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Abstract. We employ the generalized Prony method to derive new reconstruction
schemes for a variety of sparse signal models using only a small number of signal
measurements. Introducing generalized shift operators, we study the recovery of
sparse trigonometric and hyperbolic functions as well as sparse expansions of shifted
Gaussians and Gabor functions with Gaussian windows. Furthermore, we show how
to reconstruct sparse polynomial expansions and sparse non-stationary signals with
structured phase functions.
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1 Introduction

The recovery of signals possessing a given structure is an important problem in
various applications as e.g. wireless telecommunication [21], image super-resolution
[23], nondestructive testing [5] and phase retrieval [3].

We assume that we can employ certain a priori knowledge about the underlying
signal model, where a small number of parameters needs to be determined from given
signal measurements in order to recover the structure of the signal. A prototype of
such a signal is an exponential sum of the form

M
fl@)=> cje™ (1.1)
j=1

with unknown complex parameters c¢; and o, j = 1,..., M, which need to be recov-
ered from measurement values of f. Here and in all other signal models we always
assume that the parameters o are pairwise different and that all coefficients ¢; are
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nonzero, otherwise, the exponential sum can be suitably simplified to a sum with
less terms.

It is well-known, that this recovery problem can be solved by Prony’s method
using equidistant point evaluations f(zg + kh), k = 0,...,2M — 1, where g € R
can be arbitrarily chosen, and h # 0 is a suitable step size. Indeed, the model (1.1)
already covers many important applications. For example, taking o; = —it; with
t; € R, (1.1) is closely related to the model

M
t) = ¢ 8t —ty), (1.2)
j=1

a finite stream of Diracs, since the Fourier transform g(z) := [ g(t) e '*dt of g is
equal to f in (1.1) . Therefore, g can be recovered from equidistant Fourier samples.
Signals as given in (1.2) are said to have finite rate if innovation, [22]. More generally,
considering a finite linear combination of arbitrary shifts of a given function ¢,

M
)= c;d(t—t;) (1.3)
j=1

M .

with ¢; € R leads by Fourier transform to a product of an exponential sum  ¢; e itjr
j=1

of the form (1.1) with the Fourier transform ¢(z), and can therefore also be recovered

from suitable equidistant Fourier samples of g, see [9,17,19,22]. Applying the Laplace

transform to (1.1) with the restriction o; € R, we find

M

hs)=Lf(s) =Y —2

s—
j=1 J

Therefore, the rational function h(s) can be reconstructed from equidistant samples
of its inverse Laplace transform using Prony’s method. Also, sparse expansions of
shifted Lorentzian functions with the Fourier transform e #i¢=%il#l/2 where t; and
a; denote the shifts and the function width, can be recovered using the model (1.1),
see [2].

However, many applications require more general signal models. In this paper we
regard a signal as stationary if it can be e.g. written in the form

Zc e or ch ) cos(¢;(x))

where the amplitudes c;j(x) are constants and the phase functions ¢;(x) are linear
polynomials. Thus the exponential sum in (1.1) is stationary for a; = it;, t; € R.
We say that the signal is non-stationary, if these assumptions are not longer satis-
fied. In Section 6, we will consider expansions with phase functions being quadratic
polynomials or of the form ¢;(z) = a;aP + §; with p € Ry .

Non-stationary signals play an important role in many applications in signal pro-
cessing, since signals naturally change their behavior in time. Stationary signal ana-
lysis methods are usually not well suited for decomposing these signals, and some
effort has been put into deriving new techniques for non-stationary signal decom-
position. In [11] the empirical mode decomposition (EMD) has been proposed, a
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greedy non-parametric method to decompose non-stationary signals into so-called
intrinsic mode functions. For applications and further investigation of EMD we refer
to [12] and the references therein. Mathematically improved techniques include the
synchrosqueezed wavelet transform [10] and the signal decomposition method using
a signal separation operator [6]. Other recent attempts for signal reconstruction are
based on hybrid methods employing wavelet analysis and the finite rate of innovation
approach, [23].

Having more a priori information about the signal structure in a sparse model,
we aim at a direct identification of the important signal components. In [4], the
reconstruction of piecewise sinusoidal signals has been studied with finite rate of
innovation methods based on the model (1.1), but this model is still restricted to
linear phase functions. Recently, the generalized Prony method has been proposed
n [15]. This approach allows the recovery of sparse sums of eigenfunctions of linear
operators. It covers the reconstruction of exponential sums in (1.1) as a special case,
where the exponentials are interpreted as eigenfunctions of the shift operator.

In this paper we want to exploit the generalized Prony method introduced in [15]
and derive reconstruction procedures for different signal models that go essentially
beyond the exponential sum in (1.1). Here, we particularly restrict ourselves to mod-
els that can be recovered just from direct measurement values, i.e., point evaluations
of the signal. In Section 2.3 we will indicate how other sampling schemes can be also
used instead.

Employing generalized shift operators we will present new recovery methods for a
variety of signal models as e.g. linear combinations of Gaussians, Gabor expansions
with Gaussian windows and non-stationary trigonometric expansions. For each of
these new models, we will present a reconstruction method and show, which signal
measurements are needed for the recovery.

The paper is organized as follows. In Section 2 we recall the Prony method and
present its interpretation as a recovery method for sparse sums of eigenfunctions
of the shift operator. We also describe some sampling schemes to reconstruct the
exponential sum which we are allowed to use by exploiting the generalized Prony
method. In Subsection 2.3, we introduce generalizations of the shift operator and
show their basic properties.

Sections 3 — 6 are devoted to the investigation of various signal models that are
based on the generalized shift operators. In Section 3 we consider sparse expansions
of trigonometric and hyperbolic functions that can be reconstructed using the sym-
metric shift operator. In Section 4 we study the recovery of expansions of shifted
Gaussians and Gabor expansions with shifted Gaussian windows.

In Section 5 we reconstruct sparse expansions of monomials and complex Gaussians
with different scaling. Moreover, sparse expansions of Chebyshev polynomials and
linear combinations of non-stationary exponentials as e.g. e% °® can be recovered.

Section 6 is devoted to the recovery of further non-stationary signals whose com-
ponents possess non-linear phase functions of the form ;2P + 3; with known real
parameter p > 0 and unknown parameters o, 8; € R, or with phase functions of
the form 2% + ajz + ;.

Finally, we illustrate the signal models by some numerical examples in Section
7. Stability issues of the numerical methods will be more closely considered in a
forthcoming paper.
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2.1 The Prony method

Let us first recall Prony’s method to reconstruct f(z) in (1.1) using equidistant
samples of f. The function f(z) in (1.1) can be interpreted as the solution of a
linear difference equation with constant coefficients. This observation is the key of
this recovering method. The main idea is to reconstruct the parameters e® in a first
step, and the coefficients ¢; in a second step. If a; € C, as we have assumed here,
we need to put attention to the fact that the o; may not be uniquely determined by
e% since e'? is 2m-periodic.

We assume therefore that we have an a priori known bound |[Ima;| < T. We
choose a sampling size h < % such that |ajh| < 7 and will reconstruct the values
e®". Then a;j can be uniquely extracted.

We define the characteristic polynomial (Prony polynomial)

M M
P(z) =[J(z=e*") =]z = A\)) (2.1)

j=1 Jj=1

with \; :== e%". Assuming that P(z) has the monomial representation

M M-1
P(z) =) p2f =M+ > pr
k=0 k=0

we consider the homogeneous linear difference equation of order M for f in (1.1),

M M M M M
Sop Sk rm) = 3 3o AT =S e (S p k)
k=0 k=0 j=1 J=1 k=0

M
= > GATP()) =0,
j=1
which is satisfied for all m € Z. Exploiting py; = 1 we derive the linear system
M—1
> o f(h(k+m)) = —f(h(M +m)), meZ (2.2)
k=0

from the given function values f(hl), I = 0,...,2M — 1. The coefficient matrix
H = (f(h(k —I—m)))an;iO in (2.2) has Hankel structure, and the linear system in

(2.2) is uniquely solvable, provided that the values \; = e%” in (1.1) are pairwise
different and ¢; # 0 for j = 1,..., M. This can be easily seen from the factorization

H = Vdiag(ci,...,cp) VT,

where V denotes the Vandermonde matrix V = (A?)M -1

k,j=0"
Having found the coefficients py of the Prony polynomial P(z) by solving (2.2), we
can extract the zeros \; = e% h j=1,...,M and finally determine the parameters

¢; in (1.1) by solving the (overdetermined) linear system

M M
FO =S¢ ="¢al, 1=0,....2M ~ 1.
J=1 j=1
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The described method has used the function values f(hl), [ =0,...,2M — 1. But
a careful inspection of this approach shows that there is no reason to start with f(0).
We can equivalently start with an arbitrary value xg € R and apply the samples
f(zo+1h),1=0,...,2M — 1 to reconstruct (1.1). As before, we get

M M M . M M
Zpkf(l“o +hk+m)) = Zpk Z Cjexoaj)\g +m) _ Z ;670 \I ( Zpk)\?)
k=0 k=0 j=1 j=1 k=0

M
= Z cj €% NI P()j) =0, (2.3)
j=1

which leads to a similar Hankel system as in (2.2). For a recent survey on Prony’s
method and its applications we refer to [18].

2.2 Reuvisiting Prony’s Method Using the Shift Operator

Following the ideas in [15], we now want to look at the exponential sum in (1.1) from
a different point of view, i.e. as an expansion of eigenfunctions of a suitably chosen
operator.

We consider the usual shift operator Si,: C(R) — C(R) acting on the vector space
C(R) of continuous functions on R, given by

Spf=f(-+h), h € R\ {0}. (2.1)
Then, for each o € C we have
(Shea-)(x) _ ea(h+x) _ eah eaac’

i.e., €* is an eigenfunction of S}, with the eigenvalue e®”. Therefore, we can interpret
the signal f(z) in (1.1) as a sparse linear combination of eigenfunctions of the shift
operator Sy, and obtain

M M M
Shf(.l') _ ch eaj(x+h) _ ch eih T — ch /\j YT
j=1 j=1 i=1

with A; = e®" and the eigenvalues Aj of the “active” eigenfunctions in the expo-
nential sum are the zeros of the Prony polynomial P(z) in (2.1).

As we have seen before, the eigenfunction e®? is only determined uniquely by
its eigenvalue e ", if we have the a priori information that Im o is contained in a
fixed interval of length 27”, since the eigenspace of %" is very large. For a; € C the
relation

Sheaj:r — ea]-h e

also implies

She(aj+27’?k)m = e(r+h)(aj+27;jk) — e%h e(aj-i-‘w;k’)ﬂ?.

Therefore, for each eigenvalue e h we find the eigenspace spanned by the eigenfunc-
tions {egc(aj‘*'%ftzlk) c kelZ}.

We can now reinterpret Prony’s method for the reconstruction of the exponential
sum in (1.1) as follows. Assume that all wanted parameters «; satisfy [Imoy| < T
and h < 7.
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Then, a given finite linear combination of M eigenfunctions of the shift operator
S}, with the corresponding M pairwise different eigenvalues e®", j =1,..., M, and
with nonzero complex coefficients ¢; can be completely recovered from the values
S;lf(a;o) = Snf(xo), 1 =0,...,2M — 1, with zg € R. Using the shift operator S, in
(2.1) the homogeneous difference equation in (2.3) can be simply rewritten as

M o . .
D_ Py @) = > pr(Shgerm f)(@0) = Zpksh(ker) ( > Cjeaj.> (20)
;=0 — - 2
MM u
- Zp ZCJ Sh k—l—me i ZCJ Zpk)\m+k Q5 0
it Pt

= ch (Zpk)\k) eMT0 = (.

As before, the coefficients py, of the Prony polynomial can be computed by the Hankel

system as in (2.2) with the coefficient matrix H = ((Sh(kﬂ)f)(xo))kl o and the
procedure to evaluate all parameters in (1.1) is the same as before. 7

To make this procedure work, we have essentially used two properties of the shift
operator, namely,

e S} is a linear operator,

e 2" is the unique eigenfunction of Sy to the eigenvalue e*” for each a € C with
Ima € (—mt/h,t/h).

2.3 Sampling Schemes for Recovering Exponential Sums

As we have seen, the exponential sum in (1.1) can be completely reconstructed using
the equidistant function values f(zg + hl), I =0,...,2M — 1. These values can be
understood as the application of a point evaluation functional F,, with

FxO(Sll’Lf) = Fwo(shlf) = f(hl + $0).

However, the generalized Prony method in [15] allows a higher flexibility of sampling
schemes. In [15], it has been shown that instead of using a point evaluation functional
we can also employ another linear functional F' to Sy f satisfying the assumption
that all eigenfunctions of the shift operator (which may play an active role in the
exponential sum to be recovered) do not vanish under the action of F'.

Using this generalized approach, we replace our measurements (S;L Hxo) = flxo+
hl) by F(S!f)(z). Then the recovery of the parameters a; can be still achieved by
evaluating the coefficients of the Prony polynomial P(z) in the first step,

M M M M M
Zka(SZerf) = Zka<S}’f+m<cheaj'>) :Zkacj F(S}’;"J“meo‘j')
k=0 = j=1 j

j= k=0 7j=1
M M
_ ZCJ Zpk )\erk ) ch)\;.n (Zpk A?)F(eajw) =0.
j=1 k=0 Jj=1 k=0

Therefore, we obtain the Hankel system

-1 M-1
YonESET ) =Y peF(f(+ bk +m)) = —F(f(- + (M +m))), (2.2)
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M-1
for m € 7Z, where the Hankel matrix H = <F(S}’f+m f )) is invertible, since we

,m=0
have

H = Vdiag(ci,...,cy)diag (F(e*), ..., F(e*)) VT

with the Vandermonde matrix V = ()\k),]ﬂwJ = (ea]hk)JkW] -

To illustrate the variety of possible sampling schemes, we give two examples.
1. Assume that we know a priori that the parameters in (1.1) satisfy Ima; € (0,7)
and choose 0 < h < QT” Then we can consider

xo+h o0
Ffm [ f@)de = [ f@)xone — o) de = (. xon(: = 20)

where X[g,,] denotes the characteristic function on [0, h], and the condition
xo+h
Fe™ = / e*dx #0
o

is obviously satisfied for all a € (0, T) since e®® # 1. With this sampling functional,
it is sufficient to take the values

xo+h x0+h(l+1)
F(S,’lf):/ f(x+hl)dx:/+hl f(x)dz, 1=0,...,2M —1,
xo o

to reconstruct f.
2. With the assumption a; = —it; and t; € (—1,1), we consider the functional

with @(z) = %sincaj = . The Fourier transform of the sinc kernel is the box

function 5(75) X[-1,1](t) and we obtain by Parseval identity with g(z) = f(x),

Ff(-+hl) = (f(- + hl), B) = (G(- + hl), &) = (g, D).

In particular, since g in (1.2) is a stream of diracs, it follows that

+ hl ZC] _ tj llh ZC] X[ 1, 1 llhtj _ Z C ellht-.

Therefore, also the samples (f(-+hl),®), I =0,...,2M — 1, are sufficient to recover
fin (1.1).

2.4 Generalized Shift Operators

We want to generalize the shift operator in order to be able to recover many more
signal models beyond exponential sums. In particular, we consider the following
linear operators.

A) Let Sy, _p: C(R) = C(R) denote the symmetric shift operator for given h > 0
by

Snonf(@)i= 5 (@ —h) 4 Fa 1) =SS+ Sf(@). (23)
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B) Let K: R? — C be a given continuous function satisfying the property
K(x,h1 + he) = K(z,h2) K(x + ha, h1) = K(x,h1)K(z + h1, ha). (2.4)
We define for h # 0 the shift operator Sk j: C(R) — C(R) by
Sknf(x) = K(z,h) f(x+h). (2.5)

C) Let the function G: [a,b] — R be continuous and strictly monotonous in the
sampling domain [a,b] C R and let G~! denote its inverse function. We intro-
duce the shift operator Sg p: C([a,b]) = C(R) for h # 0 by

Sanf (@) = f(GTHG(x) + h)). (2.6)
These operators have the following properties.

Theorem 2.1. Let the operators Sy _p, Sgn and Sk be defined as above. Then
the following holds,

Sho,—ha (Shi,—ni f) = Shy,—h1 (Sha,—ho f)

= % (Sh1+h2,—(h1+h2)f + Shl_h27_(h1_h2)f) ) (27)
Sc.h (Sahaf) = San (San f) = Sani+hf (2.8)
Sk (Skhaf) = Sk py (Skny f) = Sk hitho f- (2.9)

In particular, we have

Sk nf = o T <l>(5(k2l)h,(k2l)hf+6k/2,Uc/2j2k<k/2> /s
1=0

Sent = Seanf,  Skaf =Skl
where dy,/9 1x/2) =1 if k is even and vanishes otherwise.

Proof. We find for the symmetric shift
St (St 1)) = S 5+ ) + 7o = )
(f(z+h1+ ho) + f(x —h1 + ha) + f(z + h1 — h2) + f(z — h1 — h2))

((Shytho—(hrtho) F)(@) + (Shy—ho —(hr—ho) ) (2)) -

(NN SN

Repeated application of the operator Sy, _j yields

SEonf = (S + SN = o Z (7)stastts
[(k—1)/2]
1 k 1 k
= % ; (l>(S(k21)h + S_k—an) f + dks2, /2] ’f(k/2>f
[(k—1)/2]

1 k 1/ k
= 51 z(; <l>8(k—2l)h (k—20)nf + Or /2, k/2jk<k/2>f-
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Let the continuous function G be strictly monotonous in [a,b] C R, and let z,x +
hi,x + ho,x + h1 + hs € [a,b]. Then
Scna(Sam (@) = Son(f(GTHE() + M) (z)
= fIGTHG(GHG(z) + h1)) + h2))
= f(GHG(@) + b1 + h2)) = (Scny+hy f) ()
= SGm (San,f)(@).

Finally, using the special properties (2.4) of the function K, it follows that

Skhy Sk f)(@) = Sk, (K(- ha) f(- + 1)) (2)
= K(z,ho)K(z + ha, ha) f(x + h1 + h2)
= K(z,h1)K(x+ h1,h)f(x + h1 + ho)
= Sk (Skn f)(@).
O

Remark 2.2. 1. Operators of the form (2.6) are well established as generalized
operators in the field of quantum mechanics and are used to solve evolution operator
equations in quantum field theory, see [7,8].
2. Besides using the generalized shift operators introduced in (2.3), (2.4) and (2.5),
we can also combine these shift operators to generate further operators. For example,
we will consider

1

S n-nf(@) =5 (F(GHG(@) = h) + F(GTH(G(z) + 1))

in Sections 5.3 and 6.1. Similarly, a combination of Sk 5 and S} __j can be applied.
3. By Theorem 2.1, the iterated symmetric shift S ﬁ _j, can be presented as a linear
combination of shifts Sy, _p; for { =0,..., k. Applyfng the symmetric shift operator
we will therefore always use these shifts instead of S}L _p» L =0,...,k. Since the
Chebyshev polynomials Tj(z) = cos(l arccos z) satisfy the relation

. 1 [(k—1)/2] k 1/ k
T > <Z>Tk—21($)+5k/2,Lk/2j2k<k/2>Tk/2,

=0

it will be advantageous to write the Prony polynomial P(z) as an expansion of
Chebyshev polynomials.

3 Reconstruction of Expansions of Trigonometric and
Hyperbolic Functions

First we employ the symmetric shift operator in order to derive a new method to
reconstruct expansions of trigonometric functions. We observe that for each h € R,
we have

Sh,—n cos(ax) = % [cos(a(z + h)) + cos(a(z — h))] = cos(ah) cos(ax),
and
Sh,—nsin(ax) = % [sin(a(z + h)) + sin(a(z — h))] = cos(ah) sin(az),

i.e., the symmetric shift operator S} _j possesses the eigenfunctions cos(ax) and
sin(ax) for all a € R.
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10

3.1 Reconstruction of Cosine Expansions

We want to reconstruct an expansion of the form

M
x) = Z cj cos(a;x), (3.10)
j=1

where we need to recover the unknown coefficients ¢; € R\ {0} and frequency pa-
rameters a; € R, j=1,..., M.

Theorem 3.1. Assume that all parameters a; are in the range [0, K) C R and let
h = %. Then, f in (3.10) can be uniquely reconstructed using the 2M samples f(kh),
kE=0,...,2M — 1. More generally, for xq € R satisfying ajxo # (2k + 1)mt/2 for
k € Z the AM — 1 sample values f(xo+hk), k = —=2M+1,...,2M —1, are sufficient
to reconstruct f in (3.10).

Proof. We define the Prony polynomial

M

P(z) = [ [ (= = cos(ha;))

J=1

which can be written as u
2)=>_nTi(2)
1=0

where Tj(z) = cos(larccos z) denotes the Chebyshev polynomial of first kind of
degree [. In particular, ppr = 27M+1 since for [ > 1 the leading coefficient of Tj is
2/=1. As the first step we compute the coefficients p; of the polynomial P(z) using
the sample values. By definition of the Prony polynomial and Theorem 2.1 we have

for f in (3.10),
> m ((Slh,—m)smhf(xo))
1=0

= *sz (w0 + (m +Dh) + f(zo + (m = 1)h))
= 5 Zpl ch [cos(ayj(xo + (m +1)h)) + cos(aj(xo + (m —1)h))]

M
= ch cos(a;(xzo + mh) Zpl cos(a;lh)

j=1 1=0
M M

= Y _cjcos(a;(zo +mh)) Y piTi(cos(ajh)) =0
j=1 1=0

for all m=0,...,M — 1. Similarly, it follows that

M
Zpl (Slh,—Zh(S—mhf)(l”o ) ch cos(aj(xg — mh)) szTl cos(ajh)) =0
1=0

7=1

for allm=0,...,M — 1. For xg = 0, we obtain the linear system

sz ((m+1) )+f((m—l)h)Z—ZAM(f((erM)h)Jrf((m—M)h) (3.11)
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form=0,...,M—1. Since f is an even function, it suffices to know the signal values
f(kh), k=0,...,2M — 1 to build this system. The quadratic coefficient matrix has
Toeplitz-plus-Hankel structure,

M-1

H = ((f(m+0h) + f((m—0)h))

m,l=0

M
= 2 (Z c;j cos(aymh) cos(aﬂh)) =2V diag(cj)jj‘il vl (3.12)

=0
j=1 "

with the generalized Vandermonde matrix

M-1,M

V= (Tk(cos(ajh))> (3.13)

k=0,j=1

The matrix V is always invertible, since the terms cos(a;h) are nonzero and pairwise
distinct by assumption. Therefore, H is invertible if ¢; # 0 for j = 1,..., M. For
xo # 0, we need to take all values Sjp,_i1Smn,—mn f(20) into account. Here, we apply

M-1
> pi(f(@o + (m+ D)+ f(zo — (m+ Dh) + f(xo + (m = Dh) + f(z0 — (m = 1)h))
=0

= 2 (f(wot (mA M) + fzo—(m+M)h) + f(wo+(m—M)h) + f(zo—(m—M)h)),

oM
(3.14)
and, similarly as in (3.12), the coefficient matrix factorizes in the form
= (/oo +Gne+0R)+f(a—ne+OR)+f (oo +(n =)+ f (g —(m—08))
M _
= 2 ( ; cj cos(ajxg) cos(aymh) cos(ajlh)) A =2Vdiag(c; cos(ajxo))jjvil VT,

The diagonal matrix diag(c; cos(ajaco))j]‘il is invertible if we have ¢; # 0 and ajjzg #
(2k+1)m/2 for all k € Z and all j =1,..., M. Having found the coefficients of the
Prony polynomial, we can extract the zeros cos(hay), j =1,..., M.

In the second step, we solve the linear system

M
f(;vg—l—hk):ch cos(aj(zo + hk)), kE=0,...2M —1
j=1
in order to compute ¢j, j =1,... M. O

3.2 Reconstruction of Sine Expansions

The symmetric shift operator can also be applied for the reconstruction of sparse
linear combination of sines of the form

M
f(z) = ch sin(a;x), (3.15)
j=1

with unknown coefficients ¢; € R\ {0} and o; € R\ {0}. This recovery problem
is closely related to the problem in (3.10), but we need to pay attention at some
details. For example, f(0) does not give us any information here, since the function
fin (3.15) is odd, and a frequency a; = 0 does not occur.
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Theorem 3.2. Assume that all parameter a; are in the range (0, K) and let h = .
Then, f in (3.15) can be reconstructed using the 4M — 1 sample values f(xo + hk),
k=-2M+1,...,2M — 1, where g € R satisfies sin(a;xg) # 0 for j =1,..., M.
In particular, the 2M samples f(kh), k = 1,...,2M are sufficient to reconstruct f
in (3.15).

Proof. We proceed similarly as in the last proof. We define the Prony polynomial

M M
P(z) = [ (= = costhay)) = Y piTiC2),
j=1 1=0

with coefficients p; in the Chebyshev expansion and py; = 2=M+1. To compute
the coefficients of P(z), we obtain a linear system as in (3.14), this time with the
coefficient matrix

H = ((f(xo + (mA+Dh) + f(wo — (m+Dh) + f(z0 + (m—1)h) + f (w0 — (771—1)11)))?:0
M M-1 |
= 4 (Z ¢; sin(a;xg) cos(a;mh) cos(ajlh))l -
=1 T

= 4V diag(c; Sin(ajxo))j]vil vT

with V as in (3.13). Invertibility follows if sin(cojzg) # 0. This is satisfied for
xo = 7= = h. Thus, the function values f(xo+ hl) = f(h(I +1)),1=0,...,2M — 1,
are already sufficient for the reconstruction, since we have

f(zo—hl) = f(R(1-1)) = { (if(h(l —1)) ; ; ;’

Having found P(z) we obtain the zeros cos(hc;) and can compute the coefficients c¢;

in (3.15) by solving a linear system using the sample values. O

Remark 3.3. 1. The symmetric shift operator possesses also the eigenfunctions
sinh(ax) and cosh(ax) with a € R. Therefore, sparse expansions of the form

M
f(z) = ch cosh(a;x), (3.16)
j=1
and
M
f(z) = ch sinh(ajz), (3.17)
j=1

can be reconstructed using at most 4M — 1 consecutive sample values f(xg + kh).
Taking the samples f(hl), l =0,...,2M — 1 for (3.16) or f(hl), !l =1,...,2M for
(3.17) is also sufficient for reconstructing these expansions.

2. Obviously, the considered expansions can also be studied using the well-known
exponential sums by expanding the trigonometric and hyperbolic functions into sums
of exponentials. But in this case, the number of terms in the sparse sums is doubled
from M to 2M.

3. Using the Laplace transform with L(cosa-)(s) =
we can also reconstruct signals of the form

and L(sina)(s) =

__Ss _
52+a?

e
52 +a2 9

Moes Moy
fs)=) =5 o fls)=) "5

2 2 2 2°
j:18 —i—aj S +aj
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Analogously, models arising for the Laplace transform of cosh and sinh can be re-
covered.

4 Reconstruction of Expansions Using the Operator S,

In this section, we study signal models that arise using the generalized shift operator
Sknf(x) = K(z,h) f(z + h)

n (2.5).

4.1 Reconstruction of Expansions of shifted Gaussians

Let g(z) == e #7* for some given 8 € C\ {0}. We want to reconstruct an expansion
of shifted Gaussians of the form

M M )
=D cigle—aj) =) e Pl (4.18)
j=1 j=1

and need to recover the 2M coefficients ¢; € Cand a; € R, j=1,..., M.
Let Ki(x,h) = ePh(2z+h) guch that for all hy, he € R the relation

Ki(z,h1 + ho) = Ki(x, h1) K1 (2 + hi, he) = Ki(x, ho) Ki(x + ha, h1)

is satisfied. Then, the functions e A0~ ) are eigenfunctions of Sk, 5, for all a; € R,
since

(Sk,n e—b’('—aj)Z)(w) — oBhQ2ath) —Bla+h—ay)? _ 2Bajh —Bz—a;)?

Theorem 4.1. If Re # 0, the stepsize h € R\ {0} can be taken arbitrarily. If
RefB = 0, we assume that aj € (=T, T) for j = 1,...,M for some given T and
choose 0 < h < W Then, f in (4.18) can be reconstructed using the 2M
sample values f(xog + hk), k = 0,...,2M — 1, where 9 € R is an arbitrary real
number.

Proof. We define the Prony polynomial

M

P(z) =[] (z =€) szz

j=1

where the parameters p; denote the coefficients of P(z) in monomial representation
with pps = 1. Then we find

sz (Sk1,(14+m)nf) (o) sz efhlrm) Zroth(Tm) £ (30 4 B(1 + m))
1=0 1=0

M M 2
= Z py eBhi+m)zoth(i+m)) Z cjeP@oth(itm)—aj)

M
_ Z ¢ o—Bl@ot+hm—a;)? Bhm(2wo+hm) Z pz o Bh?P+2hi(zo+hm—a;)) Bhi(2xo+h(1+2m))

=0
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M M
-3 e~ Blaothm=—a;)? oShm(2eo-+hm) S pe e =g
=1 1=0

for m =0,..., M — 1. The coefficients pg,...,pyp—1 of P(z) can therefore be com-
puted by the linear system

M-1
S py P g 4 (14 m)) (4.19)
1=0

= —ShMEM)Quoth(MAm) (20 4 h(M +m)), m=0,...,M —1.

This system matrix has Hankel structure and its invertibility follows from the fac-
torization

H = (Ki(z0,h(l+m))f(zo + h(l+m))m
M—1
M
_ oBh(l+m)(2zo+h(I+m)) Z ¢ o Bl@oth(l+m)—a;)?
J=1 1,m=0
v M—1
_ ch e—ﬁ(xg—aj)2 eQﬂh(l+m)aj
J=1 I,m=0
= Vjdiag (cje_ﬁ(aj _m0)2) A4
with the Vandermonde matrix
1 1 1
eQBoqh e2,30¢2h o eQBonh
Vh =
eQ(M—'l)Balh eQ(M—.l)ﬁozgh o eQ(M—i),BaJV[h

Having solved (4.19), we can find the zeros "% of the Prony polynomial and
extract the parameters o5, j = 1,..., M. This is always possible using the supposed
restrictions on h. Finally, we solve the linear system

M
f(xo + hk) = Z Cje_ﬁ($0+hk—aj)2
Jj=1

in order to compute the coefficients ¢; in (4.18). O

Remark 4.2. 1. The recovery of sums of Gaussians has also been considered in
in [14] and in a short note in the multivariate case, see [16], but without using
the property, that the Gaussian is an eigenfunction of a suitable generalized shift
operator.

2. The model (4.18) is also of the form (1.3) and can therefore be reconstructed
using equidistant Fourier values, as it has been done e.g. in [19].
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4.2 Reconstruction of Gabor Expansions with the Gaussian Window
Function

Similarly as in the previous subsection, we can even consider modulated Gaussians.
We now want to recover a Gabor expansion of the form

M
f(z) = Z c; XM gz — 5;), (4.20)
j=1

where g(z) = e 77 is the Gaussian window with known 3 € R\ {0}, and where
we have to recover the parameters c;, o; € R, and the shifts s; e R, j =1,..., M.
Using again the shift operator Sk, 5, in (2.5) with Ki(z,h) = ?2*+h) we observe
that indeed ™% g(z — s;) = €2™2%Y e=P@=)* are eigenfunctions of Sk hs

(SK1 he27tiaj~—,8(~—5j)2>(x0) _ eﬁh(2x0+h) e27ti(a?o+h)o¢j e—ﬁ(azg+h—3j)2

— e2h(ﬁ8j+7'[iaj) e27tixoo¢j—6(a:0—s]-)2.
Theorem 4.3. Assume that all parameters o are in the range (—K,K) for j =
1,....,M and let 0 < h < i Then, f in (4.20) can be reconstructed using the
2M sample values f(xo+ hk), k=0,...,2M — 1, where g € R is an arbitrary real

number.

Proof. This time, we define the Prony polynomial in the form

M M
P(Z) — H(Z _ e2h(7tiozj+68j)) — Zpl Zl,
j=1 =0

where p; denote the coefficients of P(z) in monomial representation with py, = 1.
We observe that the zeros of the Prony polynomial are complex, where the imaginary
part covers the modulation parameters o; and the real part the shift parameters s;.

Then we find

M M
> 0 Sy amynf) (@) = Y _ pr eMUIFMEGrothlEEm) (0,5 4 h(1 4 m))
=0 =0
M M

_ Zpl oBh(l+m)(2zo+h(I+m)) Z . o2mi(zo+h(m+1))o o —B(wo+h(l+m)—s;)?
=0 j=1
M M

_ Z ¢ e—ﬁ(:r0+hm—sj)2eﬂhm(2:p0+hm)eQﬂi(zg—l—hm)aj Zpl teh(niaj—l—st) -0
j=1 1=0

for m = 0,...,M — 1. The coefficients p, ...,papr—1 of P(z) can therefore be com-
puted by the same system as in (4.19), and we can extract the parameters a; and s;
from the zeros of the Prony polynomial. Finally, the coefficients c; are determined
by inserting the function values f(z¢+ hk) into the model (4.20) and by solving the
obtained linear system. O

4.3 Reconstruction of Generalized Exponential Sums

We want to reconstruct expansions of the form

M
f(z) = Z ¢j (ray)" e, (4.21)
j=1
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where r € R is known and where we have to recover ¢;, a; € C. Here we employ the
shift operator Sk, » with Ko(z,h) = (573)" satisfying

() = Gs) )
hi4+ hs+x - hi+z hi+ho+a/
Then (za;)" " are eigenfunctions of Sk,  for each a; € C, since

(Swan(ay)" e ) (o) = (

To
h+ zq

)r (aj(xo + h))T eaj(zﬁh) = e%ih (Oéjxo)r i To

For pairwise different «; it follows that the eigenvalues e are pairwise different,
if the imaginary part of ajh is in a fixed interval of length 27t. Therefore, we will
assume that h is chosen such that Im «; € [—7t/h,7t/h) holds.

Theorem 4.4. Let h € R\ {0} be such that Im o € [—/h,mt/h). Then, f in (4.21)
can be reconstructed using the 2M sample values f(xo + hk), k = 0,...,2M — 1,
where xg € R\ {0} is an arbitrary real number.

Proof. We employ the Prony polynomial P(z) = H]]Vil(z — ety = M pp2t with
py = 1. We simply observe that

M
sz (SKa,(1+m)nf)(w0)

=0

r M
= - - ) AT A(zo+h(l+m))ay
Zm () > ) )

M
_ ch (xoaj)re(:co-i-hm)aj <Zplehajl> =0,
j=1

1=0
and the coefficients p; of P(z) can be computed by the system

M—-1

Lo
; g (m)ﬂﬂ?o +h(l+m))=—

(70
xo +h(M+m)

)#(@o +h(M +m))

form =0,..., M —1. The system matrix has Hankel structure with the factorization
o M-1 . NM T
(o) o+t +m)) | =V diag (¢ (woa,)" e L, V

(ehOljk)M 1

where the Vandermonde matrix V = =0 JMl is generated by the knots e”

j =1,..., M. Invertibility is ensured since e"® are pairwise different, c; #0 and
xo # 0. Using p; to construct the Prony polynomial we firstly compute its roots,
recover e®" and afterwards the coefficients c¢; in (4.21) by solving a linear system.[]

Remark 4.5. The expansion in (4.21) is equivalent to

M

_ ~ T T

= E cja” e
j=1

if we take ¢j = cja’. We observe that also more general expansions of the form

M
x) = Z ¢; H(x)e*
j=1
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can be recovered, if we assume that the function H (z) is known and that Ka(x, h) =
H(x)/H(x + h) is well-defined. Then, obviously

(St HO ) o) = (7025

(h+xg)> H(xo + 1) 0+ = %" H (g) 7.

Alternatively, we can also consider f(z) = f(x)/H (z) which is again a simple expo-
nential sum.

5 Reconstruction of Expansions Using the Operator S,

Now we consider the generalized shift operator Sg p in (2.6) with
Sanf(x) = F(G™HG(x) + h)).

This operator gives us a lot of freedom to generate generalized shifts.

5.1 Reconstruction of Expansions of Monomials

If we consider for example G(x) = Inz and G~!(x) = e, we obtain

S (@) = f("DH) = f(ze") = f(wa)

with a = ¢ > 0. With other words, Sin,p 1s the dilation operator with the dila-
tion factor @ = e®. In particular, all functions of the form zP* with p, € C are
eigenfunctions of this operator,

Sinn (()PF) () = (M PPk = gk hPh = g7k gPk

If the py are pairwise distinct and if Impy, € [~7t/h,7t/h), then the eigenvalues eV
are pairwise distinct. We now want to recover an expansion of the form

M
f(z) = ch x| (5.22)
j=1

where ¢; € C and p; € C with Imp; € [-7t/h, /h) for all j =1,..., M.

Theorem 5.1. Let h € C\ {0} and a = e ¢ {¥F/N . ke Z} for all N < 2M be
such that a¥, k =0,...,2M — 1 are pairwise distinct values. Then f in (5.22) can
be reconstructed by the 2M sample values f(a*xq), where xg € C\ {0} can be chosen
arbitrarily.

Proof. We define

M M
Pi) = [ =) = Y me
k=1 =0

and observe that

M M M M M

S n a0 = Y p Y e R = 3o Y prant =0
=0 =0 =1

j j=1 1=0
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form=0,..., M — 1, leading to the system

M-—1
" xo)py = = f(a™xg),  m=0,...,M—1.
1=

The invertibility of the Hankel matrix H = (f (al+mfc0))%l—:10 follows from

H = V diag (cjzg’ )j]\il vt

with the Vandermonde matrix V = (apik)iv[:?]l]?i/[l generated by the N pairwise dif-

ferent knots a?i, j = 1,..., M. Once the coefficients of the Prony polynomial P(z)
are found, we compute a?’ as the zeros of P(z), extract p; and finally compute ¢; in
(5.22) by solving the system

f(za®) :ch(ajoak)pj, k=0,...,2M — 1.

g

Remark 5.2. This example was already discussed in [15] using the dilation operator
D, with D, f(x) := f(az). Moreover, using the substitution x = e”, the model (5.22)
can be transferred to the original model (1.1).

If the parameters p; are positive integers, then f in (5.22) is a sparse polynomial,
and its reconstruction can be performed using the Ben-Or and Tiwari Algorithm,
see e.g. [1,13].

5.2 Expansions of Complex Gaussians with Different Scaling

Let now G(r) = 2% and G~(z) = /z for z > 0. We consider the corresponding
generalized shift operator

(Spzaf)(@) = £ (Vo2 + 1)

and observe that the (complex) Gaussians ¢ with a € C are eigenfunctions of this

operator,

(Sz2,n ea(')Q)(x) — (VI _ gahgaa’

The parameter o can be uniquely recovered from the eigenvalues e*” if Imah €
[—m, ), ie ifIma € [-m/h,7t/h). We now consider the reconstruction of expansions

of the form
M 2
f(z) = g cje” (5.23)

=1

where we need to recover ¢; € C and «a; € C.

Theorem 5.3. Let Ima; € (—K,K) for some K > 0 for all j =1,...,M. We
choose h == 1/K. Then the expansion in (5.23) can be uniquely recovered from the

samples f (\/.TU(Q) + kh), k=0,...,2M — 1, where xo € R can be chosen arbitrarily.
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Proof. We define u
P(z)::Hz—e Zplz
j=1

and observe for the monomial coefficients p; of P(z),

M
ZPlf( x%+(m+l)h) _ Zplzc] o (@d+(m+1)h)
1=0 Jj=
— Z Cjeaj (J}%‘Fﬂ’bh) Zpl eajhl — 0
j=1 1=0

for all m = 0,..., M — 1. Therefore this system can be used to compute the coeffi-

M-1
cients p; (using pps = 1), since the corresponding matrix (f (x/x% + (m+ l)h))

can be factorized in the form

1,m=0

M-1
<f < g+ (m + Z)h>>z T = V diag(cje "J%)]Ail vT

(eha]-k)M 1,M

with the Vandermonde matrix V = k=0,j=1 generated by the pairwise different

knots €%, j = 1,..., M. Having found P(z ), we can extract its zeros, recover pj
and finally also ¢; by solving a linear system. O

Remark 5.4. Similarly, using G(x) = 2P and G~(z) = ¢z with given p > 0 we
can recover expansions of the form

M
f) =3 e
j=1
by reconstructing c¢;j, a;j € C from the samples f ({’/ zh + hk), k=0,...,2M — 1.

Taking e.g. G(x) = cos(z) for x € [0,7] and G~!(x) = arccos(z) we obtain the
operator

Scos,nf (x) = f(arccos(cos(z) + h))
which has the eigenfunctions e® % with

a, Cos ) (CIJ) — %% cos(arccos(cos z+h)) ag(cosz+h) )

(Scos,he =€

In this way, we can also recover expansions of the form

M
_ E O cosT
= c]e J
Jj=1

with parameters c;, o; € C using the samples f(arccos(cosx+kh)), k=0,...2M —1
with suitably chosen h.
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5.3 Sparse Expansions of Chebyshev Polynomials

Let now = € [—1,1] and G(z) = arccosz. Then G is monotonous in [—1,1] and
G Yy) = cosy for y € [0,]. We apply a combination of the symmetric shift
operator Sy _p and Sg p,

(Se,h—nf)(x) = % (f(cos(arccos(x) + h)) + f(cos(arccos(xz) — h))),

which is also called Chebyshev shift operator, see also [15,20]. Then the Cheby-
shev polynomials Ty (x) = cos(k arccos x) of degree k > 0 are eigenfunctions of this
operator,

(Sah-pTk)(x) = % (Ty(cos(arccos(z) + h)) + Ty (cos(arccos(z) — h)))

= % (cos k(arccos(z) + h) 4 cos k(arccos(x) — h))
= cos(kh) cos(k arccos x) = cos(kh) T (z).

We want to reconstruct a sparse Chebyshev expansion of the form

M
f@)=>c;Th,(x), (5.24)
j=1
where we need to recover the unknown indices 0 < ny < ng < ... < nys and the

coefficients ¢; € R. We assume that an upper bound K of the degree nys of the
polynomial in (5.24) is a priori known.

Theorem 5.5. Let K be a bound of the degree of the polynomial f in (5.24) and let
0 <h < . Then the Chebyshev expansion in (5.24) can be uniquely recovered from
the samples f(cos(kh)), k=0,...,2M — 1.

Proof. Let P(z) = Hj]\il(z —cos(njh)) = Z{\io piT1(2), where p; are the coefficients

of P(z) in the Chebyshev expansion, and py; = 27+, Then, since the cosine is
even, we obtain

M
sz (S (m+1yh,—(m+n f (€08(0)) + Sa (m—1yh,— (m—-1ynf (c0s(0)))

= Zpl (cos(m +1)h) + f(cos(m —1)h))

M
= Zpl Z ¢j (cos(m +1)h) + Ty, (cos(m — 1)h))
— j=1
M M
= ZC] Zpl (2 cos(njml) cos(n;lh))
j=1 1=0

M
= 220 cos(n;mh) Z p T cos(n;h) = 0.
7=1 =0

This observation leads to the linear system

(f(cos(m +1)h) + f(cos(m l)h))l e 0 p=—2"M+l (f(cos(m + M)I”L))%:_O1
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to evaluate the vector p = (po,...,pa—1)! of Prony polynomial coefficients. It can
be simply shown that the coefficient matrix of this system is invertible, provided
that cos(n;h) are pairwise distinct. Having P(z) it is simple to recover the indices
n; and afterwards the coefficients c;. O

Remark 5.6. 1. Similarly as in Sections 3.1 and 3.2, Theorem 5.5 can be generalized
by taking samples f(cos(zg + kh)), k = —2M +1,...,2M — 1, and the choice of xg
governs the number of needed function values taking into account that cosine is even.

2. A numerical algorithm for the reconstruction of sparse expansions of Chebyshev
polynomials can be already found in [20]. The approach can also be transferred to
Chebyshev polynomials of second, third and fourth kind, see [20]. However, in [20]
the connection to shift operators with Chebyshev polynomials as eigenfunctions has
not been explicitly used.

6 Reconstruction of Non-stationary Signals

Within the last years, more efforts have been made to reconstruct non-stationary

signals of the form
M

flx) =) cj(@) cos(¢;()).
j=1

The empirical mode decomposition method described in [11,12] is a heuristic iterative
method to decompose a given non-stationary signal into certain signal components.
However, this algorithm does not always provide the wanted signal components in a
suitable way. If there is more a priori information on the envelope functions c;(x)
and the phase functions ¢;(x) available we may be able to exploit it in a direct way.
Using the Prony method with generalized shifts we will consider some models of
non-stationary signals. In particular, we will study constant envelope functions and
polynomial phase functions with a priori known polynomial structure.

6.1 Non-stationary Signals with Phase Functions ¢;(z) = a;z” + f;

We want to recover signals of the form

M

f(z) = ch cos(ajz? + B;), (6.25)

j=1
where the odd integer p > 0 is a priori known, and where the coefficients ¢;,a; € R
and 3; € [—m,7) need to be recovered. We assume here that the o are pairwise
different and nonnegative. This last assumption is not a restriction since cosx is an
even function.

First, we construct a generalized shift operator that possesses the eigenfunctions
cos(ajz? + ;). We employ the operator Syp p,—p: C(R) — C(R) with h > 0, which
is a combination of the symmetric shift operator Sj, _; and the operator S with
G(z) = 2P = sgn(z)|zP and G~!(z) = sgn(z) {/|z], given by

Sep h—nf(z) = % <f <sgn(a?p + h)/|aP + h\) +f <sgn(xp —h){/|zP — h\)) .

Here sgn(z) denotes the sign of x and is 1 for x > 0, —1 for z < 0, and 0 for x = 0.
We find

1
S:L‘T—”h7_h CcOs (aj;pp + /6]) = 5 CcOS (aj (Sgn(q:p + h) W)P n ﬁ])
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+% cos (aj <sgn(xp —h)/|xP — h\)p + ﬁj>

_ %( (ay(a + h) + ;) + cos (a;(a” = h) + 3)) )

= cos (ajz? + B;) cos(ajh).

The eigenvalues cos(a;h) and cos(agh) are pairwise different for o; # ay, if o, oy, €
[0,7t/h]. We conclude

Theorem 6.1. Let f be of the form (6.25) with known odd integer p > 0, and with
unknown parameters c; € R, B; € [0,2m) and pairwise different o € [0, K) for some
K>O0forallj=1,....M. Let h . =n/K.

1. If the parameters (B do not appear in the model (6.25), then f can be uniquely
recovered from its signal values f <sgn(x0+hk‘) {’/m), k = —2M +
1,...,2M — 1, where zg > 0 only needs to satisfy cos(cjzg) # 0 for j =

M. Taking xq = 0, the function values f (W), k=0,...,2M — 1 are
already sufficient for the reconstruction of the parameters aj,cj, j=1,...,M.

2. If the nonzero parameters [3; appear in (6.25), then the parameters oj, j =

., M, can be recovered from signal values f (sgn(xo + hk) m> k=
—2M +1,...,2M — 1 in a first step. Using in a second step additionally the
signal values f (sgn(zo + hk — m/(2a;) {/|xo + hk — 7/ (20y)|) for k = —M +
1,..., M —1, the parameters c; and 3; can be reconstructed. The value xo needs
to be chosen such that cos(ajxg + ;) #0 forj=1,...,M.

Proof. We consider the Prony polynomial of the form

M

P(z) = H(z — cos(ajh ZplTl

j=1
where p; denote the coefficients in the representation of P(z) using the Chebyshev
polynomials Tj(z) = cos(l arccos z) with py; = 27+, Then we observe that

M
> 01 (Sarntm ), -1 S (70) + Sav nom-1),-nm -1 f (Y70) )

= 3 g (S(&/m0 + B+ D) + f(smn(aro — hm + 1)) ¢/Tao — hm + D))

sgn(zo + h(m —1)){/|zo + h(m —1)|)
sgn(zg — h(m — 1)) {/|zo — h(m — l)]))

Mo Mo
= Zpl Zc §<COS a;j((zo + h(m+1)) + 5;) + cos(aj(zog — h(m +1)) + ;)

=0 j=1
+cos aj((xo + h(m — 1)) + B;) + cos(aj(xg — h(m — 1)) + @-))
M M
= QZC] cos(ajzo + ;) cos(ajhm) Zpl cos(a;hl)
7=1
M

piTi(cos(ajh)) =0

Mz T

= 2 Z c;j cos(a;xo + Bj) cos(ajhm)
J=1 !

Il
=)
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for all m =0,..., M — 1. We obtain the linear system
Hp = *Q_M—H s
with p = (po, ..., pa—1)7 and with

H = (7( §/wo th(m+1)) +f (sen(zo—h(m+1) §/Tro—h(m-+1)])
+1 (sgn(o+h(m—0) §/Teo+h(m=D) )+ f (sgn(lzo—h(m—D)) WDZZO’
£ = (7 (R/mo +hlm+ 5 )+ (sen(eo—h(m-+ M) §/fwo—h(m+ 7))
+f (Sgn(aco+h(m—M)) \x0+h(m_M)|> +f (Sgn(l"o—h(m—M)) m))

M-—-1

)
m=0

to compute the coefficients p; of the Prony polynomial in Chebyshev representation.
The coefficient matrix of this system has the form

H = V diag(c; cos(a;jzo + B;))5L, VT (6.26)

with the generalized Vandermonde matrix V = (cos(ajhl))%;é = (Tl(cos(ajh)))%;é
as in (3.13). These Vandermonde matrices are invertible if the values cos(a;h) are
pairwise different, which is ensured by the choice of h. The invertibility of the
diagonal matrix is ensured if ¢; # 0 and if ajzg + §; is not of the form m(k + 1/2)
for some £ # 0. In particular, for vanishing 3; we can simply use zg = 0 and need
only the function values f(lh), [ =0,...2M — 1 to recover «, since f in (6.25) is an
even function.

Having found the parameters «; by the described procedure, in the case of van-

ishing /3; we can simply obtain the values c¢; cos(ajzg) by solving the linear system

M
Z cj(cos(ayj(xg + Lh)) 4 cos(aj(zg — Lh))

j=1
M
= 2 c¢jcos(ajxo) cos(aglh) = f({/zo + 1h) + f(sgn(zo — 1h) {/|xo — 1h])
j=1
for I =0,...,M — 1, where the coefficient matrix is the same generalized Vander-

monde matrix V as in (6.26).
If the model contains nonvanishing parameters 3;, then we have to solve the system

M
Z cj(cos(aj(xo + Lh) + B;) + cos(aj(xo — Lh) + B5)
j=1
M
= 2 Z ¢j cos(ajzo + B) cos(alh) = f(/xo + 1h) + f(sgn(xo — lh){/|zo — lh])
j=1

to obtain d; = ¢; cos(ajxo + ;). In addition, we have to solve

M
us

2

cj (cos(aj(xo +1h) _ g + @))

1

+ B;) + cos(oj(xo — lh)

J

I
M=

¢j cos(ajzg — g + B;) cos(a;lh)

<.
Il
-
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= f(sgn<xo—+m> m>+f(sgn<xo——1h> m)

foril =0,...,M — 1, to find ch = ¢j cos(ajzg — 5 + B;) = sin(ajzg + B;) for
7=1,..., M. Thus, we conclude

= \/d? + dg, B; = arg(d; +id;) — ajzo mod 27

O
6.2 Non-stationary Signals with Quadratic Phase Functions
Finally, we consider signals of the form
M
x) = Z c;cos(z? + ajz + B;) (6.27)
j=1
with parameters ¢; € R, a; € (=7,T) for some T" > 0, and 3; € [-5,F], j =
1,..., M. This model can be rewritten as
M
flz) = Z(cj cos 3;) cos(z? + a;jx) — (c;sin B;) sin(2? + ayz)
j=1
M
= Z cjicos(z? + ajx) — cjosin(a? + ajz)
j=1
M . .
_ Z (Cj,l ?%2) eil@®+ayz) | (Cj,l —210j,2> i@ +aym)
j—l

_ ij el (z+a;/2) —a2/4) b] e—i((m+a]-/2)2—a?/4)
7j=1

~ 2Re Z bye /4 ilaas/2?
j=1

M
= 2Re Y djel@tes/?’”, (6.28)
j=1

. . . ci1+ic;
where we have used the substitutions ¢ 1 = ¢; cos 3;, ¢j2 = ¢;sin 3;, bj = (%),

and d; == bjefia? /4. Similarly, we observe that

M M
= s
flz) = ch sin(z? + oz + ;) = ch cos(z® + ajx + B — 5)
j=1 j=1
M
= 2Im ) djell@res/2’
j=1

with d; = bjefia? /4. The model is therefore closely related to the model in (4.18)
(with 8 = —i). We conclude
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Theorem 6.2. Assume that B; € [-5,5) and that o € (=T,T), j=1,...,M, for
someT >0 andlet0 < h < %. Then, f in (6.27) can be reconstructed using the 2M
sample values f(xo+ hk), k=0,...,2M — 1 and the 2M sample values f(xo + hk),
where xg € R is an arbitrary real number.

Proof. Considering the function h(z) = f(x)+1 f(x), we can apply Theorem 4.1 to
recover the parameters d; and o for j = 1,..., M. The original parameters c; and
Bj, 3 =1,..., M, are then obtained using the relations

bj = djeio‘dz'/4, cin = 2Rebj, ¢j2 = 2Imbj, |cj|=2[b;|, B; = arg(b;), sgnc; =sgnc;.

0

7 Numerical examples

In this section we want to illustrate the recovery method for non-stationary signals
with some examples.

Example 7.1. We start with considering the recovery of an expansion of complex
shifted Gaussians,

M M )
fx) =) cjgle—aj) =Y eje P
=1 j=1

with M = 5, g(z) = ei“’CQ, i.e., f = —i, and with complex coefficients c; and real
shifts o given in Table 1. The coefficients have been obtained by applying a uniform
random choice from the intervals (—5,5) 4+ i(—2,2) for ¢; and from (—m,7) for o;.
For reconstruction, we have used the 10 signal values f(j), j = —1,...,8, indicated
by * in Figure 1 (left). The maximal error for recovering the parameters is given by

max |¢; — &| =1.5-10""  max|a; — a;| =3.5-107 ",
J J

where ¢; and &; denote the computed parameters.

j=1 j=2 j=3 j=4 j=5

Rec; | —2.37854 | —4.55545 2.54933 | —2.57214 | —0.57597
Im ¢; 0.75118 | —0.56308 0.94536 0.42117 0.73366
a; 0.64103 | —0.18125 | —1.50929 | —0.53137 | —0.23778

Table 1 Coefficients c; € C and o; € R for the expansion of shifted Gaussians in Example 7.1.

Example 7.2. Next, we consider the recovery of a Gabor expansion of the form
M
f(ZC) _ ch emeajg(x _ Sj),
j=1

with g(z) = 63_9[’2/27 M = 6, real coefficients c¢j, a; and s; as given in Table 2.
The coefficients have been obtained by applying a uniform random sampling from
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real part
T T

imaginary part
T T T

real part
T

6

imaginary part
T

Figure 1 Left: Real and imaginary part of the signal f(x) consisting of shifted Gaussians given in Example
7.1. Right: Real and imaginary part of the Gabor expansion considered in Example 7.2. Stars indicate
the used signal values.

the intervals (—10,10) for ¢;, from (—5,5) for s; and from (0,1) for a;. For the
reconstruction we have used the 12 signal values f(l), [ =0,...,11 indicated by * in
Figure 1 (right). For the errors we obtain in this example

max |¢; — &] = 1.3-107%  max|a; —a;] <3.3-1077, max|s; — ;| <3.1-107°,
J J J

where ¢;, &, 5; denote the parameters computed by the numerical procedure.

j=1 j=2 j=3 j=4 j=5 j=6
¢ 0.0777 2.9361 | —3.8450 | —7.2255 | —0.4885 | —2.7508
sj | —1.9918 | —4.3941 4.8090 | —2.1337 3.0082 3.9611
v 0.7881 0.7802 0.6685 0.1335 0.0215 0.5598

Table 2 Coefficients c;, aj, s; € R for the Gabor expansion in Example 7.2.

Example 7.3. Finally, we consider two examples for the model with quadratic phase
function

M
f(z) = Z cjcos(z? + oz + B;)

j=1
in (6.27). In Figure 2 (left), we display a signal with M = 3 components with
corresponding parameters given in Table 3. For reconstruction, we have used the
signal values f(l), I = 0,...,5. In Figure 2 (right), we give a second example with
coefficients given in Table 4. Here, M = 6, and we have used the signal values
f(=1+ %), [ =0,...,11 for reconstruction. The coefficients have been obtained
by applying a uniform random sampling from the intervals (—1,5) for ¢; in the first
and from (0,5) in the second example, from (—m, 7t) for o; and from (—m/2,7t/2) for
Bj (for both examples). The reconstruction errors in the first example with M =3
terms are
max |c; — ¢l =1.3- 1078,

J

max |aj — ;| = 3.3-1071,  max|8; — §;] = 1.7-107°.
J J
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For the second example with M = 6 we obtain

max |c; — & = 7.7-107%, max|a; — a;j| = 3.6-107%, max|B; — ;| = 5.5-107°.
J j J

Figure 2 Left: non-stationary signal f(x) with quadratic phase function with parameters given in Table 3.
Right: non-stationary signal f(x) with quadratic phase function with parameters given in Table 4. Stars
indicate the used signal values.

j=1 j=2 j=3
¢j | —0.1835 4.2157 2.478
o 0.3132 2.2308 | 2.2181
B; 0.3834 | —0.4682 | 0.0416

Table 3 Coefficients c;j, a;, 5; € R for the non-stationary signal in Figure 2 (left).

j=1 j=2 i=3 j=4 j=5 j=6
¢ 3.8940 2.117 0.4541 | 1.3323 0.7682 | 1.4050
a; | —0.3764 | 0.1705 | —0.2675 | 2.3585 0.1134 | 2.7873
B; 04326 | 1.4378 | —0.8145 | 0.5533 | —0.6626 | 0.5397

Table 4 Coefficients c;, a;, s; € R for the non-stationary signal in Figure 2 (right).
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