 | 1.421-10"12 | 3 [ 8.635-10" 1!
71 15 [5329-100"° | 40 | 8.05-107" | 0.5 8.635-10"11

Table 4.2. Parameters of the original function in Figure 4.10 and approzimate reconstruction
errors. The measure of the angle between the first sampling line and the adaptively determined
third sampling line is 45°, i.e. ¥ = i.

G v | o —vil T2 | lvia—viol [ ] lg—¢l |
1] -10]1776-107" | 20 | 1.776-10"1* | 1 | 2.847-10"10
21 10 [ 1.954-1071 | 10 | 1.776-10"4 | 2 | 1.004-10~10
31 20 [1.066-10"™] 10 | 1.03-10713 | 3 | 3.338-10°10
41 20 [ 1.066-1071 | -10 | 5.329-10"™ | 1 | 8.909-10~12
51 10 [ 1.954-1071 | -20 | 2.842-107™ [ 1 | 8.074-10~ "
6| -10 | 1.776-1071° | 20 | 2.842-10"™ | 2 | 5.079-10~ 1
71 -20]3.553-107 [ -10 | 5.329-10"® | 3 | 1.29.10710
81 -203553-100® [ 10 | 1.03-10713 | 1 | 4.498 .10 1!
Table 4.3. Parameters of the original function in Figure 4.11 and approzimate reconstruction

errors. The measure of the angle between the first sampling line and the adaptively determined
third sampling line is 78.75°, i.e. ¥ = 0.4375.






5. Generalization to d-variate functions
with d > 2

Now we want to generalize the theory of the reconstruction of non-uniform translates
of bivariate functions to the d-variate case for d € IN with d > 2. In particular, we
extend the approach from Subsection 4.2.1 to the d-dimensional setting, that is, we
use adaptive sampling on d 4 1 lines through the origin in the frequency domain in
order to uniquely determine the shift vectors and coefficients of linear combinations
of non-uniform translates. Here, adaptive sampling on d 4 1 lines means that we use
Fourier samples from the d axes in the frequency domain and from one further line
which is chosen dependently on the results obtained by using the Fourier samples from
the d axes.

Note that we could also generalize the sampling approach from Subsection 4.2.2, that
is, we could use sampling on the d axes in the frequency domain and on some further
predetermined lines. Suppose that we have a linear combination of N non-uniform
translates. Then, by using the approach where the further sampling lines are not
chosen dependently on the results obtained before, one may need up to N —1 additional
sampling lines for each dimension r = 2,...,d, see Remark 4.20 and [57, Section 6].
Using the method of adaptive sampling instead, we only need d 4+ 1 sampling lines
altogether as shown in the following section.

5.1. Reconstruction of non-uniform translates of d-variate
functions using adaptive sampling

We consider functions f : R — R which have a sparse representation

N
f@):=)_ c;j®(x —v)) (5.1)
j=1
with non-zero, real-valued coefficients ¢; and real shift vectors v; (j =1,...,N). Fur-

ther, we assume that the given d-variate function ¢ € L!(R%) has a Fourier transform
satisfying the condition |®(w)| > C > 0 for ||wl|j2 < T for some positive constant 7.
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By applying the Fourier transform, we obtain

N
Flw) = <Z ¢ e_i<“””j>)§(w), w € R% (5.2)
j=1

Using an analogous approach as in Subsection 4.2.1, we will show that we are able
to uniquely determine the shift vectors v; 3:(”1‘,16)%:1 as well as the coefficients c;
(j=1,...,N) from (d 4+ 1)N + 1 Fourier samples. These samples are taken on d + 1
lines through the origin in the frequency domain where we use the d axes of the
Cartesian coordinate system and one further sampling line. This (d + 1)st sampling
line is computed dependently on the results which are obtained by using the Fourier
samples from the d axes.

Like in the bivariate case, we assume that the coefficients c1, ..., cy have the same
sign such that we avoid the problem of cancellation effects. We suppose that ¢; > 0
forall j € {1,...,N}.

Theorem 5.1 (Reconstruction of d-variate non-uniform translates).

Let & € LY(RY) be a given d-variate function with a Fourier transform satisfying
|@(w)| > C for |wlla < T for some constants C > 0 and T > 0. Further, let f
be a function with the sparse representation (5.1) where ¢; and v; = (vjx)i_, for
j =1,...,N are positive real-valued coefficients and real shift vectors respectively.
Assume that the constant h > 0 fulfils the conditions h||v;||2 < 7 for allj € {1,...,N}
and h < % Then we get the following reconstruction result:

The function f can be uniquely recovered from the (d + 1)N + 1 Fourier
samples which are given by the set

{£(0), F(they),..., f(thes), F(thu)|t=1,...,N}

where w s the normalized direction vector of a line through the origin in
the frequency domain which has to be chosen suitably.

Here, ey, k=1,...,d, denote the kth unit vectors such that (eg) = 1.

Proof. By considering (5.2) and the assumption about ®, we obtain
g(w) = L) _ S e i)

for w:=(wy){_, € R? with [|wl2 < T
In the first part of the proof, we restrict the function g to each of the axes of the
Cartesian coordinate system. Thus, we get d univariate problems to which we can
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apply the Prony method. Then, based on the results obtained by the application of
the Prony method to these d problems, we choose another sampling line such that
we have another univariate problem by restricting g to the (d + 1)st sampling line.
Finally, we can compute the original shift vectors and coefficients by using Fourier
samples from this adaptively determined sampling line.

Part 1: For each k € {1,...,d}, consider the univariate function gx : R — C defined
by

N
wkek
gk (wi) == E cje —lokvik e € R,
@(wkek

where ey denotes the kth unit vector such that (ey); = 1.

Assume that the set {vi,...,vnx} of true shift coordinates contains N, < N
distinct values Uy < Vo < ... <Vn,k (k=1,...,d). This leads to
k . ~
gk (wg) = Zcf e WKk for k=1,...,d (5.3)
j=1
where we use the following definition for £k =1,...,d:
C?iz Z Cy, jZl,...,Nk.
£ vp | =7j
Since the coefficients c ,j=1,..., Ny, in each of the d problems in (5.3) are real-

valued, we can apply the Prony method from Section 2.2, in particular the steps 1-5
in Algorithm 2.5, to each of these problems in order to obtain the sets

Vir={®pr- - 0Nk}, k=1,...,d,
of the original shift coordinates. For this purpose, we use the sets
{F(they) | £=0,...,N}, k=1,....d,
of Fourier samples from which we can compute the function values

9k(0), gk(h), gr(2h), ..., gr(Nh)

fork=1,...,d.

Observe that the condition for the application of the Prony method is fulfilled for
all k& € {1,...,d} since we have h|v;;| < h|vjlla < 7 for all j € {1,..., Ny} by
assumption. Further, the fractions

gk (Ch) =
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are well defined for all k € {1,...,d} since we have @(Zhek) #0for¢{=0,...,N by
the assumptions h < L and |®(w)| > C > 0 for |lw|2 < T.

Part 2: Knowing the sets {v1,...,Un,k}, K = 1,...,d, of shift coordinates, we can
compute the Cartesian product

K:={v:=(0p)i_s | vk € Vi, k=1,....d}, (5.4)

which contains all true shift vectors and altogether ngl N, < N? candidate vectors
for the true shift vectors.

In the next part of the proof, we want to determine the true shift vectors in this
candidate set and the corresponding coefficients. For this purpose, we choose a line in
the time domain, denoted by I:={\u |\ € R} with u € R? where ||u||2 = 1, such that
the orthogonal projections of all candidate vectors in K onto this line [ are pairwise
different, see Figure 5.1. Then the direction vector u determines the (d+1)st sampling
line in the frequency domain, that is, we take the Fourier samples

~

F(thw), €=0,1,...,N.

Part 3: Now we consider the univariate function g4y1 : R — C defined by

FOw) = iwue) NS,
Jar1(w) == = Z c; e iwluvs) — Z cje” 'Whdtl e R,
Plwu) i =
with
Vjdag1:=(u,v;), j=1,...,N.

Note that these values are coordinate values of the true shift vectors with respect to the
line [ = {\u| X € R}, and that these values are pairwise different because all possible
shift vectors in K yield, due to the choice of u, different orthogonal projections onto
the line [. Thus, there are no summation effects for the coefficients.

Let us order the coordinate values v; g1 such that we obtain

N
_ d+1 —iwv;
ga+1(wu) = g e It (5.5)
j=1
with
V1d+1 < V2441 < ... <UNd+1
. . d+1 d+1 ~ ~ .
and corresponding coefficients ¢{™ ", ..., ¢\’ where {U1 441,...,Un,4+1} is a permuted
version of {vi411,...,Una+1}, and the same permutation maps {ci,...,cy} onto

{edH ety
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Figure 5.1. Ezample for the determination of the line | = { | A € R} (black, solid line)
in the time domain (displayed ezample: space R, i.e. d = 3). The points vy :=(3,3,3)T,
vy :=(—3,-3,3)T, and v3:=(3, =3, —3)T are original shift vectors, while the other points (black
dots) are further candidates in K. The direction vector u then determines the (d+1)st sampling
line in the frequency domain.

Then, by applying of the Prony method as described in Section 2.2 to the function
Jd+1, we find the set

Vir1 :={V1,d41, -, UNd+1}

and corresponding coefficients C?H, j =1,...,N. Observe here that the conditions
for the Prony method are fulfilled analogously to Part 1 of the proof on hand.

Part 4: Now we have to find the true shift vectors in the candidate set K in (5.4). This

can be done by comparison of the set K with the set 1~/d+1. We determine all vectors
v = (vg)¢_, in K for which there exist indices j € {1,..., N} such that (u,v) = v 441
Then the set

Gi={v= ()l | €V fork=1,....d, (u,v) € Vgy1}

contains only the N true shift vectors vq,...,vy, and each of the vectors v € G is

uniquely associated with a coefficient c;Hl for j € {1,..., N}. Thus, we have

G ={vi,ve,...,0n} (5.6)
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with corresponding coefficients
€1,C2,...,CN. (5.7)

The parameters of the function f in (5.1), which we wanted to recover, are now
given by the elements of G in (5.6) and the corresponding coefficients in (5.7). O

Summarizing the steps in the above proof, we obtain, as a generalization of Al-
gorithm 4.12, the following algorithm for the reconstruction of non-uniform translates
of d-variate functions where we assume that the coefficients ¢;, j =1,..., N, in (5.1)
are positive.

Algorithm 5.2 (Reconstruction of d-variate non-uniform translates).

e Input:
— & € LY(RY) with |@(w)| > C for ||w||2 < T for some C >0 and T > 0;
— step size h > 0 with hf|v;lls <mfor j=1,...,N and h < &;
— (d+ 1)N + 1 Fourier samples, given by the set

{£(0), f(they),...,F(theq), Fthu) [£=1,...,N}

where u is the normalized direction vector of a line through the origin in
the frequency domain which has to be chosen suitably, see Step 4 of the
computation.

e Computation:

1. Compute the function values

9£(0), gr(h), gr(2h), ..., gr(Nh)

for each k € {1,...,d}.

2. Use Algorithm 2.5, Steps 1-5 in order to compute the coordinate values
Ujk, j=1,..., Ny, in each of the problems in (5.3).

3. Compute the Cartesian product of the sets Vi = {U1k...,0n,k} Where
k=1,...,d, as the set of possible candidates for the true shift vectors, i.e.

K::{U::(Uk:)g:l |k € Vi, k=1,... ,d}.

4. Choose a normalized direction vector u € R? such that the orthogonal
projections of all candidate vectors in K onto the line [ = {A\u |\ € R} are
distinct.
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~

5. Acquire the N Fourier samples f(¢hu), £ =1,..., N. Then compute

~

Lhu
g(ﬁhu):'f\( ), £=1,...,N.
&(lhu)

6. Use Algorithm 2.5 in order to compute the coordinate values v; 441 and
the corresponding coefficients C?H, j=1,...,N,in (5.5).

7. Determine the true shift vectors vy,..., vy in K by comparison with the
set Var1 = {V1,d41,-..,UNd+1}, that is, determine all vectors v = (vk)zzl
in K for which there exist indices j € {1,..., N} such that (u,v) =V q41.
Thus, we obtain the set G = {v1,v9,...,vy} with corresponding coeffi-
cients ¢y, co,...,CN.

e Output: Shift vectors vy, ...,vy with corresponding coefficients ¢y, co, ..., cn

determining f in (5.1).

5.2. Numerical results

In analogy to the bivariate case, we want to show some numerical examples for the
recovery of non-uniform translates of d-variate functions where we consider the case
d = 3, that is, we consider functions f of the form (5.1), and we aim to uniquely deter-
mine the shift vectors vy, ..., vy, and the coefficients cq, ..., cy in a three-dimensional
setting. The Fourier data are simulated using an approach similar to the one used in
the bivariate case.

Remember that we use Fourier samples from the wi-, ws-, and ws-axis in the fre-
quency domain in order to obtain sets of distinct values for the coordinates of the true
shift vectors. By considering the Cartesian product of these sets, we construct a set K
of candidates for the true shift vectors. Then the fourth sampling line [ :={ u | A € R}
in the frequency domain is chosen in such a way that the minimal distance between
two orthogonal projections of candidate vectors onto the line [:={A\u | € R} in the
time domain is maximized. As we have seen in the bivariate case, see Section 4.3, this
leads to the problem of maximizing

. 2
vgl(}lgn}(((u —w,u))".
VAW

Here, the direction vector u is given by

w:=(cos(t)) sin(8), sin(eh) sin(8), cos(6)) " (5.8)
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with
(¥,0) € ([-5.5] x (0,m)\{(0,5),(5.5)} =5

Observe that w is given in spherical coordinates, and the restrictions for the angles 1
and # are, on the one hand, due to the convention that the direction vector w should
have a non-negative first coordinate. On the other hand, the fourth sampling line
should be really a fourth line and not one of the axes of the coordinate system, which
are already considered as sampling lines. Thus, we obtain the max-min problem

. 2
max  min ((v—w,u))
(¢,0)e$’v,w€K

vFW

for the determination of the fourth sampling line.

Since we use a discrete grid setting of size 128 x 128 x 128 for our numerical examples,
we are not able to exactly sample on radial lines in the frequency domain. Therefore, in
order to obtain exactly the Fourier data from the fourth sampling line I = {\u |\ € R},
we rotate the coordinate system in the time domain such that the line [ = {A\u |\ € R}
in the original coordinate system becomes the x1-axis in the rotated coordinate system.
After applying the Fourier transform, we can take Fourier samples on the wi-axis in
the frequency domain in order to acquire the Fourier data from the original fourth
sampling line l.

We use the following approach for the rotation of the coordinate system in the time
domain:

e Using the cross product, determine the unit vector v which is orthogonal to the
plane spanned by e; and w. The direction of v is then given by the right-hand
rule’. Remember the convention that the first coordinate of u is non-negative.
In particular, we compute

0
’lLL =e; Xu=| —us
U2
and
~ 'U/J‘
u=—--:
[tz

e Determine the angle between the vectors® u and e, i.e.

o:=arccos(u1) € (0,5].

'See [43, pp. 167-168], for example.
2See [43, p. 158, Definition 12.7, (1)], for example.
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e Rotate the original coordinate system around the line [+ :={\u |\ € R} by the
angle g, and hence obtain a new coordinate system where the x;-axis is now the
line I = {Au| X € R} from the original coordinate system. Each point ppey of
the rotated system is given by

Pnew = D oD

where p is the corresponding point in the original system. Further, D, denotes
the rotation matrix for the described rotation and is given by?

DQ::(DQJ Dy D913)

with
u3 (1 — cos(p)) + cos(o)
D, := u2u1(1 — cos(g)) + ugsin(p) | ,
usuq (1 - cos(g)) — ug sin(p)
U1z (1 — cos(p)) — ussin(o)
Dy = U%(l —cos(g)) +cos(o) |,
UsUa (1 — cos(g)) + w1 sin(p)
and

U1us (1 — cos(g)) + g sin(p)
D,3:= ﬂgﬂg(l — cos(g)) — uy sin(p)
u3(1 — cos(p)) + cos(o)

In analogy to the bivariate case, we consider linear combinations of translates of the
radial function

b(x,y,2) ::exp(—a . (5132 + %+ z2))

with a:=0.05. The original parameters are denoted by v;1, vj2, v;3, and ¢; for the
coordinates of the shift vectors and the corresponding coefficients respectively, while
parameters with the superscript * denote reconstructed parameters. We evaluate the
reconstructed function on the discrete grid such that we can compute a maximal
absolute reconstruction error by comparison with the original function on the grid.
Observe that in the second and third example we consider functions where some shift
vectors are lying closely to each other.

3Cf. [39, pp. 447-448].
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64 T g X
o -63

Figure 5.2. Original function of the form (5.1), determined by (v;)S_; and (c;)3—, given in

J
Table 5.1.

i via [ o2 [vis e | Tvja—vil | w2 —vial | lvs—visl | lei—cl |
1] 10 | -20 311954-107™ [ 1.066-10"™ | 4.533-10"" | 1.023- 10!
2110 | 20 | 0 |4]1.954-107" | 3.553-1071° | 4.533-10"1° | 5.085- 1012
3[-10-20] 0 |2]5.3290-1071° | 1.066-10"* | 4.533-10"1° | 9.700 - 1012
4(-10 | 20 | 0 |5]5.329-1071° | 3.553-10~1° | 4.533-10~1° | 5.600 - 10~ 12
50-10] 0 [ 30 |1]5.329-1071° | 2.072-107" | 7.105-10"1° | 5.818 - 1014
6/ 10| 0 [-304]1.954-107[2.072-1071 | 3.553-10"1° | 7.416-10"14

Table 5.1. Parameters of the original function in Figure 5.2 and approximate reconstruction
errors. Mazimal absolute reconstruction error: 1.023-1071'. The fourth sampling line is given
by the direction vector uw of form (5.8) where the measure of the angle ¢ is —64°, and the
measure of the angle 6 is 29°.

Figure 5.3. Original function of the form (5.1), determined by ('Uj)?:l and (cj);l-zl given in
Table 5.2.
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g v [ vie [ wis [ o] oo —vial | Jvje—vial | luz—visl | lej— ¢

1]l 45 0 0 [4]1.269-10711] 7.208-1077 | 1.16-10"" [ 6.838-10~F
21 45 1025]-053]1.269-1071F | 9.806-10Y | 3.882-10"1 [ 7.222.10°°
31 45 | 10 | 15 | 5]1.269-10" 11 | 1.737-10"™ | 3.908 - 10~ [ 1.558 - 107
41 -15 | -15 0 [7]5511-10711]1.954-10713 | 1.16-1071F [ 2.284-107

Table 5.2. Parameters of the original function in Figure 5.3 and approximate reconstruction
errors. Mazimal absolute reconstruction error: 9.866 - 1077, The fourth sampling line is given
by the direction vector u of form (5.8) where the measure of the angle ¥ is 79°, and the measure
of the angle 0 is 44°.

Figure 5.4. Original function of the form (5.1), determined by (v;)5_; and (c;)3_, given in
Table 5.3.

gl via [ o2 [vis e | Tvja—vil | w2 —vlsl | lus—visl | lei—c |
1] 20 o | 10 [3]3.553-10"1 | 1.852-10"1* | 1.421-10" | 7.389 .10~ 10
2120 1 30 | 0 |2]3553-1071°]2487-10714 | 2.328-10"14 | 5.677-10"12
3 -15120 | 30 | 5|5.347-10713 | 2.842-107'% | 3.553-10"'° | 6.188-10"12
41 -151-20] 0 [4]5.347-10713 [ 1.776 - 107 1% | 2.328 - 10~ 1% | 1.318- 10~
50 -14]-20] 0 [4]8207-1078 [ 1.776-10"* | 2.328 .10~ | 1.311-107"

Table 5.3. Parameters of the original function in Figure 5.4 and approximate reconstruction
errors. Mazimal absolute reconstruction error: 2.515-1078. The fourth sampling line is given
by the direction vector w of form (5.8) where the measure of the angle v is —58°, and the
measure of the angle 8 is T8°.






6. Reconstruction of polygonal shapes
from sparse Fourier samples

In this last chapter of the main part, we want to consider a further reconstruction
problem in two dimensions which is completely different from the two-dimensional
problems dealt with in Chapter 4. Here, we want to reconstruct polygonal shapes in
the real plane from as few Fourier samples as possible, that is, we want to recover
an original polygonal domain D with N vertices by using sparse sampling values of
the Fourier transform of the characteristic function of the polygonal domain. We only
consider simply-connected polygons, i.e. polygons with non-intersecting edges. For this
purpose, we need to reconstruct the vertices of the polygon, and we need to know
what the interior of the polygon looks like, that is, we have to reconstruct the order
of the vertices in order to know which vertices are connected by line segments. This
is a very important step, especially in the case of non-convex polygons.

Considering convex polygons, it is sufficient to know the vertices in order to obtain
a reconstruction of the polygon. But in the case of concave polygons with at least
four vertices, there are always several distinct polygons which have the same vertices.
Thus, we use an approach consisting of two steps. First, we compute the vertices by
applying the Prony method from Section 2.2 to Fourier samples taken on three lines
through the origin in the frequency domain. Here, we use, similarly to the approach in
Subsection 4.2.1, adaptive sampling. This means that the third sampling line is chosen
dependently on the resulting candidate set obtained from processing the Fourier data
from the first two sampling lines. The application of the Prony method does not only
yield the vertices but also corresponding coefficients which we use in the second step
of our approach to determine the order of the vertices.

A similar problem of reconstructing polygons from some given data has been exam-
ined in [21,27,47]. In these papers, the given data are complex moments, i.e. integral
moments of the analytic power function f(z) = z* over the characteristic function of
the polygonal domain D with z =z 4+ iy, z,y € R. The given data are of the form

N
k(k—1)/z“d(x,y) => a2, k=0,...,2N -1, (6.1)
D j=1

where z; are the vertices of the polygon in the complex plane, and Prony-like methods
are employed in order to determine the vertices. In [27,47], it is discussed that, even
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if besides the vertices also the coefficients a; in (6.1) are given, there are some cases
such that the interior of the polygon is not uniquely determined. Also in cases of
a unique solution, the step of ordering the vertices to determine the interior of the
polygon yields the problem of deciding on the right configuration of up to at most
2V=1 possible scenarios for the sides of the polygon, see [27, Subsection 3.2], that is,
it leads to a problem in computational geometry and graph theory, see [20].

In the following subsection, we will show that our proposed approach for the re-
construction of polygons from sparse Fourier samples always leads to the unique de-
termination of the polygon by using adaptive sampling on three lines in the frequency
domain, that is, we need 3N Fourier samples in order to determine the N vertices and
their right order.

6.1. Reconstruction of polygonal shapes in the space IR?

Consider a function f : R? — R of the special form
f(x):=1p(x), x € R?, (6.2)

where 1p is the characteristic function of the domain D C R?. Here, D is a polygonal
domain determined by the N vertices v; € R2?, j = 1,...,N, which are numbered
anticlockwise. In the following, we will refer to the function f as unit-height polygon.

Figure 6.1. Ezample for a function of the form (6.2) with 5 vertices.

We gain to reconstruct the domain D from sparse Fourier samples. The Fourier
transform of f is given by

fle) = / 1p(z) e 6@ dg = / e~ dp, £ e R2 (6.3)

R?2 D
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In order to reconstruct the polygonal domain from Fourier samples, we have to
extract information about D from these samples. Therefore, we need a representation
of f where the vertices v; occur because the vertices and the order of the vertices, that
is the information which vertices are connected by line segments, are the important
data which we need for the reconstruction of D.

Such a formula has been derived by Komrska in [41]. There, the Fraunhofer dif-
fraction at polygonal apertures is examined, which is described by an integral similar
to the one in (6.3). Komrska then evaluates that integral by showing that it is a lin-
ear combination of exponential terms corresponding to the vertices of the polygonal
aperture. We can transfer this approach to our setting and hence obtain

Proposition 6.1 (Fourier transform of a unit-height polygon).

Let D be a polygonal domain in R? with the N vertices v; = (v 1, ’Uj’g)T, j=1,...,N,
which are numbered anticlockwise with vyy1:=v1. For & # 0, the Fourier transform
of the function f: R? > x — 1p(x) is given by

<£7nj> —i(€,v;) —i(§,v5+1)
1§,V5) __ 1{§,V; 64
(&, vj41 — V) <e ¢ > (6.4)

-

Tle) — —i{€2) qp — 1
1 D/ C T e

with

and the convention
(&, m;) (e—i<g,vj> _e—i<§,vj+1>) — (e, mj) e HEws)
(&, vj41 — vj) T

if (€,vj+1 —v;) =0 for some j € {1,...,N}.

The proof which we will give here is based on the approach employed in [41].

Proof of Proposition 6.1. According to (6.3), the Fourier transform of f is given
by

(e) = / i€ 4p e R2 (6.5)
D
The integrand exp( —i(€, m>) satisfies the following property:
divy (gradx <e_i<§’m>)> = aa; e~ (E1m1tE2m2) —i-aa;% e~ HGm1t&n2)
=[(-1&)* + (—i&)?] o~ U&m)
= —[llge6”
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with & :=(&1,62)T, x:=(z1,22)T. Together with (6.5), this yields

f(ﬁ) = _||£1||% /div93 (gradm (efi(ﬁ’@)) dx for £ # 0. (6.6)

D

The polygonal domain D is a compact subset of R? and has a piecewise smooth
boundary dD. Further, the vector field grad,, (e_i<€’m>) is continuously differentiable.
Let 7 be the outward pointing unit normal field of S :=dD. Application of the diver-
gence theorem' to the integral in (6.6) results in

f :—i rad_ (e~ &) 7(z T .

where we have

i (i)Y _ %e—i(&m-l-fzm) _[(—i& - o i(G1z1+E202)
gradg I AP ((SESRR LN B —i&y - e~ (E1m1+E72)

9z (6.8)
— _1 (é-]') . e_ 1<£7$> — iEe_ 1(57:15) .
&
Since the domain D has a polygonal form, we get

N
oD =] 1L, (6.9)

i=1

where L1, ..., Ly are the edges of the polygon, with the parameterizations

lj(t) =v; + t(vj+1 - ’Uj), t e [O, 1], (6.10)
for j = 1,...,N. Remember that we number the vertices v; anticlockwise, and that

we use the convention vy = v1. Then the outward pointing unit normal vector n;
to the edge L; of the polygon D is given by

ﬁ:(o 1). Vi1~V 1 ( uj“,z—ng) (6.11)
771 0) Qo —villa lvje —villa \=[vir11 — vii]

such that n; is normalized and perpendicular to (vj41 — v;):

(V12 = vj2) - (V11 = vj1) = (11 = vj0) - (W12 = ¥j2) _
[vj11 — vl

(nj,vj4 —vj) =

We still need to verify that the direction of n; is correct. Note that the vertices of
the polygon D are numbered anticlockwise, and that n;, being the unit normal vector
to the edge L; which is pointing outward with respect to the polygon, needs to point
to the right-hand side of the direction vector v;11 — v;. By considering the following
cases, we show that the direction of n; as given in (6.11) is always correct.

'See [25, pp. 182-183, Satz 3].
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° (vj-i-l — ’Uj)l > 0, (’U]'_H — ’Uj)g > 0: (] (Uj+1 — ’Uj)l < 0, (’Uj+1 — ’Uj)g > 0:

= (ﬁj)l <0, (’ﬁj)Q > 0. = (’ﬁj)l <0, (’FL]')Q < 0.

Taking (6.8)-(6.11) into consideration, we evaluate the line integral® in (6.7) for
& # 0 as follows:

N 1
~ 1 e~ e Jd
fo) = > [ e €@ | Si)| g
€T 2 J a7,
1 X .
~TeE & / i(€,7y) e~ Eh vy — vypdt
2 j=1 0
1 X .
= HEHQZ/1< ’nj>e—1<£7vj+t(vj+1—vj)> dt (6.12)
with
(0 1
n; = 1 0 . ('Uj-‘rl — ’Uj). (6.13)

2See [32, pp. 376-377, Satz 180.6] and [32, p. 391, Satz 184.1] for the computation rules used for the
evaluation of the line integral.
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In the case (§,vj41 —v;) # 0 for all j € {1,..., N}, we compute

N 1
f(f) = L Z/i<£,nj> e_i<€ﬂ’j+t("’j+1—’0j)> dt
0

N . NEE!
1 ) e~ K& wj+t(vjr1—v;))
=——= Y il&n; .
e & 6 [(—l><s,vj+1 “u),

1 fj (0 (emilem) —eitewml) g0,

EE = (& v —v))

If (€,vj41 —vj) = 0 for some j € {1,..., N}, we have to take again a look at the
integral in (6.12). Then we have

1 1
/ i(¢, Uj+t(vj+l 'U] / E ,n‘7 i(g, v]) dt = 1<€, n]> e~ i(é»'vj> .
0 0

Altogether, we obtain

N

7o) = 1 3 (&, ;) (e—i(g,vj>_e—i<£,vj+1>>7 €240,

113 4= (€ vjer —vy)

with the convention

@ 1<J§”j> o <e—i(€,vj> _ e—i(é,vj+1>) = i(g, nj> e~ 1(&v))
y Ujg4+1 — Uy

if (§,vj41 —v;) =0 for some j € {1,..., N}. This completes the proof. O

Now we have a representation of the Fourier transform of the unit-height polygon
where the vertices of the polygon occur. We aim to derive a theory for the reconstruc-
tion of the polygonal domain D from sparse Fourier samples.

First, we make the assumption that no edge of the polygon D is parallel to the
x1-axis or the x9-axis in the plane. Then it holds that

<£,vj+1—'uj) %0 forall je {1,...,N}

for vectors £ of the form

£=(&,07 or £=(0,&)" with &,& #0,
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and we can use the expression in (6.4), which we can rephrase by taking the assumption
into consideration. Then we obtain

N

~ 1 (&,n;) il e,
fle) = J e~ &) _ o= (& vj41)
DS el )
TN N+1
_ 1 Z (€, n;) i<s,vj>_2M —ilgv;)
||€||2 Lj=1 £7v]+1 > =2 <€7'U] Vj— l>
TN N
_ 1 Z &) iew)) Z _&mnia1)  iewy)
||€||2 Lj=1 5,’0]+1—'UJ> j=2 67,0] vj 1>

_ (€, nn) e~ H&oNt1) |
<€) UN+1 — 'UN>
Remember that vy41 = v1. The additional conventions

vo:=vy and mngy:=ny

yield

ﬁ:( (€ n;)  (&my) )ei<£,vj> (6.14)

H£| 255 (€ vjp1—vy) (& v; —vj1)

for vectors € of the form & = (£1,0)T or & = (0,&)T with &,& # 0 (under the
assumption that no edge of the polygon is parallel to the x1- or xe-axis).
By considering the function

9(&) =||E[3F(€), (6.15)

we get a bivariate exponential sum with the vertices v; of the polygon D as exponents.
Making the further assumptions that the vertex coordinates v;1, 7 =1,..., N, as well
as the coordinates vj2, j = 1,..., N, are pairwise different, and using a similar idea
as in the bivariate case of non-uniform translates, cf. Subsection 4.2.1, we are able to
compute the vertices by applying the Prony method to sampling values from three
straight lines through the origin where the third line is determined adaptively.

The assumption that the vertex components v;1 and v; 2 are distinct in the z1- and
xo-direction of the Cartesian coordinate system respectively also ensures that no edge
of the polygon is parallel to the x1- or xo-axis.

However, it does not suffice to only know the vertices, see Figure 6.2, since the
polygon can be concave. Thus, we have to establish the true order of the vertices.
This means that we need to determine which vertices have to be connected by line
segments in order to reconstruct the original polygonal domain.



114 6. Reconstruction of polygonal shapes from sparse Fourier samples

€2

2

44

Figure 6.2. Example for two different unit-height polygons with the same 5 vertices.

The ordering of the computed vertices can be done with the help of the coefficients
which are obtained by applying the Prony method to three univariate problems, i.e.
to the sampling values from three straight lines in the plane.

We will collect the above observations in the following theorem, where the proof
is constructive. Note that the considered polygons are always assumed to be non-
degenerated such that three neighbouring vertices do not lie on the same line.

Theorem 6.2 (Reconstruction of polygonal domains).
Let f be a unit-height polygon as defined in (6.2), i.e. f: R2 — R with

f(x):=1p(x), =xcR?

where D is a polygon in R? with the N vertices v; = (vj1,vj2)T for j = 1,..., N,
which are numbered anticlockwise. Additionally, the vertex components vj1 and vj2
are distinct in the x1- and xo-direction of the Cartesian coordinate system respectively.
Further, assume that the constant h > 0 satisfies the condition h|vj|l2 < 7 for all
j€{l,...,N}. Then we get the following reconstruction result:

The polygon D can be uniquely recovered from the 3N Fourier samples

f(&) for
&' € {(¢h,0), (0, ¢h), (cos(Im)eh, sin(Im)th) | £=1,...,N}

where ¥ € (0,1) \ {3} needs to be chosen suitably.

Proof. The proof consists of five major parts. In the first two parts, we use the
Prony method (applied to sampling values of f from two straight lines in the fre-
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quency domain) in order to compute the coordinate values v; 1 and v; 2 of the vertices
V1,...,UN.

But we are faced with the problem of combining these coordinate values to points
in the plane which are the original vertices. Thus, in the next part, we determine a
candiate set of points that are possible vertices. Dependently on this candidate set, we
decide on a third sampling line such that we can use the results of the Prony method
applied to sampling values from this third line in order to uniquely determine the
original vertices in the fourth part of the proof.

In the fifth and last part, we establish the right order of the computed vertices, for
which we use the coefficients that we have obtained by the application of the Prony
method.

Part 1:
Due to the assumption that the vertex coordinates v;1, j = 1,..., N, as well as the
coordinates v;2, j = 1,..., N, are pairwise different, it is not possible that any edge

of the polygon D is parallel to the z1- or xe-axis of the Cartesian coordinate system.
Therefore, we can consider the function g defined in (6.15). The representation of the
Fourier transform of f in (6.14) then yields

N
= <E; nj> . <£,TL]‘_1> e*i<§,vj>
7e) ]; <<£= vir1 — ;) (§ v — ,vj_1>> (6.16)

with the conventions
UN+1 = V1, Vg =7VN, TNg=TNN. (6.17)

Taking vectors & of the form & = (£1,0)T, & # 0, we obtain

_ l flnj,l glnjfl,l —i&vin
960 =2 (g - )¢

& —via) &l — -1

where
nj71 :’Uj_,_l’g—ng, jZO,...,N,

see (6.13). Thus, we have the univariate exponential sum

N
9(61,0) =) aje i (6.18)
j=1

with the coefficients

;= 'Uj+1’2 — Uj72 _ Uj72 — 'Uj_l’2

= , j=1,...,N. (6.19)
Vj+11 V51 U1 T Ui-1
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Observe that the coefficient a; for j € {1,..., N} is the difference of the slopes of
the two line segments connecting the vertex v; with v;_; and v;;1. Since we have
made the assumption that the polygon D is non-degenerated, a; is non-zero. Further,
the value a; is well defined because no edge of the polygon is parallel to the zp-axis.
Hence, the values of the slopes of the edges are finite.

In order to obtain the vertex coordinates v;1 and the corresponding coefficients a;,
j=1,...,N, we apply the Prony method to the univariate function g(-,0) in (6.18).
Note that we have

N N v v v v
— — j+1’2 — j72 j:2 — .7'71’2
0.0 =0y = 3 (Ui be b2z
j=1 j=1 Uj+1,1 — V5.1 Vi1 — Vj-1,1
UN+1,2 — UN2 V1,2 — V0,2

= _— = 0
UN+1,1 —UN,1 V11 — V0,1

(6.20)

by (6.17). Further, the coefficients a; are real-valued, and we have h|v; 1| < h||vjlls < 7
forall j € {1,..., N} by assumption. Hence, we can use the Prony method as described
in Section 2.2. For this purpose, we need the function values

g(¢h,0), £=0,...,N,
which are given by (6.20), the definition of ¢ in (6.15), i.e.
g(th,0) = [¢h|?f(¢h,0), £=1,...,N,

and the N Fourier samples

~

f(¢h,0), ¢=1,...,N.
The application of the Prony method then yields frequency values
<o <...<an

and corresponding coefficients aq 1,...,aq,n as a result where the set {a1,...,an}
contains all vertex coordinates v11,...,vnN,1, and the set {aq1,...,aq,n} consists of
all coefficients ay,...,any. But we do not know the order of these coordinate values
and coefficients; that is, the permutation which maps (a1, ..., ay) onto (vi1,...,vN1)
and (ap,1,-..,0q,N) onto (a,...,ay) is unknown. This has to be determined later.

Part 2:
In an analogous way, we compute a set of values containing all vertex coordinates v; o
and corresponding coefficients.

By considering vectors & of the form & = (0, &))", & # 0, the representation (6.16)
results in

_ = 52’]7,]"2 62”]‘—1,2 — i
9(0752) - Z é.2( - ) e s

T \&(ving—vi2) vz —vi-12
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where the components n; 9 of the normal vectors are given by (6.13), i

njo =vj1 —vj41,1, J=0,...,N.

Hence, the univariate function g(0, -) is given by

N
9(0,62) = D _bje 2
j=1

where the coefficients b; are defined as follows:

b= Uil —Ui+1,1 Yi-11 — V5 i1 N
= 5 = 1l,..., .
Uj+172 - ,Uj»2 Uj72 - /Uj7172

.€.

(6.21)

(6.22)

The value b; is the difference of slopes of two neighbouring line segments where the
parameterizations of the line segments are considered as functions of xo. Similarly to
the case of the coefficients a;, see Part 1 of this proof, we conclude that the coefficients

bj, j=1,...,N, are well defined and non-zero.

Observe that h|v;a| < hllvjll2 < 7t for all j € {1,..., N} by assumption, and that
all coefficients b; are real-valued such that we can use the Prony method from Section
2.2 in order to determine the values v;2 and the coefficients b; for all j € {1,..., N}

in (6.21). The required function values
9(0,¢h), £=0,...,N,
are computed by using the N Fourier samples

F(0,¢h), €=1,...,N,

and R
9(0,£h) = [¢h|*f(0,¢h), €=1,...,N,

which is due to the definition of g in (6.15). Moreover, the function value ¢(0,0) is

equal to zero since (6.21) and (6.17) yield

V0,1 — V1,1

N N
9(0,0) => b, =
j=1 1

j=

Z (Uj,l — Ui+l Yj-11 — Uj,l) _ UN1 T UN+411 —0.
Vj+1,2 — V52 Uj2 — Uj—1.2 UN+1,2 —UN2 V12 — Up,2
Using the approach described above, we obtain values
fr<B2<...<Bn
with corresponding coefficients bg 1,...,bg v where we have
{ﬁl, . ,ﬂN} = {’0172, ey ’UN72} and {b@l, ceey b@N} = {bl, ey bN}.
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Comparably to the case of the vertex coordinates v;; and the coefficients a;, we do not
yet know the permutation which maps the sequences (f1,...,8n) and (b 1,...,bg N)

onto (v12,...,vnz2) and (by,...,by) respectively.

Part 3:

Now we have to compute the original vertices v1,...,vy. In the previous steps, we
have obtained the values of the vertex coordinates v;; and vjs for j =1,...,N. But

we do not know their order such that we do not know how to combine these coordinates
to points in the plane which are the original vertices. Thus, we can only consider the
Cartesian product of the sets {a,...,an} and {f1,...,8n} as a set of candidate
points for the original vertices. Let us denote this set by K:

K:={(o,B)": k=1,...,N, ¢=1,...,N}.

In order to determine the N original vertices in the set K of N? candidate points,
we use a third univariate problem to which we apply the Prony method. This means
that we need further Fourier data, namely Fourier samples from a third sampling line.

For this purpose, we choose a parameter ¥ € (0,1) \ {3} such that the orthogonal
projections of all candidate points in K onto the line xo = tan(dm)z, are pairwise
different, see Figure 6.3. This parameter ¢ is then used to determine the third sampling
line in the frequency domain. The angle between the positive wi-axis and the part of
the line wy = tan(¥m)w; which lies in the upper half space is given by the value 97 rad.
We use equispaced sampling locations on this third sampling line we = tan(¥7)w; with
step size h, see Figure 6.3, and take the N Fourier samples

f(cos(ﬁn)ﬁh,sin(ﬁﬂ)éh), ¢=1,...,N.

Since the orthogonal projections of all points in K onto the line xo = tan(dm)x;
are distinct, no possible edge of the polygon D, i.e. possible connection between two
points in K, is perpendicular to the line zo = tan(d¥7m)x;. Thus, we have

<€,Uj+1 — ’Uj) 7& 0 for all j € {1,. . .,N} (6.23)

for vectors £ = (cos(ﬂﬂ){l, sin(ﬁﬂ)fl)T with & # 0, and we can use the representation
of fin (6.14) and the function g in (6.15). Hence, we obtain the following for & # 0:

g(cos(Im)&y, sin(Im)&;)

B EN: &1 (cos(Im)nj 1 + sin(9m)n;2)
- - fl (COS(I%T) (Uj+171 — ’Uj71) + sin(197r) (Uj+172 — sz))

Jj=1

_ fl (COS('lgT[)nj_Ll + Sin(ﬁﬁ)n‘j_l’z) e—i£1 [COS(’L97T)”U]',1+Sin(’L97T)’U]'72]

fl (COS(Q97‘[) (2)j71 — ’Uj_171) + Sin(ﬁﬂ) (Ujg — 'Uj_LQ))
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A wa = tan(Y¥m)w
|
|
|

A z2 = tan(Im)zy
|
|
|
|
|
|
|
|
|
|
|

@: original vertices  @: further candidates in K

Figure 6.3. Left: Determination of the parameter ¥ in the time domain. Right: Third
sampling line in the frequency domain with sampling locations (displayed example: £ = 3).

where the components n;; and n;2 of the normal vectors are given by (6.13), i.e.

nj71 = ,U.7+1’2 - Uj72’

n.j72 = ,Uj’l - Uj+171’
This leads to the univariate function g(cos(d¥7)-, sin(d7)-) defined by

N
g(cos(Img, sin(Im)gr) = 3 e 8 (oo sin(ome) (6.24)
7j=1

with the coefficients
. cos(Im0)(vj11,2 — vj2) + sin(I7) (V1 — Vj111)
J COS(197T) (Uj+171 — ’Uj71) + SiIl(Q?T[) (Uj+1’2 — Uj72)

_ COS(’L97'[) (’Uj’g — Ujflyg) + Sin(’l97'[) (Ujfl,l — Uj,l)
COS(197T) (’Uj’l — Ujflyl) + Sin(’l97'[) (Uj72 — Uj71,2)’

j=1,...,N.

Note that these coefficients are not only well defined due to (6.23), but they are also
non-zero. This can be seen similarly as in the cases of the coefficients a; and b;
in Parts 1 and 2 of this proof since the coefficient ¢; for j € {1,...,N} is also a
difference of slopes of two neighbouring line segments. Here, the parameterizations
of the line segments are considered as functions with respect to a rotated coordinate
system which results from the rotation of the original Cartesian coordinate system by
the angle Y7 rad.
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In order to determine the values cos(U7)v; 1 +sin(¥7)v; 2 and the coefficients ¢; for all
je{l,...,N}in (6.24), we apply the Prony method. First, note that all coefficients
¢; are real-valued. Secondly, the assumption that h|lvjlls < mforall j € {1,...,N}is
satisfied. The rotated vectors

cos(dIm) sin(In) .
(—sin(z?n) cos(ﬁ@) vj, j=1,...,N,

fulfil the same norm condition. Thus, we have

h!cos(ﬂﬂ)’vj,l + Sin(ﬁ”)vﬂ}

= h\/(COS(Q?Tf)Uj,l + Sinw”)%?)z

< h\/ (cos(Im)v;1 + sin(7§‘7'c)vj72)2 + (= sin(Im)v;1 + COS(Q?T()UjQ)Q
H < cos(9) sin(z?ﬂ))
vj

—sin(dm) cos(Vm) <7

2

for j =1,...,N. Hence, we can apply the Prony method as described in Section 2.2,
where we use the function values

g(cos(Im)lh, sin(9m)lh), €=0,...,N.
In the case of £ =1,..., N, these values are given by the N Fourier samples
f(cos(ﬁﬂ)ﬁh,sin(ﬁﬂ)ﬁh), ¢=1,...,N,
and the definition of g in (6.15), i.e.
g(cos(Im)lh, sin(Im)lh) = |€h|2f(cos(797'c)£h,sin(ﬁﬂ)ﬁh), ¢=1,...,N.

Further, we have ¢(0,0) = 0 since (6.24) and (6.17) produce

N N
9(070) :ch :Z

COS(?97T) (Uj+172 — Ujg) + sin(197[) ('Uj,l — Uj+171)
ot = \ cos(Im)(

) (V41,1 — v5,1) + sin(I7) (vj41,2 — vj.2)

_cos(Um)(vj2 — vj—1,2) +sin(I7) (v;-11 — ;1)

COS(Q97T)(U]'71 — Uj_171) + Sin(ﬁﬂ)(ng — Uj_172)
cos(Um)(vnt1,2 — UN2) +sin(Im) (vn 1 — UN+1,1)
cos(Vm)(un+1,1 — un,1) + sin(I7) (vn 41,2 — UN2)

~ cos(Im)(v1,2 — vo,2) + sin(Im)(voy — vi1,1) _0
cos(97) (v1,1 — vo.1) + sin(¥7) (v1,2 — vo,2) '
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Application of the Prony method then results in frequency values

Nn<7r<..<IN

with corresponding coefficients ¢, 1, ..., ¢, n. Similarly to the previous two univariate
problems, we have the set relations

{71, .. v} = {(cos(Im)v1 1 + sin(9m)v12), . . ., (cos(Im)vn,1 + sin(Im)vn ) }

and

{ey1,-- 9N ={c1, ... ent,

cf. (6.24), where (cos(9m)v;1 + sin(¥m)v;2) for j =1,..., N are the coordinate values
of the original vertices with respect to the line x5 = tan(Jm)z;.

Part 4:

The previous results now enable us to compute the original vertices v;, j =1,..., N,
by comparison of the set K of candidate points with the set {v1,...,vn}. For this
purpose, we determine all points (ag,8¢)T in the set K for which there exist indices
j €{1,..., N} such that cos(¥m)ay, + sin(d¥7) 5y = ;. Then the set

G={(ar, )T € K|3je{l,...,N}: cos(9m)ay + sin(I7)3 = ~; }
contains all IV original vertices v;, j = 1,..., N, of the polygon D and it holds that
G| =N

that is, the set G contains only the vertices v; and no other elements. We can sort
the elements of G in an arbitrary order such that we have

é:{’ﬁl,...,’lf}]\[} with 17]': (&j,Bj)T fOI”jzl,...,N.

Further, each element v; of G has three corresponding coefficient values

aj, b;, and ¢,

which are the coefficients obtained by applying the Prony method to the three problems
(6.18), (6.21), and (6.24). These coefficients are corresponding to the orthogonal
projections of the vertex v; onto the zi-axis, xp-axis, and the line o = tan(¥m)x;
respectively. With the help of these coefficient values, we can determine the correct
order of the vertices of D, or equivalently, which elements of G have to be connected
by line segments such that we can uniquely reconstruct the polygonal domain D.
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Part 5:

In this part, we establish the right order of the vertices as mentioned above. Using
the coefficient values a;, b;, and ¢;, we can compute the slopes of the polygon’s edges
such that we are able to determine a predecessor and a successor for each vertex in
the set G.

Part 5a: First, let us take a look at the original edges L1,..., Ly of the polygon D
in order to understand how we can compute the slopes of the polygon’s edges. Define
v — v,
.;:M’ j=1,...,N.
Vj+1,1 = Vji
This value describes the slope of the line which contains the line segment L;. Observe
that m; is well defined since the vertex coordinates v;1, j = 1,..., N are distinct.

Moreover, we have
mj #0 forall je{l,...,N}

because we have made the assumption that no edge of the polygon is parallel to the
xq-axis. Using this definition of mj, the coefficients a;, b;, and ¢;, see (6.19), (6.22),
and (6.25) respectively, which correspond to the vertex v; for j = 1,..., N, can be
written as follows:

Uj+172 — U.j72 Uj72 — ’Uj71:2

Uj_l,_Ll - ,U.j’l ’Uj)l - vj_lvl

szl — Uj+171 _ ’Uj*lyl — vjvl

b; =
Ujt12 —Uj2  Uj2 —Uj-12
Vj — U Vi1l — Vi 1 1
_ < j+1,1 J,1> RSl E R S N (6.27)
Ujt12 = Uj2) Uiz — Uiz My My
o = 08I (vj112 — vj2) +sin(Im)(vj1 — vj41,1)
=

COS(’l97'[) (’Uj+1’1 — Uj,l) + sin(197t) (UjJrLQ — ’Uj’g)
_ COS(’l97T) ('Uj,2 — Ujfl’g) + Sil’l(’l97'() (vj,m — Uj,l)
cos(V70)(vj1 — vj—1,1) +sin(I7m)(vj2 — vj—12)

Using the definitions

C;-Nl) = COS(797'[> (Uj_;,_LQ — ’Ujjz) + Sin(ﬁﬁ)(UjJ — Uj+171),
(1) . :

¢; = COS(Q97'[) (Uj+1,1 — ’Ujjl) + Sln(ﬁﬂ)(vj_i_lg — 1}]'72),
(N2) | .

Cj = COS(Q97'[) (Ujg — 'Uj_1’2) + Sln(l?TE)(Uj_Ll — 1}]'71),
(D2)

¢; = COS(197T) (Uj,l — 7)];171) + sin(?97't) (’Uj72 — Uj,LQ),
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we obtain
(N1) (D2) (N2) (D1)
R I B
cj = O (03] . (6.28)
c; "¢

Simplification of the numerator in (6.28) leads to

C;Nl) ‘ C§D2) _ C;NQ) .cg'm)

= cos?(U7) - (vj412 — vj2) (Vi1 — vj—1,1) +sin? (V) - (V1 — Vj11,1) (V2 — Vj—12)
+ sin(97) cos(Im) [(vj41,2 — v5,2) (V2 = vi—12) + (V1 = Vj+1,1) (Vi1 — Vj-11)]
— cos*(U7) - (vj41,1 = 0,1) (V2 = vj—1,2) = sin*(I70) - (V11 = 1) (Vj 11,2 — Vj2)
— sin(¥7) cos(I7) [(vj—1,1 — vj1) (vig1,1 — V1) + (V2 — vj—1,2) (Vjt1,2 — Vj2)]
= cos?(Im) - [(v41,2 = vj.2) (V51 = vj11) = (V1,0 — 0j,0) (V2 = Vj—12)]
+sin®(970) - [(vj1 — vj-11) (V12 = vi2) = (V11 — V1) (V2 — vi-12)]
= (V12 = v52) (Vi1 — vj—1,1) — (Vi1,0 — v5,1) (V2 — vj—1.2),

where we use the well-known Pythagorean trigonometric identity?>.
The denominator in (6.28) can be expressed as

C§~D1) . c§-D2) = [cos(V7)(vjq1,1 — vj1) + sin(I7) (vj41,2 — vj2)]
. [COS(197T) (’Uj71 — Uj_171) -+ sin(ﬁn)(vj,g — 7)]‘_1,2)]
(vj+1,2 — Uj@)}

— (v. — v cos(Ym —|—sin197[
(Vj+1,1 — vj1) [ (0m) ( )(vj+1,1 — vj1)

“(vj1 —vj—1,1) [cos(ﬁﬂ) + Sin(’&’]‘[)(vj’rw]
(vj1 —vj-1,1)

= (vj41,1 — vj1) [cos(IT) + sin(I7r)m;]

(vj,1 — vj—1,1) [cos(VIT) + sin(Im)m;_1] .
We insert the expressions which we have just computed into (6.28). This results in

(vj1,2 = v3,2) (i1 — vi—11) — (Vi1 — vj1) (V2 — vj—1,2)
(Vj41,1 — vj,1) [cos(¥m) + sin(I)m;] - (vj1 — vj—1,1) [cos(VT) + sin(P7r)m ;1]
(vir12 —vji2)  (vj2 —vj-12)
(jr10 —vin)  (vjn —wj-1.1)
[cos(ITT) + sin(I7r)m;] - [cos(IT) + sin(I7r)m ;1]
m; —Mmji—1

c; =

 [cos(Vm) + sin(I)m;] - [cos(Ir) + sin(IT)mj_1]

(6.29)

3See [31, p. 276, (48.20)], for example.



124 6. Reconstruction of polygonal shapes from sparse Fourier samples

The representations (6.26), (6.27), and (6.29) can now be used to compute the slope
m; if the coefficients a;, b;, and ¢; are known. For this purpose, we obtain the following
system of equations:

aj = mj — mj_l (6.30)

(6.31)

m; —m;—1

[cos (1) + sin(Om)m;] - [cos(Ir) + sin(Dm)m;_y] (6.32)

Cj =

Multiplication of (6.31) with m;jm;_1, and multiplication of (6.32) with the denomin-
ator on the right-hand side and division by c¢; results in

m; —m;—1 = aj (633)

m]‘m]‘_lbj = mj - mj_l (634)

= cos®(I7) + (m; + mj_1) sin(I7t) cos(I7) + mym,_y sin?(Imr).  (6.35)

Using (6.33) in (6.34) as well as (6.33) and (6.34) in the third equation (6.35), we get

mj - mj_l = aj (6.36)
o
mjmj_l = é (637)
% = cos?(Y7r) + (m; + my_1) sin(I7) cos(VI7r) + Z sin?(97). (6.38)
J J

Here, the first equation (6.36) yields
mj =aj;+mj1 and mj =m; —aj,

which, together with the third equation (6.38) of the system given above, produces

Zj: = cos?(Im) + (aj +mj—1 +mj_1)sin(97) cos(Im) + ZJ sin?(97)

& 2myj_q sin(Ym) cos(Im) = (Z - stm (97) — a; sin(I7t) cos(VI7) — cos?(I7)

and

* = cos?(9m) + (m; + m; — a) sin(9) cos(9m) + 32 sin’(9)

J j

& 2mjsin(d) cos(VIm) = % - % sin(97) + a; sin(97) cos(I7r) — cos® (V).
J J
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Finally, we get

a; a; a;
1= — 55 tan(Jm) — —- — cot(d _
m;j—1 2¢; sin(Vm) cos(¥m)  2b; an(Jm) 5 o (97r) (6.39)
and
a; a; a;
a — 57~ tan(dm) + - — cot (). 4
my; QCj Sin(ﬂﬂ) 005(197'[) ij an( 7'[) + 5 CcO ( 7'[) (6 O)

Observe that the slopes m;_1 and mj, i.e. the slopes of the line segments connecting
v; with its predecessor and successor respectively, can be computed by using only the
coefficient values corresponding to the considered vertex v;.

Further, note that the computation of m;_; and m; in (6.39) and (6.40) is well
defined since the values b; and ¢; are non-zero, see Parts 2 and 3 of this proof. There
we have seen that we have the equivalences

bj =0 4 mj = mj;_1
and
cj = 0 & m; = Mmj—1.

But the case mj; = m;_1 would mean that the edges L; and L;_1, i.e. the line segments
connecting the vertex v; with v;_1 and v;1, are line segments on the same line such
that we would have a degenerate case, that is, v; would actually not be a vertex of
the polygon D. But such a degenerate case has been excluded. Thus, the coefficients
bj and c; are not equal to zero.

Moreover, observe that we have sin(97) # 0 and cos(d7) # 0 since 9 € (0,1) \ {3}
Therefore, also tan(dm) and cot(dm) are well defined.

Part 5b: Let us turn back to the set
G={v1,..., 05} (6.41)

of the vertices of the polygonal domain D, where we have to establish which elements
have to be connected by line segments in order to uniquely reconstruct D. Since we
have three corresponding values a;, gj, and ¢; for each element v; in é, we can use
the formulae (6.39) and (6.40) in order to determine a predecessor and a successor for
each vertex. Again, we use the usual conventions

vo =vny and Un41 = Ui,
and the same applies to the coefficients a;, b;, and ¢;, i.e.

ap=an, an+1 = ai, bo =bn, bny1 = b1, Co =CN, CN+1=Cl.
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We start with a vertex of the convex hull of G. Without loss of generality, let this
be v1. Then initialize the set G of ordered vertices of D to

G ={v1} with wvy:=7;.

Further, we update the set G of the not yet ordered vertices, that is to say, we set

G:=G\ {vi} = {s,...,0n}.

Using (6.40), we compute the slope m; of the line which contains the line segment
that connects the vertex v; with its successor v2 by

- @ i
26 sin(Ym) cos(Im)  2p, tan(d7) + 5 cot (97).

ai

my

The line containing the edge between v; and ws is then given by the equation

T2 =mq - (£U1 — 01,1) + v1,2.

Thus, we determine all points v; = (U;1, 5j,2)T in G which fulfil

Uj2 =mq - (53',1 - Ul,l) + v1,2 (6.42)

and hence obtain the set

S1:={v; € G | ¥, fulfils (6.42)}

of possible successors of v;. Now we have to establish which point in .57 is actually
the successor vo. For this purpose, we have to consider the following cases:

(1a)

(1b)

|S1| = 1: If S contains only one element, i.e.
S1 = {'T)jl} for some j; € {2,...,N},
then the successor vy is given by v;,, and we set
G ={vi,v2} with wvy:=v;

and

G:=G\ {vy}.

|S1] > 2: Remember that v; is a vertex of the convex hull of G. Thus, if
S1 contains at least two elements, all these elements can only lie in the same
direction from vy, and only the point in S7 which is nearest to vy is a possible
choice for vo, see Figure 6.4. Otherwise, we would have a degenerate case, but
such a case is excluded by assumption. Having given the only possible choice for
the successor vg, we proceed as described in the case (1a).
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z2 , x2
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Figure 6.4. Left: Original unit-height polygon. Right: Determination of the order of the
computed vertices. Start with v :=(1,1)T. Computation of my accordingly to (6.40) leads to
(2,2)T and (4,4)T as candidates for va. Choice of (4,4) would lead to a degenerate case.
Hence, vy = (2,2)T.

Now we repeat the approach explained above in order to determine the successor
v3 of the vertex vo. Then the line which contains the edge connecting vo and wvg is
described by

T9 = Moy - (IL‘1 - Uz,l) + v2.2 (6.43)

where the slope ms is computed using (6.40). The set of possible successors of vs is
given by N
So 2:{’7}]‘ e ‘ ’lN)j fulfils (643)}

The first case which we have to consider now is similar to the case (1a).

(2a) |S2| = 1: If S contains only one element, i.e.
Sy ={vj,} forsome j, € {2,...,N}\ {ji},
then v;, is the successor of vy, and we set
G ={vi,v9,v3} with wv3:=vj,

and

G:=G\ {v3}.

The case |Sa| > 2 is a bit different from the case (1b).
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(2b) |S2| > 2: Note that we only know the line containing the edge between vy and

v3, but we do not know in which direction we have to go on this line, starting
at vo, in order to reach the successor vz. For each of the both directions, only
the point in Sy which is nearest to v is a possible choice for v3. Otherwise, we
would have a degenerate case. Thus, we obtain a new set So which contains at
most two points that fulfil (6.43) and hence are possible choices for the successor
vs. If |S2| = 1, then we follow the lines in the case (2a).

Consider now the case }gg‘ =2 ie.
So = {),,0j,} for some jo, j3 € {2,...,N}\ {j1}.

For each candidate point vs.; in Ss (j = j2,73), we can compute the slope
m3—1,,; of the line containing the edge between this point and its predecessor
by using formula (6.39). The successor v3 is now given by the point vz ; for
which we have

m2 = M3—-1,c,j, (6.44)

see also Figure 6.5, and we proceed as described in the case (2a).

T2, T2
5 5 - .
AN U1
N
N
4 — 4 -
ng\
3 37 v
2\
\\ .-
2 - 2 e
NP
f,’ \\
1+ 1+ e *
0 x x x x " 0 x x x x "
0 1 2 3 4 0 1 2 3 4

Figure 6.5. Left: Original unit-height polygon. Right: Determination of the order of the com-
puted vertices. Starting with vy :=(5,5)T leads to vo = (3,3)T. Computation of my accordingly
to (6.40) leads to (2,4)T and (4,2)T as candidates for vz (blue, dashed line). Equation (6.39)
yields that the predecessor of (2,4)" lies on the blue, dashed line, and that the predeccessor of
(4,2)T lies on the red, dashed line. Thus, vz = (2,4)T.

We use this approach iteratively in order to determine the order of the remaining
vertices until we have computed a successor for every element in the set given in (6.41)
such that the successor of the last considered vertex is the vertex vi, with which we
have started.
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If (6.44) holds for both candidate points at some stage of the iteration, we have to
choose arbitrarily one of those points as the next successor vertex. If this choice is the
wrong one, the algorithm will also terminate when a computed successor is equal to
the first considered vertex v;. But in this case we will not have determined a successor
for all elements in the set G in (6.41) such that we have to turn back to the stage of
the iteration where we had to choose a successor arbitrarily and continue the iteration
by choosing the other candidate point. See also Example 6.3 for more details.

In this manner, we will uniquely reconstruct the polygonal domain D. This con-

cludes the proof. O
T2, T2y
6 6 ° 5
,/
5 5 (®Jvs?
,/
,/
4 4 U2
//
,I
3 3 o
.’ U1
2 - 2 4 @’l}g?
,/
4
d
1 1 o
//
,I
0 x x x x x " 0 x x x x x "
0 1 2 3 4 5 0 1 2 3 4 5

Figure 6.6. Left: Original unit-height polygon. Right: Example for a situation where an
arbitrary choice between two candidates for a successor vertex is necessary. Here, vs has to be
chosen.

Example 6.3 (Necessity for an arbitrary choice of a successor vertex).
Consider the unit-height polygon given in Figure 6.6, and assume that the vertices,
which we have computed as described in the proof of Theorem 6.2, are numbered as
follows:

we(): () Q) () () ()

By starting with v1 := 1, we find that the successor of the vertex vy is the point v
such that v = vy.

The computation of the slope of the line containing the edge between vy and its
successor v3 yields that w3 has to lie on the line zo = z7. Hence, v3 and vg are
candidates for the vertex vs.
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We compute the slopes of the lines containing the edges between v; and its prede-
cessor for j = 3 and j = 6 in order to check if both points are still possible candidates.
Since this is the case, that is, also the predecessors of v3 and vg lie on the line x9 = x1,
we cannot finally decide which candidate point is actually the successor vertex vz such
that we have to make an arbitrary choice, see Figure 6.6.

Suppose that we choose v3 :=vg. Determination of the successor of vz then leads to
vy = v1. Hence, the algorithm terminates, but we do not have computed successors
for all vertices v;, j = 1,...,6. Especially, the vertex v3, which we have not chosen as
v3, has not been used in the terminated algorithm, see Figure 6.7. This tells us that
the choice of vz has been the wrong one such that we have to take vs:=3 and erase
the edge between vy and vg. The other information which we have already acquired,
i.e. the information that vg and vy are connected by an edge, can still be used. In the
next step, we consider the vertex vs and determine its successor.

We apply this procedure to each next successor until we have considered every vertex
v;j. Then we have established the right order of them, see also Figure 6.7.

T2 N o N
6 — ° 6 Y4
5 ° 5 v3
4 V2 4 V2
3+ 34
V1 U1
2 - o 2 — o
1 ° 1 V5
0 x x x x x " 0 x x x x x "
0 1 2 3 4 5 0 1 2 3 4 5

Figure 6.7. Left: Wrong choice of successor vs (cf. Figure 6.6) leads to early termination
of the algorithm for construction of all edges of the polygon. Some vertices have no successor
or predecessor; i.e., they are not connected with other vertices by line segments. Right: Edge
between (4,4)T and (2,2)T has to be erased, and (5,5)T has to be taken as successor vs.

Remarks 6.4.

1. It may happen that an incorrect, arbitrary choice as illustrated with the example
given above is not discovered instantly as being wrong, but it is possible that
other arbitrary choices have to be made until the algorithm terminates without
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determining successors for all vertices. In this case, one has to go back to the
stages of the iteration where an arbitrary choice has been made, and where the at
that time not considered candidate has not been used as a successor afterwards.
The edges constructed there have to be erased, and one has to proceed with the
unused candidates.

. In order to avoid the problems mentioned in the first remark, one can determine
sets of possible successors and sets of possible predecessors for each vertex v;
in the set G given in (6.41). Starting with sets which contain only one possible
successor or predecessor, one can construct all edges of the polygon step by
step. For this purpose, one has to update the sets of possible successors and
predecessors every time when an edge is constructed.

Note that at least each of the vertices of the convex hull of G has only one
possible successor and one possible predecessor, see the case (1b) in the proof of
Theorem 6.2.

. The scheme for the reconstruction of polygonal domains from sparse Fourier data
as proposed in Theorem 6.2 can also be used if the number IV of the vertices of
the polygon D is not known. In that case, we need an upper bound M > N and
3M sampling values of the Fourier transform of 1p, compare Remarks 2.3, 3.

We summarize the proposed reconstruction scheme in the following algorithm:

Algorithm 6.5 (Reconstruction of polygonal domains).

e Input:
— Step size h > 0 with h||vj|la <mfor j=1,...,N;

~

— Fourier samples f(&) for

¢ € {(¢h,0), (0,¢h), (cos(Im)lh,sin(Im)¢h)}, £=1,...,N,

where ¢ € (0,1) \ {3} needs to be chosen suitably, see Step 6 of the com-

putation.

e Computation:

1. Compute N
g(¢h,0) = |¢h|?f(Lh,0) forf=1,...,N

and set ¢(0,0) = 0.

2. Use Algorithm 2.5 in order to compute the parameters v;; and a; of g in

(6.18).
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3. Compute N

g(0,¢h) = |¢h|*f(0,¢h) for £=1,...,N,
and set ¢(0,0) = 0.

4. Use Algorithm 2.5 in order to compute the parameters v;2 and b; of g in
(6.21).

5. Compute the Cartesian product of {vi1...,vn1} and {vi2,...,vN2} as
the set of possible candidates for the true vertices, i.e.

K :={(vg1,ve2)": k=1,...,N,£=1,...,N}.

6. Choose a parameter ¢ € (0,1) \ {%} such that the orthogonal projections
of all candidate points in K onto the line x9 = tan(dm)z; are pairwise
different.

7. Acquire the N Fourier samples f(cos(ﬁﬂ)éh, sin(¥m)th), £ =1,...,N.
Then compute

g(cos(I7)lh, sin(Im)lh) = |€h]2f(cos(197t)£h,sin(ﬁﬂ)ﬁh), ¢=1,...,N,
and set ¢(0,0) = 0.

8. Use Algorithm 2.5 in order to compute the parameters of g in (6.24), namely
v; = (cos(Im)v;1 + sin(Im)vj2) and ¢;.

9. Determine the true vertices vy, ...,vny by comparison of K with the set
{71,...,yn}; that is, determine all points (az,8¢)" in the set K for which
there exist indices j € {1,..., N} such that

cos(Vm) oy, + sin(Im) By = ;.
This results in the set G of all true vertices, but here they are ordered
arbitrarily.

10. Establish the right order of the elements in G by computing successors and
predecessors for each vertex. For this purpose, consider the explanations
following (6.41), Example 6.3, and Remarks 6.4, 1. and 2.

e Output:

Set G = {v1,...,vn} of ordered vertices; that is, the boundary dD of
the polygon D is determined by the closed polygonal chain

[VI—Ve—v3—. .. —VN_1—VN—V1].
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Remark 6.6.

In the proof of Theorem 6.2 and in the above algorithm, we rely upon the assumption
that the coordinates of the vertices of the polygons to be reconstructed are pairwise
different in both dimensions.

Our reconstruction method uses the orthogonal projections of the vertices onto the
xz1- and the zo-axis in the time domain, which are computed by using Fourier samples
from corresponding sampling lines in the frequency domain, i.e. the wi- and the wo-
axis.

The assumption that the vertex coordinates v; 1, j = 1,..., N, as well as the coordin-
ates vj2, j = 1,..., N, are pairwise different is needed since the computed orthogonal
projections onto the x1- and the xo-axis have to be distinct such that we can use the
formula (6.14) for the Fourier transform of the unit-height polygons.

Unless we have a formula for the Fourier transform of unit-height polygons where
this restriction is not necessary, we can reconstruct general polygons, i.e. polygons
without any restrictions on the vertex coordinates, only if we use much more Fourier
samples.

By using Fourier data sampled on distinct lines Ij, ={\ug|A\e R} k=1,...,r, in
the frequency domain where uy are unit vectors, we obtain the orthogonal projections
of the vertices onto the distinct lines I :={A\ux |\ € R}, £ = 1,...,r, in the time
domain. For all k € {1,...,7}, these orthogonal projections are given by*

(g, vj)ug, j=1,...,N.

Thus, we have to ensure that we have always two distinct lines on which the projections
are pairwise different. For this purpose, we need N(N#_l) + 2 pairwise different lines [

and l~k in the time domain and the frequency domain respectively, see [12, §3], where
Buhmann and Pinkus use this approach for a similar problem.

We take the usual coordinate axes and consider the vertical and horizontal axes of
w rotated versions of the usual Cartesian coordinate system as further sampling
lines. Let us assume that the orthogonal projections of the vertices are pairwise
different onto the lines /1 and l5. Then we can use the Fourier samples from the lines [;
and 72 as initializations for Algorithm 6.5. Observe that we have to use an appropriate
coordinate transformation, corresponding to the coordinate system spanned by Iy and
l2, in order to continue with Algorithm 6.5.

Altogether, we need Fourier samples from w + 3 sampling lines. But we will
only use the Fourier data from three lines. Therefore, it would be of high interest
to have an approach similar to our proposed reconstruction method where only three
sampling lines are needed. This means that another representation for the Fourier
transform of a unit-height polygon is required.

4See [39, p. 118, (1.88)], for instance.
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6.2. Numerical results

This section concludes the chapter about the reconstruction of polygonal shapes with a
few numerical examples. We use simulated Fourier data on the x;-axis, on the xs-axis,
and on a third, adaptively chosen sampling line, which is determined accordingly to
the explanations in Section 4.3, that is, we solve a max-min problem similar to (4.45)
in order to decide on the third sampling line.

Observe in the following examples that some vertices have nearly the same first or
second coordinate. But nevertheless we are able to recover the original vertices and
the maximal reconstruction error for the vertex coordinates has an order of magnitude
equal to —7.

Further, note that concave polygons are considered in the second, third, and fourth
example such that the step of determining the order of the computed vertices is a very
important step in order to recover the original shape.

35
3k

25

1. L L L L L L L L L )
-15 -1 -0.5 0 0.5 1 1.5 2 25 3 35

Figure 6.8. Unit-height polygon determined by (vj)jle given in Table 6.1.

|

[ via [ oo —viil [ vj2 | lvj2 —vlsl |
-1 [8882-10716] 1 |[7.649-10"1
1 | 1.91-107% | 3 | 4.441-10716
2.665-10715 | 0.9 | 8.737-10~14
09 | 8626-10714 | -1 | 2.22-10716

=W N .

Table 6.1. Vertices of the unit-height polygon displayed in Figure 6.8 and approximate recon-
struction errors. The sampling step size is h = 0.7, and the measure of the angle between the
first and the third sampling line is 64°.
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Figure 6.9.

L L L L L )
-0.5 0 0.5 1 15 2 25

Unit-height polygon determined by (%‘)?:1 given in Table 6.2.

|

[ via | Jvja—vil [vje | lvi2 —vlsl |

=W N S,

0.05 | 2.732-1072 | 0 |9.992.1016
0 |2273-107'2| 4 |3.109-10"1
0.5 | 2224-10712 | 3 | 2665-1071°
2 | 1.776-107" | 2.4 0

Table 6.2. Vertices of the unit-height polygon displayed in Figure 6.9 and approximate recon-
struction errors. The sampling step size is h = 0.7, and the measure of the angle between the

first and the third sampling line is 10°.

Figure 6.10.

45-

C L L L L L L L )
0.5 1 1.5 2 25 3 35 4 45

Unit-height polygon determined by (vj)?:1 given in Table 6.3.
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|

[ vjia | Tva—vial | vz | Jvje—viol |
1 1.601-107° 3 2.792 - 107
1.95 | 2.677-1077 2 5.788 - 10712
1.1 | 5.524-107° | 0.4 | 1.197-10713
4 |1.403-10713 | 3.005 | 1.68-107
1.96 | 4.96-107 4 7.994.10713

U W N .

Table 6.3. Vertices of the unit-height polygon displayed in Figure 6.10 and approximate
reconstruction errors. The sampling step size is h = 0.4, and the measure of the angle between
the first and the third sampling line is 45°.

I I I I I I I
-3 -2 -1 0 1 2 3

Figure 6.11. Unit-height polygon with 12 wvertices. The approximate reconstruction errors
are given in Table 6.4.

|

[ oo =il | lva—visl || 5 || Jvja—oial | lvi2 — v, |
1.014-10717 | 1.11-10714 7 1 1.94-107" | 2.665-10"1°
1.399-10719 | 2.132-1074 || 8 || 3.758-107!1 | 9.77.1071°
8.304-107™ | 2.887-10" || 9 || 1.052-10713 0

4.441-10716 1 9.992.10716 || 10 || 8.882-10716 | 1.11-10716
3.161-10710 | 8.882-10716 || 11 || 8.695-10"!! | 4.885.1071°
3.238-10711 | 9.326-10716 || 12 || 6.564 - 1012 | 3.197 - 10~ !4

S U W N .

Table 6.4. Vertices of the unit-height polygon displayed in Figure 6.11 and reconstruction
errors. The sampling step size is h = 0.7, and the measure of the angle between the first and
the third sampling line is 56.75°.
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In this dissertation, we have asked how to reconstruct structured functions by means of
a smallest possible set of Fourier data. Answering this question, we have derived novel
algorithms for the unique reconstruction of different classes of structured functions,
based upon the Prony method.

In particular, we have derived reconstruction methods for step functions, linear com-
binations of non-uniform B-splines, and linear combinations of non-uniform translates
of low-pass filter functions in the one-dimensional case using sparse Fourier samples,
and we have generalized these results to the tensor-product case in two dimensions.

Furthermore, we have considered the reconstruction of linear combinations of non-
uniform translates of multivariate functions where the variables are not separable. We
have developed reconstruction methods using adaptive sampling and have shown that
we are able to uniquely recover such functions from only a small number of Fourier
samples taken on some lines through the origin in the frequency domain. The adaptive
sampling scheme is essential in order to obtain unique reconstructions by means of a
smallest possible set of Fourier data. In the two-dimensional case, we have shown
that one needs only O(N) Fourier samples to uniquely recover linear combinations of
N non-uniform translates if one uses the adaptive sampling scheme. Contrarily, one
needs O(N?) sampling values if a deterministic sampling approach is applied.

We have also shown that polygonal shapes in the real plane can be uniquely recon-
structed by using a similar approach of adaptive sampling such that O(N) Fourier
samples suffice to recover polygons with N vertices where we have emphasized that
the polygons do not have to be convex but can also be concave.

In several cases, we have illustrated our proposed reconstruction methods with nu-
merical experiments where we use exact (simulated) Fourier data. However, in the
case of noisy measurements, the performance of the reconstruction can be greatly im-
proved if a larger number of Fourier data is available, see [23,51,55]. In particular,
for small data sets we recommend the preprocessing step of data filtering presented
in [23].

Recently, in [13], Candes and Fernandez-Granda have proposed the reconstruction of
functions of the form (2.1) using a total variation minimization formulation. In order
to tackle this minimization problem, a semi-definite program is applied to solve the
dual problem in a first step. The obtained result is used to define a special polynomial
whose zeros on the unit circle are related to the wanted parameters T;. The exact
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connections between that minimization approach in the context of super-resolution
and the direct algorithms for the Prony method are not yet established.

It would also be of great interest to generalize, and maybe combine, the approaches
for the reconstruction of non-uniform translates in Section 4.2 and the reconstruction
of polygonal shapes in Chapter 6 such that more general functions and shapes can be
considered. For example, the shape from moments problem, see [21,27,47], is extended
from polygons to algebraic curves in [29].

In this context, the question arises if the approach from Chapter 5 for a d-dimen-
sional setting with d > 2 can be combined with the reconstruction of polygonal shapes
in Chapter 6 such that we can transfer it to the reconstruction of polytopes. This
is, for example, treated in [28], where integral moments of a d-dimensional polytope
are used, together with the Prony method, in order to reconstruct the polytope. But
there are considered only convex polytopes. Thus, it would be interesting to extend
the theory developed in this dissertation.



A. Basic properties of the Fourier
transform

The thesis on hand deals with the reconstruction of functions from sparse Fourier
data. Therefore, the Fourier transform is an essential mathematical instrument. We
give here an overview of the definition and basic properties of the Fourier transform
which we need throughout this work. The following definitions and properties are
collected from [11, pp. 103-109], [30, pp. 38-41], [52, pp. 89-97], and [63, pp. 1-5].

Definition and Proposition A.1 (Fourier transform on L').
Let f € LY(RY). The Fourier transform f : R — C is defined by

F{fHw) = f(w) = / f(@) e~ ™ 4w e RY
Rd

The mapping F : f — fis a linear transformation from L'(R?) into Cy(R?). This
transformation is called Fourier transform. The domain of the original function f is
regarded as the spatial domain (or time domain), and the domain of the transformed
function f is considered as the frequency domain (or Fourier domain).

In the following propositions, we assume f € L'(R9).

Proposition A.2 (Conjugate symmetry).
If the function f is real-valued, then we have the relation

J?(—w) = f(w) for all w € RY.

Proposition A.3 (Translation in the spatial domain).
The Fourier transform of the translated function f(- — a) for a € R is given by

F{f(-— a)}w) =e 1 Flfl(w), weR™
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Proposition A.4 (Differentiation in the spatial domain).
If the mized partial derivative D* f exists and D* f € L'(R?) holds, then the Fourier
transform of this derivative is given by

F{D® f}(w) =il w*F{f}(w), weR%

Here, o denotes a multi-index, i.e. a d-tuple a:=(a, g, ...,aq) of non-negative
integers, and D% is the corresponding differential operator. The derivative D f is
then given by

aal+a2+...+o¢d

._ . T d
D f(w):= T I f(w) for w:i=(wy,ws,...,wq)" € R
Further, we have
d d
|| ::Zaj and wo‘::Hw;‘j.
j=1 j=1

Proposition A.5 (Differentiation in the frequency domain).
If the function R? 5 & +— g(x) := 2 f(x) is an element of L'(RY), then we have

D*(F{f})(w) = (=) F{g}(w) for all w € R

The Fourier transform can also be defined on the Schwartz space S(R9).

Definition and Proposition A.6 (Fourier transform on S (R%)).
Consider f € S(R?). Then the Fourier transform F : f + f is a linear transformation
from S(R?) onto S(R?).

Remark A.7.

The statements from Propositions A.2-A.5 are also valid if we replace the space L'(R%)
by the Schwartz space S(R?). Note that the conditions in Propositions A.4 and A.5
are always fulfilled for functions f € S(R?), cf. [66, pp. 211-212].

In the special case that ¢ € S = S(R), the m-th derivative of the Fourier transform
is computed as follows.

Proposition A.8.
Let p € §. Then we have
am

au}imf{gp}(w) = ]—“{(— i )mgo()}(w) for all w € R.
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Proof. We have

TFRH) = ) = o [ pla)e e da, (A1)

ow™m
— 00

For £k =0,...,m — 1, define the function g; : R x R — C by
—ilwx

ge(w, z) = p(z)(~iz)"e

Since the function @, : R 3 2+ zFp(x) € C is absolutely integrable by Lemma C.1,
g, fulfils the following conditions:

e gi(w,+) is absolutely integrable for all w € R.

e g is differentiable with respect to the first argument, that is, % gk (wo, T) exists
for all x € R for a given wy.

e For k=0,...,m—1, and for all w € R, we have

Jd : —iwx
| o(w,2)| = |(—i2) (@) e ] = o (@) = (@4l
where @1 is absolutely integrable.

Hence, we can apply the theorem of differentiation under the integral sign' in (A.1)
m times. This yields

o

i:jnA(w) = a?::n / o(x)e™ 19 dg
= OO(;?:; (z)e™1¥% dx
- 7<—ix>%<x> eI da,
which proves the claim. h [l

Remark A.9 (Fourier transform of distributions).

Since the concept of distributions in the univariate case and in the bivariate case is
introduced in Appendix B and D respectively, the reader is referred to Sections B.4
and D.3 for the definition of the Fourier transform of distributions.

1See [22, pp. 147f., 5.7].






B. Proofs for non-uniform spline
representations

In Section 3.2, we compute the derivatives of a non-uniform spline function f of the
form (3.10). This works with the concept of ordinary functions as long as the order
of the B-splines is greater than or equal to three. B-splines of order two and one are
piecewise linear functions and step functions respectively. These functions are not
differentiable at their knots. In order to be able to compute derivatives in these cases,
we have to work with distributions and generalized functions.

B.1. Distributions and generalized functions

Let g : R — C be a locally integrable function. Then a regular distribution' H(g) Will
be defined by the functional

+o0
€30 (g o) = [ plalglo)da, (B.1)
see [35, p. 11]. The distribution ji(4) can be identified with the function g, which will

then be called generalized function.
The derivative of the distribution ) is the distribution D 4y which is defined by

(D ugy, ) = (i(g), —¢') (B.2)

for all p € C2°, see [35, p. 37]. Since ¢ € Cg°, this means that p ) is infinitely
differentiable. The kth derivative (in this distributional sense) is denoted by D¥ H(q)-

If the generalized function g is continuously differentiable, the distributional deriva-
tive D iy is the distribution defined by ¢" and (B.1). For all ¢ € C2°, we have

(D gy ) = gy, —¢")

= - /OO ¢ (z)g(z) dz = —{ [p(2)g(2)] =, - 7@(56)9’(96) dx}, (B.3)

!This work deals with the concept of distributions and generalized functions only as detailed as
necessary. For more information about distributions, the reader is referred to books on the subject,
e.g. [26,30,35].
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see [35, p. 37]. The function ¢ has compact support. Further, g is locally integrable,
which yields limp,_,.o|g(z)| < oo. Thus, the first term on the right side of (B.3)
vanishes, and we get

[e.e]

(Diuge) = [ ola)g'(@)de = iy o) (B.4)

— 00

B.2. Proof of Lemma 3.5

Note that the function f from (3.10) is locally integrable. If we apply (B.4) k times
to f and the distribution p ), defined accordingly to (B.1), we get the following for
m>3andk=1,...,m—2:

N+k

B4 emma m—
(D o) = g ) (ZC?BJ» ’f<m>>so<m>dx (8.5
Zoo \i=1

for all ¢ € CZ° where the coeflicients c?, j=1,...,N+k, are defined in Lemma 3.4.

In the case k = m — 2, the generalized function f(™~2) is a linear combination of
B-splines of order two. These B-splines are piecewise linear. Previously, when we
examined ordinary functions, we could not differentiate the function f(™~2). Since we
are now working with distributions, we can also compute the derivative D™~} sy of
the distribution () in the case m > 2. For all ¢ € C2°, we have

(D™ iy ) = (D (D™ 2 papy) 0} = (D™ pagpy, =) by (B.2)

= (H(gen-21, =¢') by (B.5)
0 /N4+m—2
:_/< Z CTQBJZ(ﬂf))@,(ﬁ)dﬂ: by Lemma 3.4
o\ =1
N+m—2 oo
> 0?2'(—1)/B?($)90’(fc)dx- (B.6)
=1 e

We denote the integral in (B.6) by I, and we use integration by parts to compute it.
The function B? does not have a derivative in the classical sense everywhere, that is

to say, it is not differentiable at the knots T}, T4, and Tj42. Further, B]2- and ¢ are
compactly supported. Therefore, we get

[e.e] oo
1= () [ Bog@ = {[Bwew), - [ @)@
—0o0

—0o0
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b

x—T; !
= lim lim =) z)dz
a\T; b/ Ty (Tm _Tj> o)
a
d T ,
2 — T
+ lim lim <J+2> z)dx by (3.11), (3.12
SN G e o o(x) y (3.11), (3.12)
C
b d
lim L o@)de+ lim i 1 @)
= 111m 11m —_—— A i 11m 11m S — X X
aNT; b/ Ty Tj+1—Tj<p NTji1d,/ Tjso Tj+2—Tj+1¢
a C
o
B 1 1
= ml[Tj,ij(x)—mlmﬂfm)(fﬂ) p(e)de. (B.7)
-0

Plugging this into (B.6) yields for all ¢ € C°

N+m—2 o0 1
-1 -2
<Dm 'u(f)’(p> = Z C}n / <Tj+1 — El[Tj’Tj-&-l)(x)
j=1

1
—Ml[Tj+1,Tj+2)(fv)> o(r) dx
0 /N+m—2
-/ ( > P @)
. _ . J jrolj+1
—00 Jj=1 TJ+1 TB "
N+m—2 1
2
- Z mc;n l[Tj+1:Tj+2)(x)>‘P(x)dx
j=1

/°°<N+m—2 1

= | X 779t n.@)
. _ . J [T 7T+l)
—00 Jj=1 T]—H T] "
N+m—1 1
B Z TMCT—Fl[Tj’TjH)(x))@(x)d$
J
0 N4+m—1

= / > B (a)p(r) do (B.8)

oo J=1

with
_ 1 _ _

. m—2 __ . m—2 —
and the convention c5'~ = cy 5 | = 0.
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Equation (B.8) means that the derivative D™ ppy (m > 2) is the distribution

fi(p(m—1)y defined by (B.1) and the generalized function

N+m—1
fr i Rsae Y 'Bj(x) €R. (B.9)
j=1

This proves Lemma 3.5. Observe that denoting this generalized function by f(m—1)
means an abuse of notation since f("~1) does not denote a derivative in the classical
sense. 0

B.3. Proof of Lemma 3.6

In the next step, we want to compute the m-th distributional derivative D" pi( ) for
m > 1. Note that f(™=1) given in (B.9) is locally integrable. For ¢ € C°, we have

(D" gy ) = (D (D™ ) 5 o)

= (D" ppy =) by (B.2)
__ / £ () (2) da by (B.8), (B.9)
N+m—1 ©0
=— Z CTI/B}(m)ga’(x)dzn
i=1 e
N+m—1 Tinr
=— c’;‘_l ¢ (z)dz
Jj=1 T;
N+m—1
= > & em) — e(Ti) (B.10)
j=1
N+m—1

= an_l ((T—T]-SO)(O) - (T—Tj+190)(0)>

where T, is the translation operator which is defined for ¢ € R and an ordinary function
@ by

Too(z) = p(z — a). (B.11)
The Dirac delta distribution? & is defined by the functional
C 2 o (8,¢) :=¢(0). (B.12)

2The Dirac delta distribution is not a regular distribution, that is, it cannot be defined by a locally
integrable function as in (B.1).
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Using this definition, we get the following for ¢ € Cg°:

N+m—1

D" uipye) = Y G ((Smne) = (8,71,,.6))

J=1

N+m—1
= Y M ((rdie) = (10,,8.0))-
j=1

(B.13)

Here, T, denotes the translate of a distribution p and is defined for a € R by

<Tau, g0> = <M,T_atp> for all p € C°, (B.14)

see [35, p. 37]. From (B.13) we compute

N+m—1 N+m—1
(D™ pige)y = Y s o) = Y N, 8,¢)
Jj=1 j=1
N+m—1 N+m
= Z 6?71<TT16’90> - Z C?L_31<TTj5790>
Jj=1 j=2
N+m
- Z CT<TTJ'5730>
j=1

where the coefficients ¢j* for j =1,..., N +m are defined by
o m—1 -1
=it = (B.15)

-1

with the usual convention ¢’ = ¢y +m = (. For addition and scalar multiplication

of distributions, the same rules as for general functionals apply, see [35, p. 36]. Hence,

N+m

(D™ gy, @) = < Z c;-”(TTjé),np> for all p € C2°,

j=1

and the m-th distributional derivative of the generalized function f is a linear com-
bination of translated Dirac delta distributions. We will denote this distribution by
) e,

+
Fm =DMy Z (t7,8). (B.16)

Thus, the proof of Lemma 3.6 is completed. Observe that f(™) does not denote a
derivative in the classical sense. 0
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B.4. Proof of Lemma 3.7

As a last step, we have to introduce the definition of the Fourier transform of a
distribution in order to get a representation of the Fourier transform of f in (3.10).

Let 1 be one of the examined distributions above. Then the Fourier transform F{u}
is defined on the linear space S as the linear functional which fulfils®

(F{u},¢) = {pu, @) forall p €S8, (B.17)

see [35, pp. 108-110]. Here, ¢ denotes the ordinary Fourier transform of ¢. The space
S§:=8(R) consists of all complex-valued functions defined on the real axis which are
infinitely differentiable and, together with all their derivatives, rapidly decreasing as
the absolute value of the argument tends to infinity*. Note that S € LP(R) for all
p > 1, see [66, pp. 211-212]. The elements of S are called Schwartz functions.

Now we have all needed concepts to compute the Fourier transform of the distribu-
tion f™). For all ¢ € S, we get

N+m N+m
m (B.16) m (B.17) m ~
(FLU™Ye) "= 30 G (F{(t8)}0) =7 Y 8. 8)
j=1 j=1

(B.14) N+m
= Z C§n<67T*Tj@>
j=1
N+m
(B.11) .
- ma(T
(B.12) 32 ) (B.18)

N+m

= 70 ( Z i’ e_inj> p(w) dw

o \j=1

= () e)

3 Actually, one has to introduce the concept of tempered distributions in order to define the Fourier
transform of a distribution, but in this work only the necessary concepts are introduced. For the
examined distributions, the Fourier transform is well defined as one can see in [35, p. 108-109].

4 A function g of rapid decrease as the absolute value of the argument tends to infinity is defined by
the property

lim |z"g(z)| =0 for all n € Ny,

|z|—o00

see [35, p. 102].
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with the generalized function

N+m
F:Rowr Z c}”e*iWTf e C. (B.19)
j=1

Note that F is locally integrable. Hence, the distribution y gy is well-defined by (B.1).
Since f(m) = D™ fi(s), We also have the following for all ¢ € S by applying (B.2) m
times:

(FLFmY0) = (FID™ wip }ow) = (D™ upy @) = gy, (“1D"@"™). (B.20)

The m-th derivative of the Fourier transform @ can be computed as follows:

(=1)™m@M (W) = (=1)™ / (—iz)™p(z)e”'“* dz by Proposition A.8

—00
e}

- / (iz)™p(z) e " da.

—0o0

Inserting this into (B.20), we obtain

(FLOY ) = iy F{GE 0 ().

Further, we have

(FLr b e) = (oo, FLGE) 000}

_ / f(#) / (iz)"p(a)e """ da | dt
_ /(1x)mg0(x) /f(t)e—itw dt | dz (B.21)
= /(ix)mf(l‘)w(ﬂf) dz = </"((i.)mf)’¢>

for all p € §. Exchanging the order of integration is possible due to Lemma C.2.
From (B.18) and (B.21) we conclude

<M(F)790> = <,u((i_)mf),cp> forall p e S
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with the generalized function F' from (B.19). Therefore, we can use the following
representation of the Fourier transform of the function f in (3.10):

for w € R where the coefficients c]* are defined by (B.15).
This proves Lemma 3.7. Observe that the equations and definitions from the previ-
ous sections which we have used here are also valid for ¢ € S. O



C. Lemmas for integration

In the previous chapter of the Appendix, we have given a short introduction to the
theory of distributions, including derivatives and the Fourier transform, in order to
explain the computation of the Fourier transform of a non-uniform spline function in
Section 3.2. In the process of discussing the concept of distributions, we have used
properties of Schwartz functions which we will now prove in the following lemmas.

Lemma C.1.
Let ¢ € S. The function &, defined by (C.1) is absolutely integrable for all m € Ny.

DRz 2Mp(z) eC (C.1)

Proof. By definition of S, the function ¢ is of rapid decrease'. Before we prove the
claim, we need the following equivalent statements for the property of rapid decrease?:

 is of rapid decrease

& sup|ze(x)| < oo for all m e IN
sup o7 (2 ! o)

C
S V(nelNy)I(C>0)V(reR):|px) < T
By the definition of the property of rapid decrease, also the function @, is rapidly
decreasing for all m € INg. Since ¢ is infinitely differentiable, @,, is infinitely differ-

entiable too. This means that &,, € S. Therefore, we can apply (C.2) and find a
constant C' > 0 with

C
| ()] = |2 p(x)] < T3 22 for all x € R.

This yields @, € L'(R) for all m € Ny by the direct comparison test® since
1
/ dz = lim (arctan(R) — arctan(—R)) = 7 < occ.

1+ 2 R—oo
R

The property of rapid decrease is defined in Section B.4, footnote 4 on p. 148.
2These equivalences are taken from [38].
3See [22, p. 130, 3.3a),e)].
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Lemma C.2.
Let f be defined as in (3.10) and ¢ € S. Then we have

71"(75) 7(ix)mg0(:n) e ' dg | dt = 70(11‘)"‘@(:3) 7f(t) e ' dt | da.

Proof. Let us denote the integral on the left side of the equation to prove by I. If we
take the absolute value of the integrand in I, we get the following:

/OO f}f(t)(ix)mgo(:c) e,im‘ dtdx = 7!xm<p(g;)y 7|f(t)\dt de

—00 —O0

— / 2™ p(a)] - C da

with a constant C' < oo since f € L'(R) by definition of f as an almost everywhere
continuous function with compact support. Further, we have

o
/\xmgo(xﬂ dz < 00
—0o0
by Lemma C.1. Hence,

7 7 |f(t)iz™p(x) e | dtda < oo,

—00 —O0

and the conditions for Fubini’s theorem® are fulfilled. Therefore, we can exchange the

order of integration in I, which yields the claim. O

1See [22, pp. 175176, 2.1c)].



D. Proofs for non-uniform tensor-product
spline representations

In Subection 4.1.1, we have given results for the reconstruction of non-uniform tensor-
product spline representations from sparse Fourier samples. Those results are due
to the structure of the Fourier transform of tensor-products f of the form (4.1). In
order to get the representation of the Fourier transform f, we have to compute the
derivatives of f, where we have to work with distributions and generalized functions.
This approach is similar to the univariate case, see Section B.1. We still need to prove
the statements from Lemmas 4.1-4.3, which will be done in the following sections.

D.1. Proof of Lemma 4.1

In Section B.1, we have introduced the concept of distributions and generalized func-
tions. There, we have only considered the univariate case. That concept easily trans-
fers to the multidimensional setting, cf. [30, Chapter 2].

Let us consider a locally integrable function g : R? — C. Then the functional

C(R2) 3 v (jigg), )= / o(@)g(w) d (D.1)
IRQ

defines a regular distribution p (g, see [30, p. 30]. We identify this distribution with
the so-called generalized function g.

Note that the function f of the form (4.1) is locally integrable. Further, observe
that the partial derivatives of f with respect to the first and second variable are
continuously differentiable up to order m; — 3 and ms — 3 respectively (in the case
mi,mg > 3). Thus, we have

D(m1*2,m2*2)

M = M mo— mi— ?

DN (S sEe)
cf. [30, pp. 32-33], where the right-hand side of the equation given above is defined
accordingly to (D.1). Here, (m; — 2, mg — 2) denotes a multi-index.
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At the beginning of Subsection 4.1.1, we have seen that the following holds for the
case mi,mo > 3:

8m2,2 8’”1*2 N1+m1—2 No+mo—2 ) - )
mi—2,mo—
32 s fna) | = ) > T TEB (1) By (wa)
j=1 k=1

2 dx 1

where the coefficients chl_Q’mTQ are defined in (4.2)—(4.5). Therefore, the derivative

D(m—2m2-2) p() is the distribution H(f(m1—2,ma—2)) defined by (D.1) and the general-
ized function

Ni+m1—2 Nao+mo—2
flmi=2m2=2) . g2 5 (z1,22)T — Z Z 0?16172’”12723]2(3:1)&%(@) € R.
7j=1 k=1

In the following part, we consider the case mj,mg > 2. For all p € C°(R?), we
have!

(DUl gy, o)
= (DED (DI i p)) o)

d d

_ [ (Dmi—2ma2—2) (=l 2 o >

<( H(f)) (1) 0+ ()-290( 1,2)

d d
= </‘L(f(m1*2sm2*2))a 87.187.290('1»'2»
Ni1+mi1—2 No+mo—2 a a

:/ Z Z c?é_z’m2_2B]2(x1)B,%(x2)ggcp(xl,xg) dx.

R2 J=1 k=1 1 2
Since BJQ- and B,% are continuous functions with compact support and ¢ € C°(R?),
the conditions for Fubini’s theorem? are fulfilled. Thus, we get

o0 Ni+m1—2 Nao+mo—2
<D(m11’m21)ﬂ(f)a§0>:/ Z Z C;?é_Q’mQ_QB%(xz)Il(xQ)dl’z (D.2)
7j=1 k=1

— 00

where we use the notation

[e.9]

I (x2) = / Bf(a;l)ail <822g0(1:1,:v2)> dz;.

—00

'See [30, pp. 32-33] for the first two equalities.
2See [22, pp. 175£., 2.1¢)].
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Using the same steps as in (B.7), we find

o0

1 1 d
Li(z2) = — / <M1[T.7,Tj+1>(x1) - Ml[rm,nﬁ)(ﬂfl)) me(th)dxl.
Next, we insert this into (D.2) and obtain
(DUm=tma=l) gy o)
OO No+mo—2 0 /Ni+mi—2 1
2 —2,ma—2
T / Z Bi(w2) / < Z Tit1 — T'C;tlkl " 1[ijTj+1)(x1)
A e j=1 J J
Ni+mq1—2 1 ) ) (9
_ - Jm—4me— 1 . 7 ’ d d
jz::l Tjio — Tjp1 [TJ+I,TJ+2)('7;1)> ax280(961 2) dzy ds
0 No+mo—2 0 /Ni+mi—2 1
2 —2,ma—2
T / Z Bi(a) / < Z Tjt1 — T,c?:bkl " 1) (1)
A % j=1 J J
Ni+mi1—1

1 _27 _2 a
- > mcﬁl,k " 1[Tj7Tj+1)(x1)> me(iﬁh x2) dzy Ay
j=2

OON2+m272 OON1+1TL171

mi—1,mao— J
:_/ Z B’%(QJ‘Q)/ Z Cj,kl 1,ma QB;(azl)a—@cp(xl,arg)dxldxg
e k=1 e =1

where
mi—2,mo—2 mi1—2,mo—2 .

le—l,mg—Q L cj,k Y1k J = 1)"'7N1+m1 - ]-7

Tk = ,

I Tj-{—l_Tj k=1,...,No+mo — 2,
and

mi—2mo—2 _ mi—2mo—2 o .

Co.k = CNy -1k =0, k=1,...,No+mo— 2.

Since we can exchange the order of integration in the last equation by Fubini’s theorem,
we get

O Ni4+mi—1 No+mgo—2
<D(m11’m21)/1«(f)790>:_/ Yo Bi@) Y T h(a)da.
A k=1

where we define I5(z1) by

d
Ig(xl)::/B,%(xg)(mcp(xl,xg)dmg.
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In order to simplify the integral I5(z1), we use the same approach as in (B.7). Hence,

we obtain

o0

1 1
o) == | (s )~ S sl e, e

—0o0

Putting the last two equations together, we get

(DIt o)

o0 Nl“l’ml*l N2+m2 2 1 ) .
_ ml -
_/ gz—:l B /< Z Skr1— Sk Sk 1sy,S14) (22)
5 =

No+mo—2
1 mi1—1
1—1,mo—2
- 1 (x2) | o(x1,22) das dx
k Sk41,5 2) | P\, T2 2dTy
= Skt2 = Sk S Sier2)
o0 Ni+mi—1 o0 No+mo—2 1
_ 1 m1 1,mo—2
[ B [ X et s @)
=1 k=1 CkFLT Ok
— 0o —00
No+mo—1 1

“1ma—2
o Z mcxkl—l " 1[Sk,5k+1)(x2)>9@($1’$2)dxzdxl

o0 N1+m1 1N2+m2 1 ) .
/ / T le-(flfl)B;(:UQ)gO(.fl,mg)de dzy

—0o0 —O0

where the coefficients are defined by

mi1—1,mgo—2 mi1—1,mo—2
gm—Lma—1,_ %k — k-1 k=1,...,No+mg—1,
ik = > .
b Sk+1—Sk j=1,....,Ny+mp — 1,

with the convention

mi1—1mo—2 _ mi—1mo—2 _ .
cj701 2T = j71{,2+m22_1 =0, j=1,...,Ny+mq — 1.
Again, we use Fubini’s theorem in the last double integral (B]1 and B,i are continuous
functions with compact support, and ¢ € C2°(RR?)), which finally results in

Ni+mi1—1 No+mo—1
(DUt ) = (

Z Z m1 1,ma— 1B]1(:)31)Bg(x2)> o(z1,z2) de.

R2
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According to (D.1), this means that D™ —1m2=1) p(p) for mi,mg > 2 is the distribu-
tion generated by the generalized function

Ni+mi1—1 Na+mo—1
(m1—1,m2—1) . 2 ' . ? 3 m1 1,mo—1 pl 1 D
f :R°> (371,.’132) = E E B (ml)Bk(l‘Q) € R. ( 3)

This proves Lemma 4.1. O

D.2. Proof of Lemma 4.2

In order to prove Lemma 4.2, we have to compute the derivative D! J(pma—1.ma—1))

in the case m1, mo > 1 where f(mlfl’mrl) is the generalized function defined in (D.3).
Observe that f(m—1m2=1) ig Jocally integrable. Therefore, we have the following for
© € CX(R?):

<D(m1,m2) 'u(f),(p> — <D(1 ,1) (D(ml 1,m2—1)

1)) ¢)
:<(D(m1_1’m2_l)ﬂ(f)),( 1Dl aaaa o(+1 '2)>

B 9
= <:U(f(m1—17"@—1))7 871372
Ni+mi—1 Na+mo— ﬂu Ly 1 1 ) J 9

RQ

where we have applied (D.3). In the first two equalities, we have used propoerties of
derivatives of distributions, cf. [30, pp. 32-33]. We can apply Fubini’s theorem to the
double integral in (D.4) since B} and B} are almost everywhere continuous functions
with compact support and ¢ € C2°(R?). Then we have

o0 Ni+m1—1 No+mo—1

(Dlmima) / Z Z MM B (w9) Ly (w) dzy (D.5)

with the integral

i 9 (9
Li(x9):= / le(gul)a—gv1 (axggp(afl,xg)> day.

Using the same steps as in (B.10) for the computation of L;i(x2), we obtain

Li(es) = — (afcfm,m) - (T, m)) | (D.6)
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Combination of (D.5) and (D.6) produces the result

(D2 py ., o)
o0 No+mo—1 <N1+m1 1

m ,m a
= [ X B X Semm
k=1

s =1
Ni+mi—1 6
. cml 1,ma—1 T x
7,k 7 2

j=1
o0 No+mo—1 Ni+mi—1 a
1 1
S A VI IS o SRS
e k=1 j=1
Ni+mq 1 1 a
=D G I SO(TJ,M)) dzy
i=2 2
No+mo—1 Ni+my 1 ()
.S / Bl(22) (M) dey (D)
k=1 j=1 2
with coefficients le;,mz ! defined by
- . _ _ . j=1,...,N1+m1,
cmLm2 1 _ M 1ma—1 cm 1,mo 1’ D.8
7k Ik J—Lk k=1,...,No+mo —1, ( )
where we use the usual convention
T = et =0, k=1,..,No+my—1  (D.9)
Due to
r 0
[ B S ol ma) s = ~[(T;. 80) = (T3, S
—00
(cf. the computational steps in (B.10)), (D.7) yields
Ni4+mq No+mao—1
<D(m1,TVL2 Z Z m1,m2 ]. (]—v]’ Sk) o QO(T], Sk+1)]
7j=1
Ni+m1 /No+mo—1 No+mo
) _1 N 1
- z( 5 s S o)
j=1 k=1

Ni+mi Na+ma

= > Z 2o (Ty, S). (D.10)
7=1 k=1



D.2. Proof of Lemma 4.2 159

Here, we use the definition

k=1,...,No+ mao,

mi1,mso . mi,mo—1 mi,mo—1
c, ' —c.b (D.11)
i,k k k—1 ) .
J J: 7 j=1,...,Ny+mq,
with the convention
mi1,me—1 _ mimo—1 _ .
Cio = Cj Nytmy = 05 j=1,..., N1 +mq. (D.12)

In order to express the right-hand side in (D.10) in terms of distributions, we have
to use the definitions of the translation operator and the Dirac delta distribution,
which we have only introduced for the univariate case so far. In the case of ordinary
functions, the translation operator T4 for (a, b)T € R? is given by

Topp(x1, 22) :=p(x1 — a,z2 — b). (D.13)
The translate T, of a distribution p is defined for (a,b)™ € R? by

(Taphts0) = (1, Ta—pp) for all o € C°(R?), (D.14)
cf. [26, p. 9]. Further, the rule
C(R?) 3 ¢ = (8,50) :=(0,0) (D.15)
defines the Dirac delta distribution 8, see [30, p. 31].

Incorporating these definitions, we get the following from (D.10):

Ni+m1 No+mo

(D) iy, ) =y Z ciw " @ (T, Sk)
j=1 k=1

Ni+m1 Na+ma
my,m
- Z Z G T-15,-5,£(0,0)

N1+M1 No+mo

— Z Z m1,m2 5 Tij,fSk(P>
7j=1

Ni+m1 Na+mo

_ m17m2

= > Z (7,98, 9)
j=1 k=1

Ni+m1 Na+mo

:< ]Zl g (T 6),<p>
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for all ¢ € C°(R?). Hence, the distributional derivative D(™1m2) p() of the gener-
alized function f in the case mi,mo > 1 is a linear combination of translated Dirac
delta distributions, which we denote by f(m1:m2) je.

Ni+m1 Na+mo

f(m1,m2 Z Z m1,ﬂ"b2 5) (D.16)
Jj=

where the coefficients c; k1,m2 are defined by (D.8), (D.9), (D.11), and (D.12).
This completes the proof of Lemma 4.2. O

D.3. Proof of Lemma 4.3

The statement from Lemma 4.3 provides a representation of the Fourier transform f
of the function f which is considered in (4.1). That representation is used in Theorem
4.4 in order to derive a theory for the reconstruction of such functions f from sparse
Fourier data.

In the section on hand, we want to prove the claim of Lemma 4.3. This will be done
by computing the Fourier transform of the generalized function f("1:2) which we
have determined in the previous section, see (D.16). Therefore, we need the definition
of the Fourier transform of a distribution. Let p be one of the examined distributions
in the previous sections. The Fourier transform F{u} is defined analogously as in the
univariate case (see p. 148). It is the linear functional on the space S(R?) which fulfils

(F{lu}, o) = (u, @)  for all p € S(R?), (D.17)

cf. [30, p. 47]. The notation ¢ indicates the ordinary Fourier transform of ¢. Fur-
ther, S(R?) denotes the Schwartz space of rapidly decreasing, infinitely differentiable
functions in R2.

Consider ¢ € S(R?). Then we have

Ni4+mq Nao+mg

(F{fimmy, o) P20 § Z M2 (F{(tr,,5,8)}, )

7j=1
N1+m1 No+mo

D.17 m1,m2 ~
=y Z (77;.5,5, 8)
j=1
Ni4+m1 Na+mo
D14) § : Z m1,m2 6 T_7 g 9/5>
—Lj,70k
J=1 k=1

N1+m1 No+mo

Z Z Mg, 6, 8(0,0)
7=1 k=1
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Ni4+mq No+mg

SRS > e, 5
7j=1

Ni+m1 No+mo

- /( Z Z iyl e 1(w1T+w25k)>¢(w1,w2)dw
Jj=1 =

RQ
= (ur), @) (D.18)
where the generalized function F' is given by

Ni+m1 Na+mo
F:R®S (wi,wa) = Y Z ¢nme g i TiteaSi) ¢ ¢, (D.19)
j=1 k=1

Since F'is locally integrable, p(r) is well-defined by (D.1). This means that the Fourier
transform F{f("1m2)} of the distribution f(™1™2) is identified with the generalized
function F.

We still need a representation of the Fourier transform ]/f\ Using the relation
flmame) — D(ml’m2),u(f), we also have the following for ¢ € S(RR?):

<‘F{f( b 2)}790> = <D( b Q)M(f);(P>_<,U(f),(_1)l( 1,m2) am1am290> (DQO)

The last equality is due to properties of derivatives of distributions, cf. [30, p. 46].
Moreover, the mixed partial derivative of ¢ in (D.20) is given by

[(m1,m2)| ¥ Jmt gmz : mi (s ma —i-(wiz1twaze) d
( ) 9™ dw mg‘p(wlv("&) (1331) (le) (P(xbx?)e T
1

RQ
= F{ )™ )1, ) n,02),

see Proposition A.5. Thus, we have

(F{flmm2)y o) = <M(f),]:{ (i-1)™(@- 2)m290('17'2)}>

— /f(t17t2) ( /(iaﬁl)ml (ix2)m2¢(x1,x2) efi'(t1x1+t2x2) dw> dt.
R2 R2

Observe that R? 3 (z1,22)T = 2]"a0%¢(z1,22) € R is also a Schwartz function
by definition of S(R?), cf. [66, p. 211], and recall that S(R?) C LP(R) for all p > 1,
see [66, pp. 211-212]. Further, we have f € L'(IR?) since f is an almost everywhere con-
tinuous function with compact support. These properties ensure that the conditions
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for Fubini’s theorem are fulfilled such that we can exchange the order of integration
in the multiple integral above. Then we get

<f‘{f(m1,m2)}7(p> _ /f(tl,tg) ( /(1 xl)m1 (ix2)m2(ﬁ(x1’x2) e—i-(t1:c1+tza:2) diIZ) dt
RQ

RQ
= /(ixl)ml(ixg)m2<p(:n1,x2) < /f(tl,tg)e_i'(tlxﬁt”?) dt> dzx
R?2 R2
= /(ixl)ml(img)me(xl,xg)gp(xl,xg) dx
R2
- <M((i-1)m1(i-z)m2f)7‘p>' (D.21)

From (D.18) and (D.21) we deduce
2
(Ey @) = <M((i,1)m1(i,2)m2f),so> for all ¢ € S(R?),

where the generalized function F is defined in (D.19). Hence, the Fourier transform J?
of the function f considered in (4.1) can be represented by

Ni+m1 Na+mo
(iw1) (1w2)m2f w1, wQ Z Z cm17m2 —i- w1Tj+w25k)’ (wth)T e IR2.
Jj=

The coefficients ¢} are defined accordingly to (D.8), (D.9), (D.11), and (D.12).
Thus, the proof of Lemma 4.3 is completed. In the computations above, we have

used some definitions and equations from the previous sections. Note that they also
hold for ¢ € S(R?). O
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