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Abstract

In this article we analyze the relationship between the order of growth
of a coercive polynomial and the stability of its coercivity. In particular,
for coercive polynomials, we consider the order of coercivity which expresses
how fast they grow at infinity and we link it to the so-called degree of stable
coercivity. The latter describes how stable the coercivity is with respect to
small perturbations of the coefficients. Our main result is an explicit relation
between these numbers. This extends existing results on polynomials regard-
ing their growth and the stability of their coercivity. Finally, we illustrate
our results by constructing two families of coercive polynomials either with
a bounded number of variables or with a bounded degree that possess an
arbitrarily small positive order of coercivity.
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1 Introduction

Motivation

For coercive multivariate polynomials, we consider the order of growth at infinity and
how this relates to the stability of coercivity with respect to perturbations of the coeffi-
cients.

As a motivation, let us first consider the univariate case. A polynomial f € R[X] is
called coercive on R if f(x) — 400 whenever |z| — 4o00. This is the case if and only if
the leading coefficient of f is positive and the degree deg(f) of f is positive and even.
This, in turn, is equivalent to the property f(x)/|z|? being coercive for all ¢ € [0, deg(f)).
Hence, the number deg(f) expresses how fast f grows for large x, and, thus, it can be
viewed as a meaningful measure for the order of growth of f at infinity. We call this
number the order of coercivity of f.

We observe further that, in the univariate case, small perturbations of a coercive polyno-
mial f by another univariate polynomial g preserves coercivity. In fact, if f is coercive,
so is f 4+ g whenever deg(g) < deg(f) and if the leading coefficient of g is sufficiently
close to zero. On the other hand, f + g will not necessarily be coercive if the degree of g
exceeds the degree of f, and, thus, the number deg(f) can also be viewed as a measure
expressing how stable the coercivity of f on R is. We call this number the degree of
stable coercivity of f.

Consequently, for a univariate coercive polynomial f, the order of coercivity coincides
with the degree of stable coercivity, and both are equal to the degree of f. Once these
two numbers are properly defined in the multivariate setting, it is only natural to ask
if the order of coercivity again equals the degree of stable coercivity, and if so, whether
these numbers again coincide with the degree of f.

In [BS15b] the first question is answered affirmatively for a broad class of coercive poly-
nomials whereas the authors give a dissenting answer to the second question. More
precisely, using properties of the underlying Newton polytopes, a class of coercive poly-
nomials f is identified for which the order of coercivity coincides with the degree of
stable coercivity, and both are equal to a so-called degree of convenience of f which, in
general, differs from deg(f).

In the present article we shall show that for coercive polynomials f the degree of stable
coercivity of f may differ from the order of coercivity of f in general, but not ”too
much”. More precisely, our main results show that for any coercive polynomial, its
degree of stable coercivity is always equal to the integral part of the order of coercivity.
We shall further characterize the case when the order of coercivity of f is maximum
possible by positivity of its leading form. The latter turns out to be equivalent to the
degree of stable coercivity of f also being maximum possible (see Theorems |15/ and .



Related literature

Coercivity of multivariate polynomials itself is an interesting property for various rea-
sons. In polynomial optimization theory it is a recurring question whether a given
polynomial f € R[Xi,...,X,] attains its infimum over R" (see, e.g. [BS15a, [EDOS,
GSED14], IGSED11l INDS06, [Sch06, VP07, VP10]); a similar question is equally relevant
in the integer and mixed-integer programming variant [BHS15a]. Coercivity of f is a
sufficient condition for f having this property, and, thus, it is a natural task to verify or
disprove whether f is coercive.

As a further consequence of coercivity, f is bounded below on R™ by some v € R, so
that f — v is positive semi-definite on R™. Also, since coercivity of f is equivalent to the
boundedness of its lower level sets {z € R | f(z) < a} for all & € R, understanding
coercivity can be useful to decide whether a basic semi-algebraic set is bounded. Further-
more, properness of polynomial maps F' : R” — R™ can be characterized by coercivity
of the polynomial ||F||3. This is useful to decide whether F is globally invertible (see,
e.g. [BS16, BAO7, [(CDTT14]).

Coercivity of polynomials is partially analyzed in [JLL14] and, in the convex setting, in
[JPL14], while the coercivity of a polynomial f defined on a basic closed semi-algebraic
set and its relation to the Fedoryuk and Malgrange conditions are examined in [VP10]. A
connection between coercivity of multivariate polynomials and their Newton polytopes
is given in [BS15a]. In [MN14], the authors study how fast — not necessarily coercive —
polynomials grow on semi-algebraic sets.

Outline of the article

This article is structured as follows. In Section [2] for coercive multivariate polynomials
f € R[Xy,...,X,], we recall the notion and also some of the properties of the so-called
order of coercivity o(f) and we link them to the Lojasiewicz exponent at infinity. For
coercive polynomials f we further recall the definition of the degree of stable coercivity
s(f) and introduce the degree of strongly stable coercivity $(f). Also, by studying the
order of coercivity of rational functions, we show that o(f) is always positive for any
coercive polynomial f.

For a coercive polynomial f, Section |3| describes how the order of coercivity o(f), the
degree of stable and strongly stable coercivity, s(f) and 3(f), respectively, are related.
One of the two main results, Theorem [15] gives an explicit relation between these three
numbers. The other main result, Theorem [16] shows that coercive polynomials f whose
order of coercivity o(f) is maximum possible, that is, o(f) = deg(f), are exactly the
polynomials with a positive definite leading form. We also show that this is equivalent
to the fact that their degree of stable coercivity s(f) is maximum possible, that is,

s(f) = deg(f).



In Section {4] we explicitly construct two families of coercive polynomials with the cor-
responding order of coercivity being positive but tending to zero. For the first family
the number of variables is hold fixed but the degree varies, and, for the second family,
the degree is fixed but the number of variables varies. This gives rise to the question,
addressed in Section , of determining the minimal possible order of coercivity o(n,d)
for the set of coercive polynomials f € R[Xq,..., X,] with degree not exceeding d.

Notation

Let R[Xq,. .., X,] denote the ring of polynomials in n variables with real coefficients. We
write f € R[Xy,..., X,] in multi-index notation as f = 3° ¢ 4 aa X with A(f) C N,
where Ny := NU {0}, a, € R for a € A(f), and X* = X" --- X2 for a € Nj. We will
assume that the set A(f) is chosen minimally in the sense that A(f) = {a € Nj | a # 0}
holds. The evaluation of f at some = € R" is then expressed by f(z) =} . A(f) ™.
The degree of f is defined as deg(f) := maxaeca(s) || with |of = >°F | . Clearly, every
polynomial f € R[X3,...,X,] decomposes uniquely into its homogeneous components
fo,---, fa € R[Xq,. .., X,], where every f; is homogeneous of degree 7.

For the subspace of polynomials of degree bound by d € Ny defined by
RIX1,..., Xola ={f e R[Xy,..., X,] | deg(f) <d},

a basic result [Mar0O8, Remark 1.2.5] states

d
dimR[X,, ..., X,ls = (“; ) (1.1)
In this article, || - || stands for an arbitrary norm on R" unless specified otherwise and

for f € R[Xy,...,X,] we define

[fllse == max {|aa| [ o € A(f)}.

We recall the following immediate estimate; for completeness, its proof can be found in

the [Appendiy

Observation 1. For f € R[Xy,..., X,]q, where n € N, d € Ny, and any q € [d,+00),
the following estimate holds:

d
@< ("5 ) Wl Geli+ 1, o eme



2 Order and stability of coercivity

The order of coercivity

A function f : S — R, defined on a subset S C R", is coercive if for all ¢ € R there
exists some M € R such that for all x € S the implication

lzll = M = f(z) = ¢

holds. The function f is called g-coercive for some ¢ > 0 if f(x)/||z]|9 is coercive. Note
that coercivity and g-coercivity are properties that are independent of the choice of the
norm on R™. The following characterization of g-coercivity, ¢ > 0, turns out to be useful
for our later purposes. For completeness, we give its short proof in the

Observation 2. Let f : S — R defined on a subset S C R"™ and q¢ > 0 be given. Then
f s q-coercive if and only if

Ve>0 dM >0 Veel, ||z|>M : f(x)>c- || (A)

holds.

For coercive f : S — R, the number

o(f):=sup{q > 0| fis g-coercive}

is called the order of coercivity of f. A coercive function f is ¢’-coercive for all ¢’ with
0 < ¢ <o(f), but f need not be o( f)-coercive. Now, if property does not hold for
all but only some ¢ > 0, we may not conclude g-coercivity of f. However, the following
holds:

Observation 3. Let f : S — R defined on a subset S C R™ and q > 0 be given. Then
the property

de>0 IM >0 Vees, |z|>M : f(z)>c- |z (B)

implies o(f) > q.

For a proof we refer to the [Appendixl Note that the converse statement does not
necessarily hold.

The following example shows that for quadratic coercive polynomials, the equality o( f) =
deg(f) is always fulfilled.

Example 4. Let f € R[Xy,..., X,], f(z) = 27Qx + L'z + ¢ with Q € R™*" symmetric,
L € R" and ¢ € R be given. If f is coercive, then o(f) = 2. Indeed, as f is coercive,
() must be positive definite. It is well-known that this implies the existence of a unique



global minimal point 2o € R" of f, and one finds f(z) = (z — 2¢)"Q(z — z0) + f(x0)
(see, e.g. [BHS15b]). Denoting the smallest eigenvalue of ¢ by A, one obtains that
f(x) > Mz —20)T(x — x0) + f(x0) = M|z — 20|32 + f(0) holds for all z € R", and thus,
by Observation [3| the inequality o(f) > 2 follows. On the other hand, Observation
implies o(f) < deg(f), and, due to deg(f) = 2, one obtains o(f) < 2.

Property shows how the order of coercivity is related to the so-called Lojasiewicz
exponent at infinity (see, e.g. [Kra0T7]). For a polynomial map F' : R" — R™ it is defined
as

Loo(F):=sup{r e R|3e,M >0Vx e R": ||z]| > M = ||F(x)|| > c|z]|"}.

Indeed, for coercive polynomials, the order of coercivity and Lojasiewicz exponent at
infinity coincide:

Observation 5. Let f € R[Xy,..., X, be coercive. Then

Proof. From the definitions, o(f) < L. (f). Note that the coercivity of f implies
Lo(f) > 0 and o(f) > 0. Suppose at first that L.(f) = 0, then o(f) = 0 and
hence o(f) = Loo(f) = 0 follows. Suppose next that L.(f) > 0. It is enough to show
that for any 0 < ¢ < Lo(f), we also have ¢ < o(f). Let ¢ > 0 with ¢+ ¢ < L (f). By
definition of Lo.(f), there is ¢ > 0 and M > 0 with f(z) > c- [|z||?™® = (¢ ||z||?) - ||=||*
whenever ||z|| > M. As ¢ ||z||* grows without bound, this yields o(f) > gq. O

Since the Lojasiewicz exponent L..(f) is known to be rational (see [Gor61]), Observa-
tion [f] yields the following:

Corollary 6. If f € R[Xy,...,X,] is coercive, then o(f) € Q.

The stability of coercivity

Given a coercive polynomial f € R[X,..., X,] we are interested in how stable this
coercivity property is under small perturbations of f by other polynomials. This gives
rise to the following definition for stability of coercivity which was already analyzed
from the viewpoint of the underlying Newton polytopes in [BS15b] and is inspired by
the concept of stable boundedness of polynomials [Mar(3].

Definition 7 (Stable coercivity). A polynomial f € R[Xy,...,X,] is called g-stably
coercive for ¢ € Ny, if there exists an ¢ > 0 such that for all ¢ € R[Xy,...,X,] with
deg g < q and all coefficients of g bounded in absolute value by ¢ it holds that f + g is
coercive. The degree of stable coercivity s(f) of f is the largest ¢ such that f is g-stable
coercive.



We also introduce the following stronger notion for the stability of coercivity.

Definition 8 (Strong stable coercivity). A polynomial f € R[Xy,...,X,] is called
strongly g-stable coercive for ¢ € Ny, if for all g € R[z| with deg g < ¢ it holds that f+g¢
is coercive. The degree of strongly stable coercivity §(f) of f is the largest ¢ such that
f is strongly g¢-stable coercive.

Observations on the order of coercivity

In this section we collect some preliminary results on the order of coercivity. The follow-
ing result is not only useful for our purposes but interesting in its own right: It states
that any coercive rational function has a positive order of growth. To this end we denote
the vanishing set of the polynomial g € R[X1,..., X,] by V(g) :={z € R" | g(z) = 0}
and its complement by V¢(g) := R™\ V(g).

Theorem 9. Let f,g € R[X,...,X,], g # 0, such that f/g : V°(g9) — R is coercive.
Then

o(f/g) > 0.

As a corollary, every coercive polynomial f € R[Xj,..., X,] has a positive order of
growth, which is a known result (see, e.g. [Gor61]). For the proof of Theorem 9] we use
the following.

Theorem 10 (|Gor61, Theorem 4.1}). Let P(z,z,w) be a real polynomial of n' = ny +
ng + ng vartables x € R™, z € R™, w € R™ where ny,ny, ng are non-negative integers.
If the surface M given by the equation

P(z,z,w) =0
1s not empty and lies in the domain defined by the inequality

1212 = (llll2),

where p(t) — +00 as t — 400, then there exists constants h > 0 and b such that this
surface also lies in the domain defined by the inequality

2]l >[5 — b.

Our choice of a suitable ¢ is given in the next lemma.

Lemma 11. In the setting of Theorem@ let ¢ : [0,00) = R be defined as follows: Let

gt) =t { | ((yi\ v e Vi), ol =1

g\y



and put

Then ¢ is coercive.

Proof. Note at first that there can at most be d := deg(g) many ¢ > 0 with the property
that g(xz) = 0 whenever ||z|| = ¢ (resulting in @(t) = oo). Indeed, suppose there were
d+1 points tg < ... < tg with that property. Consider the leading form g4 of g and pick

x € R" with g4(x) #0 . Then A\ — g4 </\-
with zeros at g, ..., t4, which is impossible. Now suppose ¢ is not coercive. Thus there
is C' > 0 and an increasing sequence {7y }ren of reals with 7, — +o0 and (1) < C.
We may assume 7 is larger than any of the at most d points t; from above. Fix ¢ > 0.
| e < () < C,

contradicting coercivity of f/g. O

Hi_ll> is a univariate polynomial of degree d

Thus there is a sequence {xy}ren C V¢(g) with ||zx]| = 71 and ‘f

We may now prove Theorem [9]

Proof of Theorem[9. Let f,g € R[Xy,...,X,] with f/g coercive. To apply the theorem
by Gorin, we let n; = n, ng = ng = 1 and define P € R[X4,..., X, Z, W] via

P(z, z,w) = (f(x) — 29(x))* + (wg(z) = 1)*, z€R", z,w € R.
The surface M = V(P) is not empty, as

M = w) € R"™? | f(x) = zg(x) and wg(z —1}

{(,
= {(%Za ) ER™ |2 € V(g), f(x)/g(x) =2z and w=1/g(x)}.

Consider the function ¢ from Lemma We now show that M lies in the domain
defined by the inequality ||z|2 > ¢(||z||2). To this end let a point (x,z,w) € M be
given. Then g(z) # 0 and so we conclude

] =it {| 28 1 € vet), tull = ol } = etlelo

Izll2 = |2 =
9y

Hence, we may apply Gorin’s theorem, so there are constants A > 0 and b such that M
also lies in the domain defined by the inequality

[zl = llzll2 > [lll3 —

This means |f(z)/g(x)| > ||z||% — b whenever g(z) # 0. From Observation We conclude
o(|f/g]) = h. Since f/g is coercive, f(x)/g(xz) > 0 for z € V¢(g) with ||z||2 large enough,
which implies o(f/g) > h, too. O



We note that for a ¢g-coercive polynomial f, the number ¢ is strictly bound above by the
order of growth of f. This is implicit in [Gor61]; we give an explicit proof in the setting
of this article for completeness.

Lemma 12. Let f € R[Xq,..., X,,] be coercive. Then f is not o( f)-coercive.

Proof. Suppose the contrary and let f be o( f)-coercive. By Corollary |§| and Theorem |§|,
the number o( f) is rational and positive, so o(f) = p/q, with some p, ¢ € N and we may
further assume that p is even. Thus by definition, f(z)/ ||:1:||§/ ? is coercive, and hence
r(z) :== f(x)?/||x||5 is coercive. However, as p is even, r is a coercive rational function,
so by Theorem [9] there is h > 0 such that r is h-coercive. Hence by Observation [2] and
continuity of f, there are ¢; > 0, co > 0 with

f(z) h
> c||z||ly — co.

]I ’
Hence, for any fixed 0 < ¢ < h,

f(z)? h— €2
> allzlls™ — =
el ? )5

which means f? is (p + €)-coercive. As f, being coercive, attains positive values for
large z, this implies that f is ((p + €)/q)-coercive, and we conclude o(f) > (p + ¢)/q,
contradicting the assumption o(f) = p/q. O

Although, by Lemma [12] a coercive f € R[Xj,...,X,] is not o f)-coercive, one can
still underestimate f by an o(f)-power of a norm for large values of ||z||. That is, for
coercive polynomials, we have a converse statement to Observation [3] Several variants
of this result are known; one may argue by Tarski-Seidenberg [Gor61] or, in the complex
setting, by curve selection at infinity [KraQ7]. Our contribution is a proof by elementary
methods.

Lemma 13. Let f € R[Xy,..., X,,] be coercive. Then there exist ¢ > 0, M > 0 with

fl@) = e ]|V, lz] > M.

Proof. Assume to the contrary that the assertion does not hold. Then for every sequence
{ck}ren € R with ¢; | 0 there exists a sequence {zy}reny € R™ with ||zg]| — +o0 such
that

f(xk) < CkHiCkHO(f), k € N.

Since f is coercive and ||xy|| — 400, we may further assume f(x;) > 0 for all k£ € N,

hence
0 < f(-%)

Sk e, kEN.
= Na[o = *



Using the decomposition f = Z?:o fi of f into its homogeneous components f; €
R[X1,...,X,] of degree i = 0,...,d, with & := x;/||x|| the latter property yields

d [o(f)]-1
0< Y llall™Dfi&) <ee— D Nl ™ fil&), keN.  (21)
i=[o(/)] i=0

Due to ¢ J 0 and i — o(f) < 0 holding for all i = 0,..., [o(f)] — 1, the right hand side
in (2.1) converges to zero as k approaches infinity. This implies

d

i i—o(f) £. —
lim ._(Z(m gl fi(&) = 0 (2:2)

Passing to an appropriate convergent subsequence of the sequence &, = zy/| x|l with
a limit point &, due to continuity of each homogeneous component f; of f, we may
assume that limy_, fi(§) = fi:(§) € R for all i = [o(f)],...,d. In fact, property
yields f;(§) = 0 for all ¢ = [o(f)],...,d, and, hence again, using the homogeneous
decomposition of f one obtains

d
J-8) =Y filt-&) =D froima(€) + -+ fo(§) forallt € R
=0
resulting in o(f) < [o(f)] — 1, a contradiction. O

3 Main result

In this section we show how the degree of stable and strongly stable coercivity are tied to
the order of growth (Theorem . In case of a positive definite leading form, a stronger
characterization is available (Theorem . We use the following estimate in the proof
of both.

Proposition 14. Let f € R[X}, ..., X,] be coercive. Then the following inequalities are
fulfilled:
S(f) < s(f) <o(f) <s(f) + L.

Proof. The first inequality 5(f) < s(f) follows obviously from the Definitions [7] and [§|
To see s(f) < o(f), assume q := s(f) > o(f). We introduce polynomials

fc,a = f—C' (zn:o-ij> )

parametrized by ¢ € R and 0 € ¥ := {—1,1}". As s(f) = q, for every ¢ € ¥ there
is €, > 0 such that f., is coercive whenever ¢ € [—¢,,6,]. Let € := mingexe, and

10



fix ¢ € (0,€). Hence fz, is coercive for all ¢ € ¥ and thus also bounded from below.
Boundedness from below means for every o there is k, > 0 with

q
flx) >e¢ (Z?Zl ajxj> —ky, z€R" o€l
Put k = max,es, ky. Then for x € R"

~ n a 4 R n 7 . ) .
f) = emax (S5 o) k= (S Josl) =k = [l = k.

oeY
so Observation |3 implies o(f) > q¢ = s(f), a contradiction.

Now we proceed to prove the third inequality o(f) < §(f)+1. Assume the contrary: Let
q := 5(f) and suppose o(f) > ¢+ 1. We have arrived at a contradiction if we may show
that for any g € R[X7, ..., X,,] of degree at most g + 1, f + g is coercive, as in this case

5(f) > q+1=35(f)+ 1. To this end fix an arbitrary g € R[X}, ..., X,,],+1. Now choose

¢ > (”;d) “[|g]lco- As o(f) > q+ 1, f is g + 1-coercive, therefore, by Observation [2[ and

continuity of f, there is co > 0 such that f(z) > ¢1]|z]|%" — ¢, holds for € R™, and
hence, by Observation [T}

@) o) 2 @) = o) = el = ea = (7)ol (el + 1)

=l — e,z ERT,
for some appropriately chosen ¢} > 0, ¢, € R. Thus f + g is coercive.

]

We show now how the integer part of the order of growth and our notions of stability
are related to each other.

Theorem 15. Let f € R[Xy,...,X,] be coercive.
1. If o(f) is integer, then

2. If o(f) is fractional, then

Proof. In order to prove [L] we show 5(f) + 1 = o(f) first. By integrality of 3(f), o(f)
and by the property o(f) € [3(f), 5(f) + 1] holding due to Proposition , it is enough
to show that 5(f) < o(f). Suppose the contrary, that is 5(f) = o(f) =: ¢. Now for ¢ > 0
and 0 € ¥ := {—1,1}", define

n q
fc,o =f—-c- <ZUij> GR[Xl,...,Xn].
j=1

11



By definition of 3(f), the polynomial f, , is coercive and hence bounded from below for
all ¢ > 0 and o € ¥. That is, for every ¢ > 0 and o € X, there exists k., > 0 such that

n q
_c-(Zaij) —keo, z€R" >0, 06},
j=1

and hence with k. := max,cs, k., we have for all x € R" and ¢ > 0 the property

n q
f(z) > c-max (Z%%) —ke=c- (leﬂ) —ke=c- =[] — ke.

j=1

In view of Observation [2 the polynomial f is g-coercive. Since ¢ = §(f) = o(f) is
holding by assumption, f is o( f)-coercive. This is impossible by Lemma([l2] and we may
conclude that 5(f) + 1 = o(f).

For the second equality s(f) = o(f), put ¢ := o(f). By Lemma (13| and continuity of f,
there are constants ¢y, co > 0 such that

f(z) > c1]|z]|%2, — ¢ holds for all z € R".

Define ¢ := & - (”Zq)_l. Now for any g € R[X}, ..., X,], with ||g||« < € and all z € R",
we have from Observation [1]

f(@) +g(z) > f(x) — |g(x)|
> allzfl — e —e- (")) (lefld + 1)

= Sllallg — e - 5

2

To summarize, f + g is coercive whenever deg g < ¢ and ||¢g||o < €, that is, f is g-stably
coercive, or s(f) = q = o(f).

Statement [2] follows at once from Proposition [14] O

Our next result shows that more characterizations are available for a maximal order of
coercivity.

Theorem 16. Let f € R[X,,..., X,] of degree d > 2. Then, the following assertions
are equivalent:

1. f4(x) >0 for all x € R™, x # 0.

2. There exists 6 > 0 such that fq(z) > 6||z||? for all z € R™.
3. o(f) = d.

4. o(f) >d—2.

5. s(f) =d.

12



6. s(f)>d—1.
7. 5(f) =d— 1.
8. 5(f)>d-2.

Proof. "[I] = [2' For = 0 the assertion is trivial. For nonzero x € R™ one obtains

X

fale) = el (57) = el inf, o).

[z
The infimum is positive by compactness of the sphere. Now for "2| = 3], let ¢; =
infycgn-1 fj(y) for 7 =0,...,n —1 and put ¢; = 6. Then by homogeneity of the f;,

d

fl@)=>_filx) 2> clal,

J=0 Jj=0

hence o f) = d. The implication "B| = [4] is trivial. The implication "] = [’ holds as
follows: Suppose o(f) > d—2 but f4(Z) = 0 for some € R" with Z # 0. By assumption
o(f) is positive, hence f is coercive. Let us show that this implies f;_1(Z) = 0. Indeed,
we find that for all A € R it holds

FO0) = 3" 5,08 = Y V5()

which, as a function of A is unbounded from below unless f;_1(Z) = 0. In fact, this holds
since as d — 1 is odd. Hence

implying o( f) < d — 2, a contradiction, so [l| through {4 are equivalent.

To see " =[]", let g € R[X1, ..., X,] of degree d be given, and let ¢ = max,egn-1 ga(x).
Then |g4(7)| < ¢||z]| by homogeneity, so for € € [, %],

T 2¢ 2d

) )
fa(w) + ega(w) = fal) — |ega(z)| = dl|=||” §||1L“||d = §I|$||d7

hence f + eg is still coercive, and we conclude s(f) = d.

We show now that [5} implies [6] and [7] The first implication is trivial. To see ‘B = [,
note that Proposition [14] implies §(f) > d — 1. As 3(f) > d is not possible for a degree
d polynomial, §(f) = d — 1. Since both [f and [7] imply [§] trivially, all equivalences are
shown once ‘§ = A" holds.

So suppose 5(f) > d — 2. From the definition of strong stable coercivity, this implies
coercivity of f, and d must be even. The function g(z) = ||z[|42 is a polynomial of
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degree d — 2. The assumption 5(f) > d — 2 implies that f — ¢1¢ is coercive for all ¢; > 0.
Hence there is M, depending on ¢y, such that

f(@) = all=llz™ >0

holds for ||z|| > M. As d > 2, we may use Observation [2] to find that f is d — 2-coercive.
Now Lemma [12] states that o(f) > d — 2, which finishes the proof. O

4 Example families

Introductory remarks

In this section, we give two explicit example families of coercive polynomials with ar-
bitrarily small but positive order of growth. The first family has a bounded number of
variables (two) but varying degree and the second family has a bounded degree (four)
but a varying number of variables.

There are some examples families of {f;}ic; C R[Xq,..., X,], where I is some index
set, in the literature where the Lojasiewicz exponents at infinity L. (f;) of the f; — and
hence the order of coercivity o(f;) of f;, if f; is coercive — are explicitly computed, e.g.,
[Gor61], [Kra07]. These example families are extensive in the following sense: For every
q € Q there is ¢ € I with L(f;) = q. Hence, example polynomials with arbitrarily
small order of growth are easily given.

However, these example families from the literature were not created with the objective
in mind to keep the number of variables and the degree of the resulting polynomials
low. The examples we present are, in this sense, not only some further polynomials with
known Lojasiewicz exponents at infinity.

In the literature, the computations are rather terse. We take a different route and
carefully prove all assertions. These proofs are simplified by partitioning the domain of
definition. Specifically, given S C S, we write o(f]S’) for the order of coercivity of f
restricted to S’. Then, in view of the immediate Observation we may compute the
order of coercivity on more suitable subsets of R™ instead of on all of R".

Observation 17. Let Sy,...,S, CR", S:=UF S; and f: S — R coercive. Then

o(f) = min o(f[S;).

1<i<k

The following handy observation is immediate.

Observation 18. Let f : R"™ — R be given by f(z) = > "

i1 Cilj|% for some ¢; > 0,
a; > 0. Then o(f) = min; o;.

14



Fixed number of variables

We give now an example of a family of coercive polynomials of arbitrarily small (but,
of course, positive) order of growth in two variables. The key observation is that the

function R* — R, (z,y) = 2?2, is $-coercive on (the image of) the curve v : R — R,

t s (¢, 129).
Proposition 19. Consider the polynomial f, € R[X,Y], k € N, given by

fo= X2 4 (Vv — X7)* (4.1)
Then o( fi) = 7.
Note that by Theorem , s(fx) = 5(fx) = 0 holds for all &£ > 2, thus even small linear
perturbations of f; may lead to the loss of coercivity.
Corollary 20. For any given p > 0 there is a polynomial that is coercive but not p-

coercive; this even holds if the number of variables is fixed to 2.

We split the proof of Proposition [19] into two Lemmata.
Lemma 21. For fi as in , o(fr) = 3

Proof. The proof is by case distinction on a given point (x,y) € R™. Put
Sti={(z,y) e R* | y < 0},
S = {(x,y) e R? | 0 <y < 227},
ST={(x,y) € R? | 22% <y},

and observe that these sets are a partition of R".

1. (x,y) € S*. Then y < 0 and hence
filw,y) = a® + (=lyl = a™)* > 2 + 4 + 2™,
thus o( f3|S*) > 2 by Observation [18|

'k and we find

2. (z,y) € S°. Thus z* > f|y|, or 2 > %ﬁ]y

1 1 x? 1
S22tk

hence o( f|S*) > +.

3. (z,y) € ST. Then y > 22% equivalently, y — 2% > %y. As y is non-negative,
2 2
fk(xay) ZI2+ <g> :x2+y_7
2 4
which yields o( fx|ST) > 2.
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The claim follows now from Observation [T

Lemma 22. For f;, as in , o(fr) < 1

Proof. Assume o(fy) > % By Observation [2| and continuity of fi, there are ¢; > 0,
@20andp>%with

fil@,y) Z eill(@ y)llf —c2, (2,) €RZ.

Let {x, }nen be a sequence of reals with lim,, ., 2, = +00. We define another sequence
Yn 1= x2*. Thus 22 = ¥y, and

1/k

Fi(@nyn) = 25 = 4" > cll (@, y) 17 — €2 = 1l (0, 9a)If — €2 = c1y — ca.

We shorten the last estimate to the inequality
y'rlz/k > Clny —Cy, MNE N7

which yields a contradiction: Since p > %, ci > 0 and lim, .y, = 400, so this
inequality will eventually be violated. [

Fixed degree

Our second example is a family of coercive polynomials of arbitrarily small order of
growth with a degree fixed to four. The geometric idea behind this family is similar to
the one before: The function R™ — R, z +— z? is 227" coercive on (the image of) the
curve

viR SR, e (63, 2T )

To model this curve as the zero set of a single polynomial, we use the fact that for real
polynomials hy, ..., hs € R[X;,..., X,] and x € R", the following holds:

hi(z)=...=hz) =0 hyz)*=0.
i=1
More specifically, the term Z?;ll (Xip1 — XZ-Q)2 vanishes at z if and only if z; 1, —2? =0
for all i € {2,...,n} if and only if = lies on the curve 7, i.e., if and only if z satisfies
Tp=a2 =2t =a8 .= =¥
n— %n—-1" %n-2" ¥n-3 -1 .

Proposition 23. Consider the polynomial g, € R[X, ..., X,], n € N, given by

g =XP+ ) (X - X2))" (4.2)

1=2

Then o(g,) = 2*7".
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Note that by Theorem $(gn) = 5(gn) = 0 holds for all n > 3, thus even small linear
perturbations of g, may lead to the loss of coercivity.

Corollary 24. For any given p > 0 there is a polynomial that is coercive but not p-
coercive; this even holds if the degree is fixed to 4.
The proof of Proposition [23|is divided into three lemmata.

Lemma 25. Let
C:={zeR" ||z >1forallie[n]}.

Then o(g,|C) > 2% for g, as in ([£.2)).
Proof. We introduce the functions on C
Ti(z) =27, Ti(x):=(v;—27 )% i=2,...,n,
1 2-i
Qi(z) == §|xz|2 ., i=1,....n,

80 gn(z) = >0 T;(x) on C. The claim follows from Observation [18|if we can prove by
induction

J
Zn >ZQ 7)+2Q;(x), z€C, j=1,...,n. (4.3)
=1

The claim in trivially holds for j = 1. Assume it holds for some j < n. For the
inductive step it suffices to show that for an arbitrary x € R™ one of

Tjr1(z) > 2Qj41(x) (4.4)
or
Qj(7) = 2Q 41 (x) (4.5)
holds. Indeed, in case ) holds at x, then adding this inequality to . 4.3)) yields

J+1

ZTZ > ZQ@ +2QJ ) +2Qj+1 > ZQ’ +2Q]+1( )
=1

In the other case, ) holds at x. Then

J+1 ] J

ZT Z i(2) > Qi(w) + Qy(x Z@ ) +2Qj41 ().

=1 =1

Now let us show by case distinction on z € R™ why (4.4)) or holds. Again, we

introduce a partition
St={reC |z <0},
Co={reC|0<x <22 |},
SZ-T ={recC|22? | <},

fori=1,...,n—1. Now fix x € C' and consider the cases
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!
L xeSj,.

to find

Thus z;1; <0, and as z € C, we may use monotonicity of exponentials

2 2-(j+1)
Tja(2) = (=lajp| —2f)" > afy > o P

so 44 holds.

> 2Q41(x),

2. x € S§7,. Thus |z;|* > 1]x;1] and raising both sides to the 22~UD-th power,

227

2—(j+1)
T WMH\Q ’ (4.6)

As2—(j+1) <0, we have 222,% > %. Hence, dividing both sides of by &/,
we see that (4.5 holds.

3. r € S]TH. Equivalently, z;41 — xJQ > 1

> 5%j11, thus by monotonicity again,

2—(j+1)
Tjyi(z) > 1 e 4|5UJ+1|2 > 2Q;11(x),
that is, (4.4]) holds.
Hence, (4.3)) holds for j + 1 and all z € C, so the induction step is proven. n

Lemma 26. Let
D :={x e R" | |x;] <1 for some i € [n]}.

Then o(g,|D) > 227" for g, as in (4.2).

Proof. Suppose not. Thus there is a sequence {x,,}men € D with ||z;,]|ec — 400 for
m — 00, and

Gn () = 22 1+Z Lomi — Ty i 1) <dcllznlZ", meN.

Especially,
2—n 2 2—n .
w1 <cllemli " (T —ah0) <cllznlli T, i=2,0n (4.7)
We arrive at a contradiction if we can show by induction that there are N,_; > ... > Ny
with .
|2 ]|_2j||xm|oo, m>N;, j=0,...,n—1 (4.8)

Indeed, once the induction is complete, inequality (4.8)) holds for all j and all m > N,,_1,
and as |||/« grows without bound, (4.8]) forces z,, to leave the set D, contradicting
the assumption x,, € D for all m.

For the basis of the induction, we use the second inequality in . to find |22

Tl < V2|22 " and thus

myi—1

2 21n

Tpic1 S |Tm,i| + Cl/QmeH
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by the reverse triangle inequality. Using va+0b < /a + Vb for a,b > 0, the last
inequality yields

(Zmit| < Jemal 7 + M zmlZ" < 2wl + Vel

By assumption on x,,, ||z,,|| grows without bound, so there is N_; € N with ||z,,|| > 1
for m > N_y, and then ||z, ||2" < |25, Thus

|Tmio1] < (14 M) [z || 22 (4.9)
Also, there is Ny > N_; with (1 + 01/4)2 < ||m||oo for m > Ny, which together with (4.9))
implies |, —1| < [|Zm|loo for m > Ny and i = 2,...,n, that is,

|Zmn| = |Zm|lee  for m > N,

a rewording of the basis of the induction.

For the inductive hypothesis, suppose (4.8) holds for some j < n—1. We now prove the
inductive step. Using the reverse triangle inequality on (4.7]) the other way, we find

1—-n .
Trjor 2 oyl = |, =2, m (4.10)

With (4.10)) and the inductive hypothesis,

2

T n—(j4+1) = |Tinn—j| — 01/2|

omllSe 2 o llomll = 2 llamllZ (4.11)

> 2]
On the other hand, as ||z, ||« grows without bound, there is N;;; > N; with

”meoo > <2j+1c1/g)1/(27j_217n)
s e3> 272
é ||$m||g;J > 9i+1.1/2 ||:rm||§;’"
1 » .
= grlonli =zl 2 0
1 1—n 1 B
27 H m||2 i c ||1’m||2 > o meHZOJ

for m > N;;;. With (4.11) we deduce

1—-n j
x?n,n—(j-i-l) - 2 me”2 ’ 1/2||xm||2 = 22T”xm”2 ’
and hence
~(+1)
‘l‘m,nf(j+1)| = 9j+1 ”xm”go ’ )
proving the induction step. O
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Lemma 27. For g, as in (4.2)), o(g,) < 227".
Proof. Assume o(g,) > 2*7". Using Observation [2|and continuity of g,, there are ¢; > 0,
¢y > 0 and p > 227" with

gn(x) > c1||z||f —ca Vz e R™ (4.12)

Let {a;, }men be a sequence of reals with lim,, o a,, = +00, and define {x,, };nen € R™
with components (z,,); := a,, and

(Tn)2 := ((xM)1>2> (Tm)3 = ((mm)2)2a R ((mm)nfl)Q-

Observe that ()1 = ((2m)n)? " and (), — 400 for n — co. Then

n—1
onli) = (i ¢ (Z 02) ()2 = ()2 > allznl = o
1=2

by definition of z,, and by (4.12)), and we may estimate further
> 1] (0,0, (zm)n) 1T — c2 = a1 (wm)nl” — c2 = c1(zm)), — 2
which contains the contradictory inequality

(wn)y " = ca(an)l — s, meN. (4.13)

n

Indeed, as (z,,), — +oo for m — oo and ¢; > 0, p > 227" inequality (4.13]) will
eventually be violated.

]

5 Final remarks

In Section 4] we have seen explicit examples of slowly growing coercive polynomials
where either the number of variables n or the degree d are fixed. It is thus only a
natural question to ask how small the order of growth can get when both the number
of variables and the degree of the polynomial are fixed. In other words, we consider for
n € N and d € 2N the number

o(n,d) =inf{o(f) | f € R[Xy,...,X,]q is coercive} .

We call o(n,d) the minimum possible order of coercivity of a coercive polynomial in n
variables of degree d. It is not known to us whether there is a closed formula for o(n, d)
or if at least o(n,d) > 0 for all n € N and d € 2N. Also, we do not know if our example
families f; and g, from Section 4| are minimal examples in the sense that o(fx) = 0(2, 4k)

or o(gn) = o(n,4).
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n d Upper bound on o(n,d) Attainment Reference

x| 2 2 yes Example [4]
1] d yes | cf. Section
2 | 4k 1/k ? | Proposition
>2| 4 22-n ? | Proposition

Table 1: Upper bounds on the minimum possible order of coercivity o(n, d).

Table [1| summarizes the special cases and examples discussed in this article. A star ()
indicates arbitrary values; that is, n € N or d € 2N.

In [BS15a] a class of coercive polynomials is identified where coercivity can be verified by
analyzing properties of the underlying Newton polytopes at infinity. Then, in [BS15b],
it is shown that for each polynomial from the aforementioned class one always has
o(f) = s(f) = c(f) € 2N with ¢(f) denoting the so-called degree of convenience of f —
which is the length of the shortest intercept of the Newton polytope at infinity with the
n coordinate axes. So, for coercive polynomials with a fractional order of growth, for
example such as those from Section [4] it would be an interesting question whether their
order of growth is encoded in their Newton polytopes as well.

Acknowledgments

The authors are grateful to Lukas Katthén for fruitful discussions on the subject of
this article. SB gratefully acknowledges support by the DFG Research Training Group
2088.

A Appendix

Proof of Observation [1] Fixn € N, d € Ny, f € R[Xy,...,X,] of degree at most
d and ¢ > d. In multi-index notation, f = ZaeA(f) a,X®, and in view of (L.1)), we get

|A(f)] < (”;rd). Also, for all z € R" and o € N¢ with |a| = a; + ... + a, < ¢, we have
2] < 2|y < max (|l]|%, 1) < [l2]|g, + 1.

The estimates combine to

F@I=1 Y ael < Ifle D 121 <Iflle Y (lzlld+1)

a€A(f) a€A(f) a€A(f)

— LA Wl Gl 1) < (") Wl el + ).
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Proof of Observation [2| Let f be ¢-coercive and ¢ > 0. By definition of ¢-coercivity,
there is M > 0 such that f(x)/||z||? > ¢ whenever x € S and ||z|| > M. Multiplication
by ||z||? gives the claim. Now suppose holds and fix ¢ > 0 with the corresponding
M > 0. Division by [|z||? yields for all nonzero x € S with ||z|| > M the inequality

f(x)

e

Y

and, thus, liminf |, f(2)/||z||? > c. Since ¢ > 0 was arbitrary, f is g-coercive. O

Proof of Observation [3] For any 0 < ¢ < ¢ and all nonzero z € S with [|z|| > M one

has f()
x €
> el

[lfle=s

and, as the right hand side is coercive, f is (¢ — &)—coercive. Thus the inequality
o(f) > q — € holds and since € was arbitrary, o(f) > ¢ follows. ]
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