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Abstract. The core of numerical simulations of coupled incompressible flow prob-
lems consists of a robust, accurate and fast solver for the time-dependent, incom-
pressible Navier-Stokes equations. We consider inf-sup stable finite element methods
with grad-div stabilization and symmetric stabilization of local projection type. The
approach is based on a proper scale separation and only the small unresoved scales
are modeled. Error estimates for the spatially discretized problem with reasonable
growth of the Gronwall constant for large Reynolds numbers are given together
with a critical discussion of the choice of stabilization parameters. The fast solu-
tion of the fully discretized problems (using BDF(2) in time) is accomplished via
unconditionally stable velocity-pressure segregation.

1 Introduction

We consider the time-dependent incompressible flow model for velocity u and pres-
sure p according to

ou—vAu+(a-V)u+Vp=f in (0,T) x £2, (1)
V-u=0 in (0,7) x £2, (2)
u=0 ondf2, uft=0=uo on 2. (3)

with bounded T' > 0 and bounded polygonal or polyhedral Lipschitz domain 2 C
R% d € {2,3}. Model (1)-(2) covers the Stokes problem (a = 0), the Oseen problem
(a € L=(0,T; W>(2)) with V -a = 0) and the Navier-Stokes problem (a = u).
The weak form of problem (1)-(3) reads:

Find U := (u,p): (0,T) =V x Q := [Wy*(2)]* x L&(£2), s.t.

(atuv V) +ag (a; U, V) = (f7 V) (4)
for all V := (v,q) € V x Q and with

ac(a;U,V) = (vVu,Vv)+ %[(ELVU,V) —a-Vv,u)|—(p,V-v)+(q,V-u). (5)

Let Tn be a suitable finite element (FE) mesh giving an exact decomposition of
the domain 2. The standard Galerkin-FEM to problem (4)-(5) with conforming
subspaces Vj, X Qn C V X @ reads:

Find Uy, := (un,pn) : (0,T) = Vi, x Qn s.t. for all Vi, := (vi,qn) € Vi X Qp

(Oeun, vp) + ac(a;Un, Vi) = (£, vn). (6)
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In this paper, we consider stabilized FE approximations of problem (1)-(3). In
particular, inf-sup stable velocity-pressure FE pairs are chosen together with local
projection stabilization (LPS). For the linear Oseen problem Matthies & Tobiska
[21] provide a comprehensive overview on stabilized FE methods, in particular in the
case of LPS methods for inf-sup stable FE methods. (For a corresponding review
and presentation of LPS methods with equal-order interpolation of velocity and
pressure see [23].) To our knowledge there are not many results available in the
literature for the nonlinear problem. For the case of small data, the stationary case
was considered in [25,1]. Some results for the time-dependent case can be found in
[22,18] where LPS-based subgrid models of Smagorinsky type were considered.
Some challenges of numerical methods for problem (1)-(3) to be considered in this
paper are: (i) a stable velocity-pressure interpolation (Sec. 2), (ii) local mass con-
servation (Sec. 3), (iii) high Reynolds numbers Rep := |[u||poo(g)diam(£2)/v > 1,
(Sec. 3-4), and (iv) fast and scalable numerical algorithms (Sec. 5). A fast FEM
with inf-sup stable element pairs, minimal stabilization and robust estimates w.r.t.
Reg, is a desired goal of current research. In this paper, we will give some recent
results often referring to [2].

2 Finite element setting

2.1 Finite element spaces

For a measurable subset G of 2, the usual Sobolev spaces W™?(G) with norm
I - [lwmr) and semi-norm | - |wm.p(g) are used. In the case p = 2, we set
H™(G) = W™2(G). The L? inner product on G is denoted by (-,-)g. For G = 2
we will usually omit the index G. This notation of norms, semi-norms and inner
products is also applied in the vector-valued case. For time-dependent problems we
use the notation LP(0,T;X) for vector-valued functions in the Sobolev space X

with bounded norm (fOT Il - (5)||§(ds)%7 1 < p < oo and standard modification for
p = 00.

Let {7n}r be a family of exact shape-regular decompositions of 2. For a simplex
T € T, or a quadrilateral/hexahedron T in R%, let T be the reference unit simplex
or the unit cube (—1, 1)d. The bijective reference mapping Fr : T — T is affine for
simplices and multi-linear for quadrilaterals/hexahedra. Let IAF’Z resp. Ql with [ € Ny
be the set of polynomials of degree < [ resp. of polynomials of degree < [ in each
variable separately and let

Ry(T) = P,(T) on simplices T
: " 1 Qi(T) on quadrilaterals/hexahedra T'.

We define
Yh7_l = {'Uh € L2(.Q) : ’Uh|T oFr € RZ(T) VT € 'Th}, Yh,l = Yhy_l N W1’2(.Q).
For convenience, we write Vi, = Ry instead of Vi, = [Ya]¢ NV (with obvious

modifications for Y,f’l) and Qn = Ry (4_1) instead of Qn = Yy +—-1) N Q.
Let us assume the following inverse and approximation properties in FE spaces.

Assumption (A.1): Let the FE space Yh i satisfy the local inverse inequality

||V’Uh||L2(T) S Ch;luv}LHLQ(T) V’U}—L € Yhyk, VT S 77L
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Assumption (A.2): There are interpolation operators j, : V. — Vi, and j, : Q —
Qn such that for all T € Ty, for allw € VN [WH3(2)]? with 2 <1< k+1:

W = Guwllz2(r) + br V(W = juw)l L2¢ry < ChE Wl o
and for allg € QNWH(2) with 2 <1 < k:

. . l
lg = dopllL2(ry + hrllV(g = dpd)llL2(r) < Chrllgllwee oy

on a suitable patch wr D T.

2.2 Inf-sup stable and stabilized velocity-pressure interpolation

Let us consider for simplicity here (and in Subsec. 3.1) the stationary Stokes prob-
lem with a = 0:
Find U := (u,p) e V x Q, st. forall V:= (v,q) € V x Q

¥Vu,Vv) — (p,V-v)+ (¢, V-u) = (f,v). (7

The Galerkin-FEM simplifies to:
Find Up := (up,pr) € Va X Qn CV x Q, s.t. for all Vi := (Vi,qn) € Vi X Qn

(vVun, Vi) — (pr, V- vi) + (qn, V - un) = (£, vp). (8)

An inf-sup stable interpolation according to
Assumption (A.3): (Discrete inf-sup condition)

B # B(h) >0 s.t.: sup (V-v,q)

oo — = BllallLze) Ve € Qn 9)
veVvy\{0} ||VV||L2(Q> L@

implies a compatibility condition between V}, and Q. Otherwise spurious pressure
modes may occur. Condition (9) is valid, e.g. for Taylor-Hood elements [Ry]%/Ry_1
with k¥ > 2 and FE spaces Ry € {Px,Qx} on 75. The convergence result for the
Stokes problem with (a = 0) reads:

IV(a = w2y <Cv int, [19(a = va)12ca)

O e @@ Vova) (10)
v qhthvheVﬁ“”\{O} HVVhHL2(Q) .

Condition (9) is not valid for equal-order interpolation, e.g. [Qx]?/Qx. To circum-
vent this, Franca/Hughes [14] introduced a pressure gradient stabilization via a
consistent residual-based method

a(0;Un, Vi) + > mr(—vAu, + Vpr — £,Van)r = (£, v5). (11)
TETy

The additional control of }~ . TTHVthiz(T) allows a convenient error analysis for
the practically interesting case of equal-order interpolation of velocity/pressure. A
relevant drawback of such residual-based methods in applications to time-dependent
coupled incompressible flow problems is the bulk of additional nonsymmetric terms
leading to an expensive implementation.
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Methods based on local projection stabilization [6] provide a potential remedy. Here,
a scale separation into small and large scales is performed via local orthogonal L2-
projection onto appropriate discontinuous discrete function spaces. Details are given
later on in Sec. 4. In a sparse symmetric stabilization (here: pressure gradient or
PSPG) stabilization terms are added only on small scales.

ac(0;Un, Vi) + Z T™m (kM Von, K Van) v = (£, vn) (12)
MeMy,

where ks : id|a — mar denotes the fluctuation operator with the local L2—project0r
7. Later on, we will extend method (12) to the original nonlinear problem (1)-(3).

3 Inf-sup stable Galerkin FEM with grad-div
stabilization

In this section, we consider the application of inf-sup stable Galerkin FEM with
grad-div stabilization. For convenience, we start in Subsec. 3.1 with grad-div sta-
bilization for the Stokes problem. Then, in Subsec. 3.2, we extend the approach to
the Navier-Stokes problem.

3.1 Local mass conservation for Stokes problem

In the convergence result (10) for the Stokes problem (7) with inf-sup stable Galerkin-
FEM, the second error term is disastrous in case of 0 < v < 1. It leads to a strong

error penetration for large external gradient forces in coupled problems. This can be

seen in Example 1 (Fig. 1) with v = 0. There one observes a very strong influence

of the gradient force leading to a completely wrong physical solution. In fact, the

velocity error in the H' semi-norm scales with v 1.

Let us follow an important argument given by A. Linke in [16]: For the contin-

uous Stokes problem, we define V4* := {v € V : V.v = 0}. The Helmholtz

decomposition [L*(2)]? 5 f = w + V¢ with V- w = 0 leads to

v(Vu,Vv) — (py,V-v) =+ Vi, v) = (f,v) — (¢, V- V).

Setting p := py — ¢ we get v(Vu,Vv) — (p,V-v) = (f,v) and we obtain an
invariance property for incompressible flows:

f>f+Vy = (u,p)— (u,p+7).
For inf-sup stable Galerkin-FEM, we define
Vil = {vh € Vi : (V-va,qn) =0Vgn € Qn} # {0}. (13)

Unfortunately, nearly all inf-sup stable discretizations for incompressible flows vio-
late the discrete version of the invariance property, i.e.

f>f+VYy #= (un,pr) — (Un,pr + 7).

One exception are pointwise divergence-free velocity spaces V4, e.g. Scott-Vogelius
elements []P’k]’i/P,(k,l), k > d on barycentrically refined simplicial meshes Tp.
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As a remedy, grad-div stabilization provides an improved local mass conservation
for inf-sup stable FE methods for the Stokes problem with a = 0. Let us consider,
e.g., Taylor-Hood type pairs []Rk]d X Rr—1 with k € N. Then one adds a consistent
symmetric penalty term to the Galerkin method such that

ag(O;Uh,Vh)—i— Z ’YT(V'uh7V'Vh)T = (f, Vh)- (14)
TETy

As a result one obtains the error estimate

v[[V(u— uh)||2LZ(9) + ZWT”V : Uh|\2L2(T>
T

. 2 . 1. d . 2
<€ (W m) jnt IV = Vi)l +min (Zi0) a0 = anliacr)

An essential problem is the choice of grad-div parameter v which allows to remove
the v~ !-dependence of the pressure interpolation term in case of 0 < v < 1. An
equilibration of the right-hand side terms in the error estimate gives

k, w
—— Plwrery )
|u|Wk+1,2(wT)

This choice is unfeasible in practical problems, e.g. for time-dependent Navier-
Stokes problem. Some numerical experiments for Stokes problem can be found in
[15]. A reasonable compromise is given by vr = v = O(1) with possibly problem-
dependent parameter . This leads to methods of order k such that

2 2 2k 2 2
VIV (= un)lFz i) + D1V - wnlZeiry < C SR [[ulfnssan + PRk ap]
T T

where the constant C' is independent on v~ and wr denotes an appropriate element
patch around element 7.

Example 1. (No-flow test)

We consider the Stokes problem with given forcing term f = (3z1 + 1,323)7 as
gradient field and the analytical solution (u,p)(z) = (0,23 + 23 + 321 — 1). We
apply the grad-div stabilized Galerkin scheme with the [Q2]?/Q; pair on a distorted
mesh 7. Comparing the cases y7 = 0 and vr = 1 we observe for the latter case
with decreasing v an essential improvement in the H'(£2)-error. Instead of a scaling
like v~ we observe a dependence like »~/2 in the velocity error. On a structured
mesh one observes even superconvergence. The LQ(Q)-error of the pressure is not
influenced by grad-div stabilization. O

We may draw the conclusion that a grad-div stabilization can be very important for
coupled flow problems with large external gradient forces compared to the diffusion
term (like thermally coupled problems or resistive magnetohydrodynamics).
Finally, we mention the very recent approach by Linke et al. [17] to modify inf-sup
stable FE pairs for incompressible flows in such a way that a pointwise divergence-
free discrete velocity field can be obtained. The essential idea is to replace the
testfunction vy in (f,vn) by IIpv with a projector Il : V + Vi — X}, to an ap-
propriate FE subspace of H(div; 2) := {v € [L?>(2)]? : V-v € L?*(22)}. Potentially
this allows to omit the grad-div stabilization.
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xy=1 v=1
5|*%7=0 v=1
10 ay=1 v=10"*
y=0 v=1073
ay=1 v=10"
= = =y=0 v=10"°
[<] e h?
@ & 10°
s s
T T
107
1072 107 107! 10
h h

Fig. 1. No-flow test for Q2/Q1 and v € {1,107%,107°} without (y = 0) and with
(y = 1) grad-div-stabilization: (i) distorted mesh, (ii) undistorted mesh

3.2 Extension to the nonlinear problem

Consider now the weak form of the time-dependent Navier-Stokes problem (1)-(3):
Find U := (u,p) : (0,T) - V x @, such that

(Ora, v) + ac(w;U, V) = (f,v) (15)

for all V := (v,q) € V x @ and with ac(-;-,-) as in (5). The grad-div stabilized
Galerkin-FEM scheme with inf-sup stable interpolation in Vi, x Qn C [Rx]% x Ry_1
reads:

Find Up = (up,pr) : (0,T) — Vi X Qp such that

(Orun, vi) + ag(un;Un, Vi) + tn(up; un, vy) = (£, vi) (16)

for all Vi, = (v, qn) € Vi, x Qp with grad-div stabilization

th(uh; uh7vh) = Z fyT(uh)(V * Up, V . Vh)T-
TETy

For the semidiscrete grad-div stabilized FEM we want to improve the results of [21]
for the Oseen problem with given solenoidal flow field a in problem (15) towards
the nonlinear problem with a = u. Moreover, we want to obtain a realistic growth
of Gronwall constants following Burman & Fernandez [8]. One basic idea in the
discrete stability analysis is to treat uy, and py separately since V2™ # {0}, see
(13), and to apply interpolation estimates in V& following Girault & Scott [11].

Symmetric testing in V2% yields

1d

§E||uh||i2(m + V”vuhHQLQ(Q) +ta(un; un, up) = (£, up),

=:[[[up]]?

leading to the stability estimate (for details see [2], Sec. 3.2)

t
lan ()220 +/ Ian(DII* dr < [lun ()2 () +3lfIZ20 1022 (17)
0
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This result allows to apply the generalized Peano theorem and to prove existence
of the semidiscrete velocity uy, : [0,7] — V%", Under the stronger condition of a
Lipschitz-continuous force term f one obtains uniqueness of uj,. Existence of the
unique discrete pressure pp, is a consequence of the discrete inf-sup condition.

We are now in the position to derive error estimates of the semidiscrete grad-div
stabilized Galerkin scheme (16). First of all, for solutions u € [L° (0, T; W (£2)]4,
p € L?(0,T;Q) and dyu € [L?(0,T; L*(£2)]* one can show (via density arguments)
strong convergence of the discrete velocity in [L°°(0,T; L*(£2)) N L2(0, T; V)]?. For
details we refer to Corollary 4.1 in [2].

In case of sufficiently smooth solutions of problem (15), we obtain the following
error estimate:

Theorem 1. Let assumptions (A1)-(A3) be valid. Assume for the solution of (1)-
(8) that w € [L>(0, T; W (2))NLA(0, T; WrT1-2(Q)]?, du € [L2(0,T; W*2(2))]*
and p € L*(0,T;Q N W*2(02)). Moreover, let j,u be the divergence-preserving in-
terpolant [11] of the discrete velocity up and set up(0) = juug. Then we obtain

t
[un = juull7 o 0.7:02(02)) +/ l(un = jua)(7)||[* dr
0
t
< thQTk/ eCeWt=7) [(1 +vRet + dyr)|a(r) [fy e (o) (18)
T 0
2 . d 1 2
0z min () D) ko Jdr

and Gronwall constant

with the local Reynolds number Rer := M

2
Ca(u) == 1+ |lullpec o, r3w.00(2)) + Chllull 100 0, 75100 (2)) - (19)

Sketch of proof: The proof is a special case of Theorem 4.1 in [2]. Set
U—Un=U—JU)+ (JU—=Upn) = (nu,7p) + (€n, 7).

Here the interpolant J consists of a standard interpolator for the pressure and
div

the divergence—preservir_lg velocity interpolator j, : V — ViV see [11]. The latter
choice implies e, € V;&". Then the approximate Galerkin orthogonality in ydiv,
coercivity of ag(un;-,-) and use of (rp, V - e,) = 0 thanks to e, € V,{iw yield

1

§3t||eh||i2<m +llenl|* = =(@enu, en) = v(Vnu, Ven) + (1p, V - en)

—th(Un;Mus en) + c(un; un, en) — c(u;u, ep).
Careful estimates of the convective terms give
c(up;up,er) —c(u;u, ep)

1 1+ vRe%
< = - r==-r
= 4e Z h2.

T

+4 [(|u|W1,oc(_Q) + (Eh2 + Cmqa‘XhT)|u|€Vl°°(Q)j| HehHiZ(Q)'

17122 ¢ry + 3lllmull1” + 4elllen] ||

Finally, an application of the Gronwall Lemma to ”ehHiZ(n) with u,(0) = juuo
gives the desired result with Gronwall constant (19). O
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Corollary 2. Under the assumptions of Theorem 1 assume the mesh restriction

Rer = 7hTHuHLOQ(T) < <
v N

Then we obtain the error estimate of order O(h*)

(20)

t
[an = unl|Zoe 0,7 22(02)) +/ l(un = juw)(D)|||* dr
0
t
< C’ZhQTk/ elt=Ce [‘5tu(7')|€vk=2(wT) + ‘u(T)|‘2/Vk+172(wT) + |P(T)|‘2/vkv2(wT)]dT
T 0

in the sense that all constants are uniformly bounded w.r.t. the data. In particular,

the Gronwall constant (19) does not explicitly depend on v,

We proceed with some numerical examples. The first example is to check Corollary 2
whereas the following examples may give an impression of a certain robustness of
grad-div stabilized Galerkin schemes with inf-sup stable elements for laminar flow
problems.

Example 2. For the numerical verification let us consider the Couzy test problem

107 10"

—&— Re=1,y=0 —&— Re=1,y=0
—+— Re=1e3, y=1 —+— Re=1e3,y=1
—<— Re=1e6, y=2 10°} | —*— Re=1e6, y=2

Re=1e9, y=2
2

Re=1e9, y=2
2

HY error
.
5

L? error

Fig. 2. Couzy test with optimized grad-div parameter v for [Q2]?/Q1: Dependence
on Reg; (i) Wh%-velocity error, (ii) L?-velocity error

[9] in £2 = (0,1)%. The solution of problem (4)-(5) with a = u is

T
u(z) = sin(wt) ( —cos 17T$ sin lmz sin 17‘(’33 cos 1mc
= 2 1 2 2, 2 1 B 2 R
(1 (1 .
p(x) = wsin (57@1) sin (57@2) sin (nt) .

The forcing term f, the initial and the Dirichlet boundary data are deduced from
the exact solution. For the [Q2]?/Qi-pair we obtain on a sequence of equidistant
meshes and for globally constant grad-div parameter vyr convergence results as in
Fig. 2. The significant influence of grad-div stabilization is observed for a wide
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range of Reg. The L?-errors of the divergence and of pressure show optimal rates
of O(h?) robust w.r.t. Reo. On the other hand, for the W'2- and L*-errors of the
velocity we see a deviation from the optimal error rate for increasing Reg,. O

Example 3. (Driven cavity problem)
Next we consider the standard driven cavity flow with stationary solutions in the
range up to Reg = 7.500 in £2 = (0,1)%. In Fig. 3 we show examplarily cross-

Q2Q1, h=1/16
——Q2Q1, h=1/64
- — -Q2Q2, h=1/64
O  ECG04

0.5

u component of velocity
v component o velocity

Q2Q1, n=1/16 \

———Q201, h=1/64

~ — -Q2Q2, h=1/64
o EcGot

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 08 1
y-coordinate, (x = 0.5) x-coordinate, (y = 0.5)

Fig. 3. Driven cavity problem with Ren = 5 - 10%: Cross-sections of the solutions
for [Q2)?/Q:1 without SUPG-LPS and [Q2]?/Q2 with SUPG/PSPG-LPS

sections of the discrete velocity at Rep = 5 - 10% at 1 = 0.5 and z2 = 0.5 for the
[Q2)?/Q1-pair. The results on moderately fine meshes are in very good agreement,
even in the boundary layers, with the results given by Erturk et al. [10] on a much
finer 601 x 601 mesh. Interestingly, the results are very similar to an equal-order
approximation with [Qe]?/Q2 pair. In [19] a non-stationary approach with mod-
erately large time steps was applied showing that just grad-div stabilization was
required in experiments up to Reo = 7.5 - 10°%.

Moreover, we considered the time-accurate simulation of the driven cavity prob-

Fig. 4. Time-dependent driven cavity problem at Reo = 10* with [Q2)?/Q; pair;
whole domain (left) and zoom into corners (right)
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lem in the transient regime at Rep = 10* where only grad-div stabilization was
required. In Fig. 4 a snapshot of the time-periodic velocity solution for Reg = 10*
is shown. Secondary and tertiary vortices are well-resolved. g

Example 4. (Time-dependent 3D-flow around cylinder at Regp = 100)

The benchmark problem of the time-dependent 3D-flow around a cylinder in a
channel at v = 0.01 (corresponding to Rep, = 100), see [24], is shown in Fig. 5
(left). [Q2]®/Q1 elements with 0.7 x 10° degrees of freedom were applied with a
globally constant grad-div stabilization. In Fig. 5 (right) the convergence of the

Fig. 5. Snapshot of flow at Re, = 100 (left). Development and convergence of lift
coefficient (right)

(maximal) lift coefficient is compared to a reference solution with 12 - 10° degrees
of freedom. O

The given examples show that grad-div stabilization is very often sufficient for aca-
demic examples and simple laminar flow problems. In order to show that grad-div
stabilization is not always sufficient, we found the following example of boundary
layer flow.

Example 5. (Flow over a horizontal plate)

Consider the flow over a infinitely thin horizontal plate at Reo = 10°, see Fig. 6.
The attached laminar boundary layer developing along the plate can be quite well
described by the Blasius profile as exact solution of Prandtl’s boundary layer equa-
tions, see Fig. 6 (right). Using [Q2]?/Qi-interpolation of velocity-pressure on a
structured rectangular mesh, we observed spurious wiggles of the velocity in front
of the plate, see Fig. 6 (left). It seems that an additional stabilization mechanism
is required to remove such wiggles. O

Let us summarize some pros and cons of Galerkin schemes with inf-sup stable
velocity-pressure interpolation. We observed a certain robustness of such methods
for laminar flows. In the semidiscrete analysis we obtained no explicit dependence
of the Gronwall constant on v~ ! if u € L°°(0,T; [W»*(£2)]%). In case of smooth
solutions and under a mesh width restriction we obtained error estimates of order
O(RF). For problems with minimal regularity we proved in [2] strong convergence of
the discrete velocity for h — 0 and fixed v > 0. Interestingly, a result by Guermond
[12] clarified that the Galerkin-FEM converges for h — 0 to a ”suitable” Navier-
Stokes solution. This result should remain valid for the grad-div stabilized Galerkin
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e
08 f p iy 1
A
. o
> 061 g/{'
E 78
04 f A
/,.4 —— Blasius profile
) S x=0.1
02 r /{ —v—x=0.5
. Vi x=0.9
0 . .
0 2 4 6 8

n=y (u N/( v X))

Fig. 6. Flow over a horizontal plate at Reo = 103

scheme. Such results provide some mathematical justification for direct numerical
simulation (DNS) for h — 0.

Nevertheless, the mentioned mesh width restriction hr||un|| Lo () < Cy/v disturbes
the robustness of the method w.r.t. Reg. In the following section, we want to obtain
better control of the convective terms by introducing a velocity subgrid model for
large Reg. This is important as the W12-control disappears in case of v — 0. As
a by-product, we can remove the mentioned mesh width restriction.

4 Subgrid models for inf-sup stable Galerkin schemes

An appropriate and efficient numerical simulation of high Reynolds number flow is
only possible if the small scales of velocity and pressure which cannot be resolved
by a given mesh 7}, are modeled (see Fig. 7, left). So far any stabilization or sub-
grid modeling of the unresolved velocity scales in the grad-div stabilized Galerkin
schemes is missing. It is well-known that the standard subgrid model, the Smagorin-

[ Inertial range | Dissipation
| E(k) ~ kS

range

E(k) (log)

unresolved
small scales

k, k k (log)

Fig. 7. Left: Resolved and unresolved velocity scales in the energy cascade, Right:
Two-grid LPS-mesh

sky model, is too dissipative. The combination of the Smagorinsky model with local
projection stabilization (LPS) techniques had been considered for the Navier-Stokes
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model in, e.g., [22,18]. Sometimes grad-div stabilization is considered as model of
the unresolved pressure scales whereas a combination of streamline upwind stabi-
lization (SUPG) with LPS provides a potential model of the unresolved velocity
scales, see Fig. 7 (left). Let us remark that the application of standard stabilization
schemes as subgrid model can be seen as implicit large eddy simulation (ILES).
Now we introduce the framework of local projection stabilization. Consider a two-
level ansatz with a coarse grid M, = {M} consisting of elements M as union of
cells T € Ty, of the primary mesh 7Ty, see Fig. 7 (right), or a one-level method with
M, = Tr. One selects an appropriate projection space Dar C L% (M) for all coarse
grid cells M € My,. The local orthogonal L2-pr0ject0r: M : L2(M) — Dy defines
the global projector mp, : L?(£2) — Dy, by (mpw)|ar := mar(w)|ar and the fluctuation
operator kar : id|ar — mar. In a LPS model of velocity, the scale separation is given
via local L2-projection.

Consider an appropriate piecewise constant aproximation uy & up|y with

Assumption (A.4): lunr — unl[poo(ary < Char||Van| oo (an)

and a symmetric LPS-stabilization of (uas - V)u, according to

sh(uh;uh,vh) = Z T]\/I(I{M(u]\/[ . V)uh,nM(uM . V)Vh)M. (21)
MeM,,

The inf-sup stable Galerkin-FEM with grad-div stabilization and SUPG-LPS sub-
grid model reads: Find Uy = (un,pn) : (0,T) = Vi X Qn, such that

(Ovun, vi) + ag(un;Un, Vi) + sn(un; un, vi) + ta(Un; un, va) +in(pn, qn) = (£,va)
(22)
for all Vi, = (Vh,qn) € Vi X Qn. Here ag(+;-,-) is the Galerkin form defined in
(5). Besides the grad-div stabilization term ¢, (uy;-,-) and the SUPG-LPS term
sn(up;-,+), the following stabilization of pressure jumps over edges E € M), is
defined by
in(pn, qn) == > énllprls lanls)s.

E€OM,MEM,;,

Let us briefly consider the semidiscrete numerical analysis of scheme (22). Regarding
the stability of discrete solutions, we obtain the following improved estimate

t
lan()l1Z2(e) +/ 11U (NI ps dr < [un(0)lIz20) + 3lIElIz200722(2))  (23)
0

with

1

Vlllees = (V19220 + tnlunv,v) + snluniv,v) Hin(g.a) . (24)

The existence of a solution (un,pn) : (0,7) = Vi x @y of the LPS-model (21)
follows as in Sec. 3.2.

Theorem 3. Let the assuptions of Theorem 1 be valid and assume T (unr)uz; <
C = O(1). Then the semidiscrete convergence results of Theorem 1 and Corollary 2
remain valid with norm ||| - ||| replaced by the LPS-norm (24).
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The proof is very similar to Theorem 1, but one takes advantage of the approxi-
mation property of the fluctuation operator ||kawl|2(ar) < Chﬁlnwuwk‘Q(M). For
further details of the analysis, we refer to Theorem 1 in [2].

Henceforth, we want to remove the mesh width restriction hr |[us||poo (1) /v < C/\/v
and to refine the analysis of the SUPG-LPS scheme. The essential step is based on
an additional inf-sup condition on projection space Djs.

Assumption (A.5): There exists 8 > 0 independent of h such that
sup (v, @) m
vevi [Vl L2(an)

for all M € My, where Vi :={vn|m: vih € Vi, v =0o0n 2\ M}.
Matthies et al. [20] proved the following technical result.

> Bllgll2an Vg € Dm

Lemma 4. Select projection spaces Dy such that (A.5) is valid. Then there exists
an interpolator i: V. — V, with optimal interpolation estimates in Wl’Q(M) and the
orthogonality condition

(v—iv,wp)=0 thEEBDM, Vv eV.
M

The assumptions of Lemma 4 can be realized for two- and one-level methods.
Let Ry(T) = Pi(T) or Qi(T). For two-level methods set Das := Py_1(M) and
select

Vi =V n{v, € C(2): vp|lroFr e Re(T) VT € Tp}

For one-level methods set Dy := Pr—1(7T") and define enriched velocity spaces by
Vi =V N {vn, € C(2) : vh|r o Fr € R(T) + bz - Re1(T) VT € Ti}

with polynomial (cubic or d-quadratic) bubble function b; € WOI’Z(T)7 see Fig. 8.

0.0

00

Lo

Fig. 8. One-level method: Enrichment of velocity space V}, via bubble functions

Please note that in the error splitting

U—Up = U~ JU)+ (JU—-Up) = (Mu,np) + (€h;ThH)



14 G. Lube et al.

we cannot apply the divergence-preserving interpolant in V4%, hence e, ¢ V,%°.

The approximate Galerkin orthogonality in Vj, and coercivity of ag(un;-,-) yield

1 2 2
50tllenllz2 o) + Ill(en, ru)lllLrs
= 7(87577“7 eh) - V(Vﬁm veh) + (7713, V. eh) - (rhv V- 77u) - ih(nlh Th)
—tn(Wn; 1u, €n) = $n(Un; N, €n) + sn(Un; 1, €n) + c(un; un, €n) — c(u; u, en).
Furthermore, we have to estimate the non-vanishing term —(rn, V- nu) — th(p, Tn)

for discrete pressure spaces Qn € {Pr_1, P_(k_l)}. Careful estimates of the convec-
tive terms lead to the improved bound

c(up; up, en) — c(u;u, ep)

<52 (5 + g ) Il + 3l +acllenlrs

+ C (|l ) + max har [l ) ) lenllZ o)

provided assumption (A.5) is valid.
We are now in the position to derive improved error estimates for smooth solutions
where any mesh width restriction could be avoided. For a detailed proof of the
result we refer to Theorem 2 in [2].

Theorem 5. Let assumption (A.1)-(A5) be valid. Moreover, let Qn = Pr_1 or
Qn =P_(x—1) and select the stabilization parameters as

1

v (un) < C@?

Y (anr) ~ 1, dp = do ~ 1.
Then we obtain an O(h¥)-estimate uniformly w.r.t. data:

2 ¢ 2
I = il o macon + [ N = i, pw = Go) (Dl s dr

0
t
k C -7
< CZh?w/o Lot >[\atu(r)|€w,2(w) + () [fyrs120,,) + |p(T)|€Vk,2(uM):| dr
M

with Gronwall constant Cg as in Theorem 1.

For the numerical verification let us consider again Example 2.

Example 6. The data are given as in Example 2. For the [Q2]*/Q:-pair we obtain
on a sequence of equidistant meshes and globally constant grad-div parameter vr
convergence results as in Fig. 9. The significant influence of grad-div stabilization
is observed for a wide range of Repn. Compared to the results in Example 2, we
observe with the enriched one-level method in Fig. 9 W2~ and L*-errors of the
velocity without any deviation from the optimal error rate for increasing Ren. O

Let us now look at problems with boundary layers and separation.
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Re=1e6 Re=1e6
107 10"
—*— Taylor Hood —* Taylor Hood
—%— Bubbles - —<— Bubbles
S s 10 ?
10 E h
10°
5 5
5 10" e
+ L -
10
10°
10°
10° - 10°
107 10" 10° 107 10" 10°

Fig. 9. Couzy test for Rep = 10° with grad-div stabilization: Comparison of
[Q2]?/Q1 and [QF]2/Qu; (1) Wh2-velocity error, (ii) L*-velocity error

Example 7. (Flow over a horizontal plate)

We consider again the situation of Example 5 with boundary layer flow over a in-
finitely thin horizontal plate at Rep = 10°. In Fig. 10 we see the Blasius boundary
layer flow at Req = 10 without (left) and with SUPG stabilization (right). Spu-
rious wiggles in front of the leading edge appear without SUPG-LPS (left), but
SUPG-LPS allows to suppress these wiggles (right). Moreover, we obtain the cor-
rect Blasius profile with an adapted choice of the parameter set 7oy = 1. Then the
stabilization vanishes at the surface of the plate, which seems to be essential. Oth-
erwise, the stabilization influences the thickness of the boundary layer especially
on coarse meshes and leads to wrong boundary profiles. a

Fig. 10. Blasius boundary layer flow Req = 10%, global mesh size h = 27° without
(left) and with (right) SUPG stabilization

Example 8. (Flow over an inclined plate)

Here we consider the flow over an inclined (infinitely thin) plate at Reo = 10°
and an angle of attack of 18.43° in the domain 2 = (0,16) x (0,10). The pa-
rameters are selected as yv = v = 1 and 7y = 1/|uM|2. In both cases we ap-
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e

A
i

Fig. 11. Different strong separation for grad-div stabilization (left) vs. grad-div
+ SUPG-LPS (right)

ply an isotropic mesh refinement based on a residual jump indicator of the form
Nt =hr Y peor [V - n]||2Lz(E). Fig. 11 shows snapshots of the flow. Differences
between both variants are clearly visible above the plate. Due to the high Reynolds
number, the wake should be closely attached to the plate. Without SUPG-LPS
stabilization the trailing edge vortex is suppressed by a leading edge vortex of high
intensity. Compared to the grad-div stabilized case the flow with additional SUPG-
LPS stabilization seems to be more appropriate for the numerical simulation. O

Let us summarize some first experiences with the SUPG-LPS as subgrid model.
Away from boundary layers one should apply SUPG-LPS with 7as = 79/u3; and
70 ~ 1. Rewriting the stabilization yields

-
sh(up;up,up) = Z ﬁ(lﬁ?M (uns - Vug), kar (unr - Vva))
Mem, M

u u
= 3 (e (g v ) o (o))
MeM,, M M M
This means that just directional information is used for the stabilization.
In boundary layer regions a combination of (anisotropic) local refinement and near-

wall modeling with an appropriate choice of the SUPG-LPS parameter set Tas(up,)
as in Example 7 is required.

5 Robust and fast solvers

For the numerical implementation the C++-FEM library deal.II [4,5] is used. Here
the goal is to construct an efficient, i.e. robust and fast, solver for the semidiscrete
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system. In particular, one has to decide whether a fully coupled or a segregated
approach w.r.t. velocity and pressure is applied.

Weak scaling, 512 processors Strong scaling
1000 T 1000 T T T T
Linear Solver —— Linear Solver ——
Preconditioner 4 Preconditioner
Setup Matrices ---*-- o+ “Setup-Matrices ---*--
100 £ Assembly - P E| 100 el Assermbly o E|
—_ +— Assembly (T) P —_ ~-Assembly (T) >~z L
3 Refinement———+ 8 - finement —
5 10 SolutionTransfer s ok SolutionTranster-~.. ]
S Setup DoFs S Setup Deks_ - .
@, Distribute DoFs 8, o _ Distribute DoFs =~y
o T e . o AT 2l
£ 1 . o E £ 1F R
3 P . &) e
= et - = a
P4 .
01 [ oo ®” R 1 01 F 2oma
0.01 L 0.01 L L L L L L L L
1e+07 1e+08 1e+09 8 16 32 64 128 256 512 768
Number of degrees of freedom Number of processors

Fig.12. Weak and strong scaling properties of the mantle convection problem.
Results by Bangerth et al. [3]

A fully coupled parallel approach to the preconditioned saddle-point problems ap-
pearing in each time step had been considered by Bangerth et al. in [3] in the FE
simulation of mantle convection problems. The model is a Stokes/Fourier model
for velocity, pressure and temperature. They applied algebraic multigrid precon-
ditioners which showed robustness w.r.t. v, the mesh size h and time step At. In
particular, very good weak and strong scaling properties for the Stokes/Fourier
model were obtained on unstructured adapted grids with up to 10° unknowns, cf.
Fig. 12.

Unfortunately, the extension of the fully coupled solver to Navier-Stokes simulations
proved to be too less robust and to have unacceptable CPU times, mostly for
Large-Eddy simulations of weakly turbulent flows. Due to these reasons we used a
segregated approach with velocity/pressure decoupling with a Chorin/Temam-type
splitting:

3akt — quf 4 uF !

—vATT @ vt L vpF = () in 2

2At (25)
" =u on 0f2
k41 q=k+1
CLil L 5 Af’“ + Vet =0 in 2
k+1 .
V-u =0 in 2 (26)
u*tl.n=0 on Of2

¢)k+1 _pk+1 +pk B

A BDF(2) time discretization together is applied together with a rotational incre-
mental pressure correction scheme [13]. In the first step (25) solving a reaction-
diffusion-advection for the velocity is required and we use a GMRES solver in
conjunction with an algebraic multigrid (AMG) preconditioner. The second step
(26) consists simply of a pressure-Poisson problem that is solved by a CG solver
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and again AMG preconditioner.

In Fig. 13 we observe a convincing strong scaling of the used algorithm. All the ma-
jor parts apart from solving the Poisson equation behave optimally in this regime.
In particular, the total time is inversely proportional to the number of processes
used.

3 Refinement level 9, 262144 cells Refinement level 10, 1048576 cells
10
—Assemble velocity 4 -« Assemble velocity ||
-+Solve velocity 10 -+Solve velocity
Assemble pressure| Assemble pressure|
—Solve pressure —+Solve pressure
102 -«Total time 108 -«Total time
« o«
£ £
g 5
= £102
c g4 c
310 2 \\
10°
0 L J L J
10
102 103 102 10°
# processes # processes

Fig. 13. Strong scaling results for the Couzy problem (Example 2)

6 Summary and Outlook

In this paper, we considered the numerical simulation of time-dependent incom-
pressible flow problems via inf-sup stable Galerkin-FEM with minimal stabiliza-
tion. In practice, the classical grad-div stabilization leads to improved local mass
conservation, but a rigorous theoretical foundation is missing even for the Stokes
problem.

For grad-div stabilized Galerkin schemes with inf-sup stable velocity-pressure in-
terpolation and sufficiently smooth solutions of the time-dependent Navier-Stokes
problem we can prove error estimates of order O(h*) uniformly w.r.t. the data.
Moreover, the Gronwall constant does not depend explicitly on v. Unfortunately,
a mesh-width restriction is required, see Theorem 1. For laminar flows, numerical
experiments show a certain robustness of grad-div stabilized Galerkin schemes with
inf-sup stable velocity-pressure interpolation.

The results extend to grad-div stabilized Galerkin schemes with a subgrid model
for the unresolved velocity scales. The subgrid model consists of local projection
stabilization of an approximate streamline derivative of the velocity, see Theorem
3. Under an additional compatibility condition on the projection space, one can
remove the mentioned mesh width restriction while maintaining the features of
the previous analysis, see Theorem 5. We considered some basic problems with
boundary layers and flow separation.

A velocity-pressure segregation based on BDF(2)-approximation in time and the
rotational incremental pressure-correction scheme was parallelized within the C++-
FEM package deal.II. First reasonable scaling results for up to 512 processors are
reported.

An extension of the results is possible in the following directions:
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An extension to problems with in- and outflow, in particular based on the
so-called directional do-nothing condition by Braack & Mucha [7], is desirable.
The approach by Linke et al. [17] with enhancement of inf-sup stable elements
to exactly divergence-preserving schemes will eventually allow to remove grad-
div stabilization.

Further improvement of the velocity subgrid model based on local projection
of the streamline derivative is required for boundary layer problems, flows with
separation and for weakly turbulent flows.

Finally, an extension of the approach to coupled flow models like nonisothermal
incompressible flows and resistive incompressible magnetohydrodynamics is in
preparation.
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