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Abstract: Black—box models based on kernglsire written as mappings of the form

Fo(z) = Z%’K(%x)

that are intended to reproduce observational input/output data (sirs;) in the sense
F(xj) ~ y;. Such functions have been studied in a general mathematical context for quite
some time, and this contribution reviews part of the known facts and provides links to a
subset of the background literature. Special emphasis is given to questions of optimality and
complexity within the context of black—box modelling.
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1. MODELS holds for all observationgz;,y;) € IRM x IRN,
where the parametrized claggB, },, of models should
The goal of this contribution within SYSID 2003 is be adequate for the application in question. Simulation
to make old and new mathematical results on kernelsthen means the evaluation 6f,(x) for new inputsz.
available to the system identification community, in In the context of learning theory the sample of the
particular within the context of black—box modelling (z;, ;) is called the “training set”, and findingor F,,
(Sjoberget al, 1995). For easy alignment with the is called “learning” instead of “identification”. From
mathematical background, a black—box model is sim- the mathematical point of view one has a nonlinear
plified here to be a parametrized nonlinear multivari- approximation problem (Braess, 1986), which turns

ate function into an interpolation problem, if exact reproduction

of the input/output pairs is required. Without losing
IRM y RN 1 generality, one can assume the whole process to be
Input — Output 1) scalar-valued, i.eN = 1 in (1). Time series are a

special case.

where the model parametepscome from some pa-

rameter domain in[R”. Usually there is a large 2. KERNELS

number of input/output observations pafts;, y;) €

IRM x IRN such that; = F(z;) holds for the “true” In many applications it is useful to map the input

transfer function or modef'. The standard identifica- observationg; first into an elemen®(x ;) of a larger

tion task is to find a parametgrsuch that “feature space” describing additional properties of

xj;, in order to be able to use a specific distance
y; ~ Fy(x;) dist(®(z;), ®(zr)) in feature space that allows to



model the similarity of:; with 2, much more closely

than by the data;; andz;, themselves. This key idea
was termed the “kernel trick” by the community fo-
cusing on learning algorithms and “kernel machines
(Scholkopf and Smola, 2002), but its mathematical

roots date back to reproducing kernel Hilbert spaces

(Aronszajn, 1950; Meschkowski, 1962). The feature
map ® is supposed to map into some function space
F that carries an inner produgt .) and a reproducing
kernel K such that

O(z) = K(z,)
(®(z), ®(y)) = (K(z,-), K(y,"))
= K(z,y) )
((I)((L‘),’U) = (I(()xv 7U>

forall z,y € IRM and allv € F. Such kernels exist in
many variations (see section 4), and the spaocgan

be written as the Hilbert space closure of all images
®(x) = K(x,-) of the feature map under the above
inner product. This “native” Hilbert space intrinsically
belongs to the kernel in question, and each Hilbert
space of functions with continuous point evaluation
has a unique reproducing kernel. Thus there is a one—

to—one correspondence between kernels and H|Ibert‘

spaces.

3. OPTIMAL MODELS

product in feature space is chosen, and if one accepts
the resulting minimal norm model.

A drawback of this optimality criterion is that it aims
at some kind of “energy” of the model function itself,
and not at the prediction quality of the model for
new input/output pairgz,y). But there is another
optimality result that precisely aims at reproduction
quality.

Theorem 2.Assume that the observational data come
from an arbitrary “true” functionF’ from a Hilbert
spaceF with reproducing kernelK, and consider
arbitrary models of the form

(@) = > uy(@) ()

“4)

that are linear in the observational data and use arbi-
trary weight functions:;. Then for allz the specific
weightsu}(z) € IR with
Zu )

(z, ) K(zj, k)

lead to a minimal worst—case value of the relative error

Fx) = Fu(@)|/| F]-

The proof sketch for this fact uses Hilbert space dual-

ity. Starting from
[(6: — ZuJ dz;) VF|?

For modeling purposes there now is a surprising obser-

vation: one can find an optimal model without making
specific assumptions about the model functigrand

its parametrization. This is what makes kernel tech-
niques interesting for black—box modelling.

Theorem 1.Under all model functiong” such that
each component df is an arbitrary function iF and

which reconstructs the observational data exactly, the

one with components of minimal norm, if it exists, is
necessarily of the form

Z a; K 3

$77

with coefficientsa; € IRY.

Our proof sketch of this standard mathematical obser-

vation just minimizes the quadratic forf#’, F') under

the constraints of exact reproduction of the observa-

tional data. With Lagrange multipliets; one gets the
variational equation
v) — Zajv(mj) =0forallveF
j

which leads to (3) via (2).

|F(x) = Fu(x)
< 6 — Zw(:r)dm, (W3l
J
and using (2) in the dual forrf¥,, 6,) = K (z,y) one
can minimize the above quadratic form with respect to

the real variables; () to get (5) as normal equations
Z i (1) (05 Oay )-

The connection of the model (4) with; = u} from

(5) to the model (3) still needs explanation. If, as
discussed in the next section, the matrix with entries
K(zj,xx) is nonsingular, the functions; () are lin-
ear combinations of th& (z, z;) with the Lagrange
interpolation property:; (xx) = d;x. Thus the optimal
version of (4) is nothing else than a rewriting of (3) in
the Lagrange basis, proving that (3) is also minimizing
the pointwise reproduction error at all other locations
x in the sense of Theorem 2.

a

The “physical” meaning of the model function (3) can
be illustrated by the trivial case

2) = 3" v, (2)

for a Dirac delta kernel, and (3) can be seen as a
regularized version of the above, still maintaining

In some sense this result eliminates the task of modelexact reproduction, but with a different kernel like a
selection, provided that a feature map and an innerGaussian. Another interpretation vieW§z;, z) as a



similarity measure between the observatiansand since they occur in the context of fundamental solu-
x, being large iffz is close tox;, and then (3) lets tions and Hilbert—-Schmidt expansions, for instance.
the model return a result that lies closeypif z is In approximation theory, kernels have a long history
close tox;. This line of argument can be made more dating back to the Dirichlet kernel occurring in Fourier
precise by stochastic assumptions, but one of the goalsanalysis. Finally, it should be kept in mind that one
of this paper is to show that probabilistic arguments can construct conditionally positive definite kerngls
are irrelevant to the basics of kernel techniques. Theywithout ever caring for Hilbert space arguments. Ap-
are no more than “add-ons”, and this also applies to plications of kernel models need not care for Hilbert
the nondeterministic parts of learning theory. spaces at startup time. But the native Hilbert space for

. .. K will always come up later through the back door as
The consequence of the arguments of this section is : .
a certain closure of the space of functions of the form

that after proper choice @b and K there is no way K(z)
around working with the representation (3) in black— RO
box modelling. But, after all, picking a very specific

® and K that suits the application cannot be termed
“black—box modelling” any more. 5. SUPPORT REDUCTION

If a modeling process involves an abundance of ob-
4. POSITIVE DEFINITE KERNELS servational data, it is not reasonable to use the model

(3) in its original form, because it involves a sum over
If (3) reconstructs the observational data exactly, onethe full data. Furthermore, in most applications there
has to solve the system will be noise in the observations, and then it makes
no sense to insist on exact reproduction. However, the

Folar) =y = Z a; K (), 1) ®  wo optimality properties of (3|[)J suggest to stay within

/ the overall form of (3), and to try to get away with

and this requires that the symmetric matrix with en- some useful modifications.

tries K (z;,r;) should be nonsingular. Since it is Fortunately, there are strategies to combine both mod-
a Gramian due to (2), it must always be positive ifications into one. While allowing an error in the
semidefinite, but one needs additional information to reproduction, the complexity of the sum in (3) can be
prove its nondegeneracy. Fortunately, the notion of reduced to a smaller set of observational data, called
(strictly) positive definite kernels has a long history the “support vectors” in the context of learning algo-
in mathematics (Stewart, 1976) and provides preciselyrithms. Between the two extreme cases

the required positive definiteness of all such matri-
ces. There also is the notion of conditional positive
definiteness (Micchelli, 1986), but this extension is
dropped here to simplify the presentation. there is a tradeoff between the complexity of a

By the fundamental Micchelli paper of 1986, there “thinned’isunj in (3) a’?d its r_eprqduction quality. _This
was quite a number of useful (conditionally) positive tradeoff is still under investigation, and it remains a
definite functions on the market, including the radial major challenge for the future.

kernels known as Gaussians, thin—plate splines, poly-The mathematical background for the mainstream of
harmonic splines, and multiquadrics. The term “radial support reduction techniques is based on optimization
basis function” is used to describe kernels of the form theory and has nothing to do with modeling, learning
K(z,y) = &(||lz — y|l2) with Euclidean invariance. theory, time series, probability, or statistics. Reduction
Special cases are, besides the Gaussiaf—|z — simply results from imposing a Chebyshev-type (uni-
yll2), the multiquadrics (Hardy, 1971) and the thin— form) bound

plate splines (Duchon, 1976).

e using the full data with zero error or
e using no datak = 0) with a huge error

. y . ly; = F(;)]lc <€ @)
In 1995 the first compactly supported positive definite

radial kernels were constructed (Schaback, #995
Wu, 1995; Wendland, 1995) and Wendland’s func-
tions turned out to be polynomial and of least possible
degree for fixed smoothness requirements. Currently,
the paper of Schaback and Wendland (2001) sur-
veys the state—of-the—art of construction techniques
for positive definite kernels, while other contributions
(Schaback, 1999 Schaback, 2000) provide specific
properties and relations to integral equations (e.g.
“Mercer” kernels in the language of learning theory).

on the reproduction quality, while minimizing a suit-
able penalty function depending adn, for instance

| F||*> as in Theorem 1. The necessary Karush—Kuhn—
Tucker conditions for the optimum will pick a set of
indicesj where (7) is attained with equality. This is
called the “active set” in optimization theory, and it
determines the (hopefully few) “support vectors” and
nonzero contributions in (3) using only the indices
from the active set. The other observations are irrel-
evant for the optimal solution and could have been
It should be remarked on the side that kernels play aleft out right from the start, if the calculation of the
dominant part in integral and differential equations, optimal model would ever be repeated.



So far, the modeling problem was stated in “regres- 6. SPECIAL REDUCTION TECHNIQUES

sion” form, but the same argument applies for what

is called ‘classification” in learning theory. The addi- Besides using Chebyshev—type constraints as in (7)
tional ingredient is the “margin” that plays the part of and (8) there are other techniques to reduce the com-
(7) in a slightly different way that should be explained plexity of (3) while allowing some tolerable reproduc-
here for completeness of presentation. The observadion error.

tionsz; are grouped in two classés™ and X —, and

the easiest way to define a classification model is to
ask for a real—valued functiof' that does something
like

“Greedy” methods (DeVore and Temlyakov, 1996;
Schaback and Wendland, 2000; Heiral,, 2001) were
used to solve (6) partially, working iteratively on the
Flg) > forall z. € X+ gqugnons where the reproduction erioy(zy) — Yk
ngg < J_FV fg: :" ? EX* is still too large. It turns out that exact reproduction of
=7 I a small subset of the observational data often yields

for some positivey. Compared with (7) and using  small errors on the rest, but research is still incom-
standard optimization theory arguments, this is per- pjete.

fectly fine to guarantee a reduction to a few active con- ] ]
straints, if some penalty function dfi is minimized. The other methods mentioned here are trying to local-

Since the scaling and an additive shift do not matter, Z€ the problem somehow. Using fast multipole expan-
one could also ask for aR satisfying sions of kernels (Beatson and Newsam, 1992; Pow-
ell, 1993; Beatson and Greengard, 1997; Beatson and
F(z;) > 2 forallz; € X* ®) Light, 1997; Beatson and Newsam, 1998), one can
F(z;) <0 forallz; € X~ lump “far” pointsz; together and treat them computa-
tionally as one, leading to very good reductions in the
Unfortunately, the standard approach to classification complexity of solving the system (6) and evaluating
in learning theory is somewhat more complicated, but the sum in (3). Another localization technique uses
essentially a particular case of the above straightfor- Partitions of unity (Wendland, 2002) combined with
ward attack, as is shown now. One looks for a hyper- father arbitrary local models. This technique does not
plane in feature space that optimally separates the set§equire expansions and allows fairly general applica-
®(X+)and®(X ). If ageneral hyperplane is written  tions in modelling. If the partitions of unity satisfy a
as{z : (u,z) = 3} with an element, of norm 1 in certain stability property, the global reproduction error
feature space (the normal vector on the hyperplane)can be bounded by the local errors in the subproblems.

and a real numbeg, then the signed distance of @ |t js an interesting open research area to compare
point z from the hyperplane i¢z,u) — 5. Thus one  anq to combine the various reduction techniques. In

wants a maximal positive “margini with particular, on can possibly insert greedy, localization,
(®(x;),u) — B > +p forallz; € X+ and multipole techniques into advanced methods to
(®(z;),u) — B < —p forallz; € X~ solve the huge quadratic linearly constrained problems

of section 5 by sophisticated optimization methods.
Introducingz; := ®(z;) ando; := £1if 2; € X*
this amounts to use optimization to find a maximal
positive numbey: such that 7. REPRODUCTION QUALITY AND STABILITY

((zj,u) = B)o; = pfor all z;. There is a well-established mathematical literature

The pair(u, 3) allows a renormalization, and one can (Duchon, 1978; Madych and Nelson, 1988; Madych
divide the inequalities by.. Thus the above optimiza- and Nelson, 1990; Madych and Nelson, 1992; Wu and
tion is equivalent to a minimization dffu|| under the ~ Schaback, 1993; Schaback, 1898uhmann, 2000)

linear Chebyshev—type constraints on the error committed by kernel models of the form
(3), long before learning machines and black—box
((zj,u) = 1)o; > 1forall z; modelling with kernels were fashionable. The results

rwill be useful for modelling purposes, but for space
limitations only a short summary is possible here,
extending an earlier survey (Schaback, 1997).

that allow a reduction argument to active sets based o
the Karush—Kuhn—Tucker conditions. The connection
to (8) is easily made when takingas a scalar-valued

F and applying (2) in the form When experimenting with kernel models (3) and cor-

_ _ _ responding systems (6) it turns out that results often
; =(z;, F)=(K(x;,"), F) = F(x;
(z,u) = (25, F) = (K(=;,), F) () depend crucially on the scaling of the kernel in relation

to get to the density of the observational data. To quantify the
(F(xzj) —1)o; > 1forall z;, latter, the fill distance

which turns out to be exactly the same as (8). Note that hx q = sup mh}( ly — z;]2

(8) works for any penalty of", while the the classical yeQ i€

geometric margin argument requires a penalty basedof the setX = {z;} of observational data within
on||F||. an enclosing domaif) is useful. Then one looks



at sequences of observational data such that the fillto the smoothness of the unknown function supplying
distanceh x , tends to zero, and the goal is to prove the observational data.
convergence in the sense that the reproduction erro

. . : .
tends to zero as a function dfyq. If the kernel This is a partial result concerning the tradeoff between

K is fixed throughout this process, the situation is complexity pf (3) and the re_productloq quality, but the
3 : I . proof technique, when studied in detail, only treats the
called “nonstationary” within approximation theory, . .
. e , . 2’ case where the actually used observational data still
while a “stationary” setting scales the kernel with i .
. : covers” the whole data domai?. Compared to the
hx.o to keep the data distance and the kernel width ; ) : .
rdportional reductl_on technique of secthn 5 thl_s_ is a worst—case
P ' scenario that does not exploit specific features of the
For the stationary setting, theory (Buhmann, 1989) observational data.
says that integrable kernels like the Gaussian, the in-
verse multiquadric or the compactly supported Wend-
land kernels cannot yield convergence, though in prac-
tice one often observes that the errors are small enough 8. ACKNOWLEDGEMENT
to keep the user satisfied. In fact, the error usually
decreases if the ratio of the kernel width and the fill Special thanks go to Alexander Hornstein and Ulrich
density (i.e. the “bandwidth” in the matrix of (6)) is Parlitz for help with a first version of this manuscript.
increased, and this is sufficient in many cases to keep
the error below a tolerable level.
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