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Approximation model for sparse data representation
Notation:

{li,...,In} (e.g. 1 € R™"), given training set of data

yj :=vecl; e RN, N = p?

Y :=[y1,...,¥m] € RNX™ matrix of vectorized patches

D :=[dy,...,d,] € RN*k dictionary matrix with atoms d; € RV
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Approximation model for sparse data representation
Notation:

{li,...,In} (e.g. 1 € R™"), given training set of data

yj :=vecl; e RN, N = p?

Y :=[y1,...,¥m] € RNX™ matrix of vectorized patches

D :=[dy,...,d,] € RN*k dictionary matrix with atoms d; € RV

Sparsity promoting model:

. . 2
min (1Y = DX+ AIX]o)

X = [x1,...,Xm] € RFX™ matrix of sparse coefficient vectors

IX]||o counts the number of non-zero entries of X

A regularization parameter
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Relaxed optimization problem

. . 2
min (1Y = DX|[E + AlIX]lo)

is “NP-hard".

Relaxed optimization problem:

. . 2
min (1Y = DX|E + XXl

m m k
where ||X]|1 1= 21 [xi[l1 = 21 21 | Xi g1
=

i=1j=
For algorithms see e.g.

[BECK & TEBOULLE ('09), NEEDELL & VERSHYNIN ('10),
CHAMBOLLE & Pock ('11)]
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Model extension I: Dictionary learning

Consider

min Y — DX||%Z + M| X«
L. I+ AIX]L.)

with || - ||« being either || - ||o or || - |1

Dictionary learning by K-SVD

[AHARON ('06), ELAD & AHARON ('06), DoNG ('13)]
Idea based on alternating optimization:

@ For fixed D find improved X.
@ For fixed X update the dictionary D.

Structured dictionaries: [CAI ET AL. ('14), Liu ET AL. ('17)]
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Model extension Il: Graph regularization

Idea: Add a term that measures similarity between image patches

Construct a graph G(V,E,W) with V = {l1,...,1,}.
I;, I; are connected by an edge with weight W; ;.
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Model extension Il: Graph regularization

Idea: Add a term that measures similarity between image patches
Construct a graph G(V,E,W) with V = {l1,...,1,}.

I;, I; are connected by an edge with weight W, ;.

Choice of the weight matrix W = (W, ;)["_; € R™™:

© Find the K nearest neighbors of |; by inspecting theses distances
I —1k||2 for ke {1,...,i—1,i+1,...,m}.
@ Define the symmetric weight matrix W = (W; ;)" _; by

1 if I; is among the K nearest neighbors of I;

Wi = or l; is among the K nearest neighbors of |;
0 otherwise.

@ Introduce A = diag(A1,...,A,) € R™M with A; = Zj’":l Wi,
@ Define the Laplacian matrix of the graph G: L= A — W € R™*™,
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Model extension Il: Graph regularization

©C O O = = O
o0O O ™
O O O O = =
- OO OO
-0 = O O© O
O = = O O O
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Model extension Il: Graph regularization
Then

m
TYLYT) = 3 Wl — I3 = 3 Wil — yil3 = X I~ b3
ij=1 ij=1 li~l;

where |,'N |j if VV,'JZ 1.

We suppose that the dictionary atoms x;, j = 1,..., m possess a similar
topological structure as y;, j = 1,...,m, and introduce

T 2 2
r(XLX Z Wi jlixi — x;||2 = Z lIxi — x;ll2
ij=1 Ii"‘lj

Model generalization:

min [[Y — DX|[2 + a Tr(XLXT) + A X|l;  a>0.
XERkxm

See also Yankelevsky & Elad (2016).
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Method for dictionary learning

Dictionary construction.

@ Construct of a partition tree (similar to [ZENG ('15)])

@ Determine the dictionary from the partition tree

Step 1. Construct of a partition tree

@ Compute the mean of all training patches
1 m
C:=—) LLeR™
mia

and the covariance matrices

m m

CL = %Z(I; ~C)(I;, -C)7, Cg:= %Z(I,— -C)7(1; - C).

i=1 i=1
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Construct a partition tree
@ Compute the normalized eigenvectors u and v

u:= argmaxx’' C;x, v := argmax x' Cgx,
lIxll2=1 lIx]l2=1

representing the main structures of the training patches not being
captured by the mean patch C.
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Construct a partition tree
@ Compute the normalized eigenvectors u and v

u:= argmaxx’' C;x, v := argmax x' Cgx,
lIxll2=1 lIx]l2=1

representing the main structures of the training patches not being
captured by the mean patch C.

o Compute s :=u’ljv, i =1,...,m, and order these numbers by size,
S, <sp, << s,
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Construct a partition tree
@ Compute the normalized eigenvectors u and v

u:= argmaxx’' C;x, v := argmax x' Cgx,
lIxll2=1 lIx]l2=1

representing the main structures of the training patches not being
captured by the mean patch C.

o Compute s :=u’ljv, i =1,...,m, and order these numbers by size,
S0, Sng <... §ng.
o Compute
K 1 K 2 m 1 m 2
k1= argmin Z <5g, — ZSZV> + Z (ser — Z Sgy>
1<h<m-1 | = K= e m—k S
to derive the partition {lp,, ..., 1.} U{le, (-5 le, )

@ Partition the two obtained subsets further using the same scheme.
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Example of a partition tree

Ay A5 Mg Agr

A= {1,...,10} /\

Mg Ao
N = {589}, As={1,2,34,6,7,10},
A = {8}, As={509}, No={3,6}, Ar={1,24710}
Ns = {5}, Ae={9}, Aw={3}, Ay ={6}, Aip={1,7}, A3 = {2,4,10}
Aa = {1}, A ={7}, Aw=1{2}, Ay ={4,10},
Ms = {4}, A= {0}
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Determine the dictionary from the partition tree

Each node in the tree is associated with a subset {l;};ch, .
For each index set Ak, compute

Z l;

IG/\
and
Uy = argmax CkCZ—x, vy = argmaxC Cyx.
[Ix[l2=1 [Ix[l2=1
First dictionary element:
D1 = U1V]-_r

Further dictionary elements: For each pair of children nodes with index
sets Aok, Aoky1 and center matrices Cox, Coky1 let

Dy
DA
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Dk := AokU2kVa, — Aokt 1U2k1Vaki1s Dy =




Determine the dictionary from the partition tree

A T
D, =uy]

UV,
- D ;Llulvr Agujvs

AN

AV 7N\ AglliiVien ﬂﬁh“lh"lk/ Aogealhy, - 1”21:.-1

A T T
D ﬂ"k“z&t A"k-—lu‘k—ﬂ‘u—l Dy, = Ao sy Vay, — Apyatlag 1 Vay 1
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Application for denoising

Denoising algorithm with dictionary learning and graph regularization

Input: Noisy training data Y = [y1,...,¥m]
Number of iterations
Parameters K, o and A

Q@ Set Yp :=Y. Loop through steps 2-5 until the given number of
iterations is achieved:
@ Compute the Laplacian matrix L for the given training set Yp.

© Determine the dictionary D by a dictionary learning algorithm based
on YD.
@ Solve the minimization problem
min |Y — DX||Z + a Tr(XLXT) 4+ A[|X][1.
min (Y = DX|2 + o Tr(XLXT) + XX
© Reconstruct the data Yp := DX.

Output: Denoised data Yp.
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Denoising results for field data
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Denoising results: Single trace comparison
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Summary

We have considered a generalized model

min [|[Y — DX||2 + a Tr(XLXT) + A|X|l;  a>0.
XeRkxm

including a learned dictionary and a graph regularization term.

Dictionary learning is based on a partition tree.

The partition of training patches uses SVD of patches.

This method exploits two-dimensional geometric structure of the
training data.

The dictionary learning method is essentially cheaper than K-SVD.

See the talk by Renato Budinich: Clustering based dictionary learning,
Thursday, 9:50, CP6.

Gerlind Plonka (University of Géttingen) Patch-Based Dictionary Learning Bologna, June 5, 2018 17 /19



References

@ Lina Liu, Jianwei Ma, and Gerlind Plonka
Sparse graph-regularized dictionary learning for suppressing
random seismic noise.
Geophysics 83(3) (2018), V215-V23L1.

@ Lina Liu, Gerlind Plonka, and Jianwei Ma
Seismic data interpolation and denoising by learning a tensor
tight frame.
Inverse Problems 33(10) (2017), 105011.

Gerlind Plonka (University of Géttingen) Patch-Based Dictionary Learning Bologna, June 5, 2018 18 /19



\thankyou
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