A Multi—-Parameter Method

for Nonlinear Least—Squares Approximation

R. Schaback

Abstract. For discrete nonlinear least-squares approximation prob-
lems E;n:l ff(:z;) — min for m smooth functions f; : R" — R a
numerical method is proposed which first minimizes each f; sepa-
rately and then applies a penalty strategy to gradually force the
different minimizers to coalesce. Though the auxiliary nonlinear
least-squares method works on R"™™, it is shown that the additional
computational requirements consist of m — 1 gradient evaluations
plus O(m - n) operations. The application to discrete rational ap-
proximation is discussed and numerical examples are given.

§1. Introduction

Assume a nonlinear unconstrained mimimization problem

r) — min !
fie) ~ nin g8

for a smooth function f: R" — R to be given, and assume the problem (1)
to have several local minimizers. We want to construct an algorithm that
enhances the probability to find global minimizers. Led by the application
to nonlinear least squares problems (which will be described in section 5) we
assume f to be additively decomposable in the form

flz) = Zf](x), fi :R" — R" smooth (2)
=1

where each f; is easier to minimize than f itself.
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The basic idea of the multi—parameter algorithm to be constructed will be
borrowed from multiple shooting methods in ordinary differential equations:
each f; gets a separate parameter vector y; € R" to be optimized and then
the separate minimizing y; will be gradually forced to coalesce, joining the
separate minimizers gradually into a global solution. This strategy is not
confined to additive decompositions. In more detail, we proceed along the
following steps:

1. Starting from a given vector z(®) € R", set yEO) =20, 1<j<mand

calculate a (possibly only local) minimizer yEl) €eR"of fjfor1 <j <m.
2. Choosing a nonnegative penalty function P with control parameters A to
be described later, perform an iterative minimization of the function

Z filyi +y) + Plys, - symsA), gy €ERY, 1< <m (3)

n (y17 o 7ym7y) € Rn~(m+1)

(7o oh) ). Here we assume Py, ymsA) = 0

iff y; = 0 for all j, and the penalty parameters A should be suitably
controlled during the optimization.

, starting in (yﬁl), o ,y; ) ,0) and producing

a minlmizer

3. Starting from z(?) := y(z)—l—% > yEz), minimize (1) on R" by an arbitrary
j=1

unconstrained optimization procedure to get a minimizer ) € R".

Note that the algorithm consists of a single execution of steps 1-3. How-
ever, steps 2 and 3 contain an inner iteration.

Depending on the penalty strategy in step 2, we will often have y( ) =0

for all j and z(? = y?) will already be a local minimizer of f, such that step
3 will often not be necessary at all. Nevertheless, the overall algorithm works
from R" to R" as (9 — 23 and the detour via R™ (™Y in step 2 can be

concealed from the user.

We could do step 2 without the additional vector y and minimize

ij(yj)+P(y1 — Y, Ym — Y3 A)

for (y1,...,ym) € R™™, where y := % E;n:l y;j. However, the form used in

(3) is more easily handled.
The main problems to be addressed in the sequel are

1. Can the computational effort be reduced to a reasonable amount?

2. How should A in step 2 be controlled?

3. Are there some classes of problems where the algorithm is superior over
conventional methods?

For simplicity, we shall confine the major part of the rest of the paper
to nonlinear least—squares calculations and postpone the general nonlinear
optimization problem to later investigations.
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§2. Penalty functions

Depending on how much control is required, one can consider different penalty
functions of the general form P(y1,...,ym;A), e.g.:

Y [yl A€ R, or (4)

i=1

> Mlills. A eR, 1< <m,or (5)

i=1

> Ayl (6)
j=1

with n X n nonsingular diagonal matrices
A]‘: , 1 <3< m. (7)

We shall see later that good control of the parameters of the penalty function
is a major problem which forces us to restrict ourselves to the simple case (4)
when specific control strategies are treated later. However, the computational
complexity investigations of the next section allow rather general controls of

type (5) or (6).

63. Computational Complexity

We consider a Gauss—Newton minimization step for the general composite
objective function

Fli+u)+ ) 1Nyl vy eR 1< <m (8)

1 j=1

J

m

with (6) and (7). This arises within step 2 of the algorithm and involves
n - (m + 1) variables instead of just n variables for the classical approach.
Thus we compare it with the corresponding step for minimization of the least—
squares objective function

fla) =Y fi(x), 2 €R" (9)

to find that there is not too much additional work to be done:
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Theorem 1. A linear multi—parameter least—squares problem arising from
linearization of the objective function (8) on the space R™ (™Y can be solved
by adding O(m - n) operations to the solution of the corresponding problem
arising from linearization of the least—squares function (9) on R", which needs
O(m - n?) operations. However, the number of gradient and function evalua-
tions increases from 1 to m.

Proof: We can write (8) as

[Ha (s ym- )3

with
A1y1
Hy(y, ... e |, At Hy : R o R™H™,
AlY1, sYmH Y fl(yl _I_y) ) A
fm(ym + y)

Writing gradients as row vectors, we calculate the Jacobian of Hy as

Ar 0 0 0
0 A, 0 0
;oo 0 ... An 0
ATIVAE 0 ... 0 VA
0 Vi ... 0 Vf
0 0 ... Vfm Vin

where the argument of V f; is y; +y throughout. This requires m evaluations
of gradients.

We linearize Hy at y1,...,Ym,y and consider the problem
1
|| Ta : —I—HA(yl,...,ym,y)||§—>min!
Zm
z

for z,z; € R", 1 < j < m. This linear least—squares problem splits into the

suIn
m

J=1

2

()= + (5 4% )
vF fi+VE-2 )|,

(10)
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and we first minimize each single term with respect to z; for arbitrary fixed
z. With a positive definite n x n diagonal matrix D, vectors u,v € R", and
a scalar o we want to find the minimizer # € R" of an expression of the form

1)+ (2)

A straightforward calculation yields

2
— min!
2 x

T = —(D2 + uuT)_l(Dv + au) = —D 'y — ’yD_z
with
a—ul'D 1y
14+ ul' D2y’
V(14 1D u3)
= (a—u"D7'0)* /(14D ul3).

Thus the minimizer of (10) for fixed z satisfies

Fi=Vii-Wi=2) T
Zj=—Yj — = ATV ) (11)
L+ ATV
as a function of z and we insert (11) into (10) to get another linear least—
squares problem for the vector z € R" as

—~ V- (yj —2))* — min 12
> iy O T (12)
which can be considered as a variation of a usual m by n least—squares calcu-
lation required after linearization of (2). The additional work needed for (12)
arises in forming the m by n coefficient matrix and the m right-hand-side
entries, and is of order O(m - n). After solving (12) by orthogonalization or
singular—value decomposition, the rest will only consist of substitution of z
into (11), which again will introduce O(m - n) operations.

For the penalty function (4) and a Levenberg—Marquardt strategy based
on normal equations a similar result was obtained by K. Nottbohm in [4].

§4. Control of penalty parameters

Discrete least—squares approximation of a function ¢ : ' — R on a finite set
T ={t1,...,t;n} of m distinct points by a parametrized family of functions

Oz, ):T—R, zeR"
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takes the form (9) with
fi(z) = ®(x,t;) —p(t;), 1<j5<m. (zwoel fa)

Section 5 will treat rational approximation as an example for this approach.
In most applications the sets

Xji={ev e R" [ ®(x,tj) = o(tj)}, 1<j<m
are non—empty and easy to reach by minimization of ff(:z;) on R". Conse-
quently, the direct separate minimization of each f]2 in step 1 will normally

produce parameters yEl) € X;. In most cases the interpolation equation

Fily) = @(y{" 1)) — p(t;) = 0 (14)

still has n — 1 degrees of freedom available for variation of yﬁl). This freedom

(1)

;~ which are “as equal as possible” without
violating the interpolation condition (14).

should be used to find parameters y

Thus it 1s advisable to begin step 2 of the algorithm by keeping all penalty
parameters at very small positive and fixed values and to iterate on Hy within
step 2 until no reasonable progress is possible.

The overall control strategy can be illustrated by a diagram like Figure

1, where the values f = > ff(yj +y) of iterates are plotted against ¢, where
j=1
g is the value of the penalty function (4) for A = 1.

ff2 T

fo, + Step 1

fo A

Figure 1. The f - ¢ diagram

m
The global minimizer of f = ) ff(:z;) on R" yields a minimal value f,
=1
on the f axis, while the values ofjlocal best approximations are denoted by
feos feps ... in Figure 1. A typical application of step 1 will dash down to the
¢ axis from a high starting point on the f axis. Then our suggestion to start
step 2 with small values of penalty parameters will cause the method to creep
along the ¢ axis towards the origin, avoiding large values of f. This can be
put on a more rigorous basis by using small values of p in
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Theorem 2. Let the given starting values y; 1= ¢, 1<j<m, y:=0and

p > 0 satisfy

The minimization of

m

S Fwi+y) XDyl (15)

J=1 J=1

for the penalty function (4) with A bounded by

p— f) F=)
=1

m ]

0< )\ <

will yield parameters y(z),y;?) 1 <5 <m with

SR +y?) <o,
=1

provided that an iteration with guaranteed descent of (15) is used.

Proof: For each iterate,

Y flyi+y) < Filyi +y) + N ZH%Hz
1=1 1=1
DY TR QURETE
j=1 j=1
< p u

Similar results can easily be obtained for the other penalty functions.
The major purpose of Theorem 2 is to keep the principal error term within
reasonable bounds while trying to coalesce the parameters as far as possible.

Another easy result follows for large A in the penalty function (4):
Theorem 3. Assume yf, y* and y;‘,y)‘, 1 <j<minR" satisfy

m

() +yN) +u ZII%II%

213
! ! (16)
20

Fl+y") +n ZII%II% <
1

J

30

F +vh)+ Azz v 113

IA

(¥ +y") + AZZ lyj115-

1=1

~
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Then for 1 < A we have

IA

m m
A

ZHyj 12 > w13,

- =1

MW ) < D ).
1=1

J=1

(17)

If the monotonic function

m

DR R P S N |

J=1 J=1

stays bounded for A\ — oo, then y;‘ — 0 for A\ = oc and all 3, 1 <7 <m.

The theorem is a consequence of the theory of penalty function methods

(see e.g.: Fletcher [2]). W

Inequalities (16) will typically hold if (15) is minimized by a method that
ensures (weak) descent and if y , Yy and y .,y are optimal for minimization
for ¢ and A fixed, respectively, Where y ,y" are admissible for minimization

with fixed A, and conversely. Then Theorem 3 allows to force the y] to coalesce
for large A, if the penalty function (15) remains bounded during the iteration.
This can be used as the final strategy of the internal iteration within step 2 of
the basic algorithm. Standard arguments of nonlinear optimization show that
minimization of (15) for large A is equivalent to minimization of (2) under a
rather strict constraint .

Do llyil* <e

j=1

on the y;. Thus, if the limits

lim y] =0, lim y* =y

A—o0 A—0c0

exist, the point y is critical for (2). This shows that step 3 is not neces-
sary, if the penalized objective function remains bounded when the penalty
parameters are driven to infinity in step 2.

The two extreme cases described above leave the strategy of the internal
iteration within step 2 for “moderate” values of A open. As described by (17),
pushing A up will normally

increase Zf]z(y;‘—l—y)‘) =: f* and

i=1

decrease ZHy;‘Hg = g,
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while lowering A has the opposite effect. If the value of f* gets much larger
as expected or wanted when pushing up A, the user may prefer to go back
to A = 0 for a couple of iterations, hoping that this restart will give a better
starting point for step 2. Monitoring the values (f*, ¢*) in a diagram like
Figure 1 may help to detect progress.

For all penalty functions of section 2 the critical points (y, ..., y5,y™)
of ||Hal]? for A fixed correspond to points Z;\ = y? + y™ of the set

21

M := D) ER™ DY filz) - VEi(z) =0

Zm J=1

This follows from

1
SVl Eall? = 5V Zf (4 +v) =

J

yf] Y+ y)

m
=1

for arguments (y1,...,Ym,y) of Hy, independent of the penalty parameters.
Control of A will steer y? +y™ along M, possibly jumping between connected
components of M.

Penalty function (4), if fully optimized for each value of A, will generically
produce pieces of curves on M, which may be visualized as curves in Figure
1 if we plot (f*,¢%) as a function of \. However, we do not recommend to
follow these curves closely, because this would spoil the main advantage of
the method: its high space dimension allows a lot of freedom to manoeuver
around. Performing just one linearization step for each instance of penalty pa-
rameters A is quite enough and allows much more freedom, jumping between
many trajectories on M.

ff1 T

Figure 2. The unattainable set §
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Theoretically, the best strategy would be to follow the boundary of the
“unattainable set”

if g = Z ||yj||2, yj € IR", then
S=S(f9eR| n 7
> Filyj+y) > florally € R"

J=1

in Figure 2, which always links the global minimum of (2) with the global

|?. However, this is not

m
minimum of E;n:l sz(y]) having least value of Zl |ly;

]:
easier to solve than the original problem, but it indicates that one should try

to keep as “southwest” in Figures 1 and 2 as possible.

Since the set M is described by n equations on IR"™™, the penalty function
(6) has enough degrees of freedom to allow appropriate “steering” along M
in a sophisticated way that may involve a lot of information about f;(y;) or
Vfi(y;). Thus the user may assign large penalty parameters to “good” y; (or
components thereof) to make sure that they will not be moved around too
much. Details can easily be studied for m = 2 and n = 1, but we will leave
further analysis to future work.

Ute Jéger [3] treated the penalty function (4) with A2 ~ (¢*)7! and
showed that nondegenerate attractors & for (9) on R" yield nondegenerate
attractors (0,...,0,%) for (15) on R"(m+1), provided that a well-controlled
trust—region method is used.

65. Application to discrete rational approximation

On a finite subset T' = {ty,...,t;} C [—1,+1] we consider the approximation
of a function ¢ : T' — R by rational functions

O(x,t) =

te[-1,+1] (18)

where

k n
pla,t) = inti_l, gz, t) =14 Z :L'iti_k.
=1

1=k+1
We use (13) and obtain a nonlinear least—squares problem of type (9).

To study step 1 of the algorithm, we note that f;(x) vanishes on the
affine subspace of R" consisting of all x € IR" with

pla,tj) —(t;) - qlz,t;) =0 (19)

for 1 < j < m except for points where

p(l‘,t]‘) =0= q(l‘,t]‘)
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holds, and at which 'Hospital’s rule for evaluating ®(x,t;) does not yield
©(t;). If we ignore these exceptional 2 for a moment, we find that minimizers

yEl) of f]2 with fj(yﬁl)) = 0 exist and form an affine subspace. Thus there
normally are no problems with step 1 of the algorithm.

If step 2 is carried out with very small penalty parameters, it is compa-
rable to a minimization of the positive definite penalty term under the affine
constraints (19). Thus step 2 yields a unique minimizer (yiz), . ,y,(g),y(z))
depending on A, but not on common factors of the various possible penalty
variables in A. In particular, the minimizer does not depend on the result of
step 1. It is a multiple parameter set that satisfies all linearized one—point
interpolation problems

and step 2 has tried to make the parameters y;?) as equal as possible. Thus
for all discrete rational approximation problems a fixed implementation of the
multi-parameter method will almost surely produce the same output for each
possible starting parameter vector, since the exceptional points form a set of
measure zero. Of course, this feature does not generalize to other nonlinear
families of approximating functions.

§6. Examples
We take the example

" flgx,yg 1 —a + 2bzy
2 . 200 fo(z,y _ 1+
f(xvy)_;fz( 7y)7 f3($,y) 1_y
f4(:1:,y) 1+y

from [4] for n = 2, m = 4 with three critical points:

at (z,y) = (0,0) is a saddle point with f(x,y) =2
at (v,y) = (0.12,-0.24) is a local minimum with f(z,y) = 1.843
at (z,y) = (—1.006,0.079) 1is a global minimum with f(x,y) = 1.419.

For various possibilities of controlling A in step 3 we always found the multi—
parameter method to converge to the global minimum (see also [3]). Figure
3 contains a contour plot of the approximation error for this example, where
the saddle point and the global minimum are clearly visible. The local mini-
mum is overlaid by its surrounding (black) basin of attraction of a regularized
Gauss—Newton method. Regularization was done by a Levenberg—-Marquardt
strategy to prevent rank loss, and damping by a stepsize strategy was used
to enforce descent even for small or zero Levenberg—Marquardt parameters.
The same Gauss—Newton routine was used in step 3 of the multi—paremeter
algorithm. The corresponding plot for the multi-parameter method does not
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contain the black blob, because the basin of attraction of the local minimum
with respect to the multi-parameter method was empty.

NS
— N

Figure 3. Contours and attractors

The next example is taken from [1] and approximates ¢(t) = t* — 0.6
on 11 equidistant points of [—1,1] by rational functions (18) with constant
numerator and linear denominator. The problem is symmetric, and we plot
the error in the (21, x2)-plane in Figure 4. Note that there are singularities
for zo = =5/ for 1 < |j] < 5, and the horizontal axis x2 = 0 extends through

the global minimum at 1 = —0.2, x5 = 0 near the lower margin of Figure 4.
The local minima and error values € are

ry = —0.200000 z2 = 0.000000 € =1.172

ry = —0.035051 2o = 41.075847 € =1.232

ry = —0.053199 22 = +41.459828 ¢ =1.219

ry = —0.062364 1z, = +£2.204753 e =1.211

ry = —0.067159 o = +£4.423534 e =1.207

the latter differing only by about 3 %, making the problem hard to solve
globally, if not started near the global minimum. Figure 5 shows the basins of
attraction of the stabilized Gauss—Newton method, where we used black and
white alternatively for the attractors.

Figure 4. Contours of approximation error
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The multi—parameter method always converged to the global minimum,
though the global minimum does not have the “nicest” basin of attraction.
Other discrete rational approximation problems we tested were less hazardous.
In all cases the results were qualitatively the same. Tests on discrete exponen-
tial approximation problems, however, did not show such a good behaviour.

Figure 5. Gauss—Newton attractors
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