Recursive Kernels

Mohammed Mouattamid and Robert Schaback

October 31, 2007

Abstract

This paper is an extension of earlier papers [8, 9] on the “native”
Hilbert spaces of functions on some domain © C IR? in which con-
ditionally positive definite kernels are reproducing kernels. Here, the
focus is on subspaces of native spaces which are induced via subsets of
2, and we shall derive a recursive subspace structure of these, leading
to recursively defined reproducing kernels. As an application, we get a
recursive Neville-Aitken—type interpolation process and a recursively
defined orthogonal basis for interpolation by translates of kernels.
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1 Positive Definite Kernels

Let © be a nonempty set. If we have a Hilbert space H over IR con-
sisting of functions on 2 such that the point evaluation functionals

Oy ¢ fro f(zx)forallz e, feH
are continuous, there is a symmetric reproducing kernel
Ky (x,y) = (g, 0y)n for all z,y € Q
with the reproduction equation
@)= 0.(f) = (f K@, D forallzc Q, feH. (1)

Such kernels have the additional property to be positive (semi-) defi-
nite on ) in a certain sense. For each such kernel, one can also con-
struct a “native” Hilbert space in which it is reproducing. Since we
need this Hilbert space and its construction principles, we have to go



into details now. Since there is some confusion in the literature con-
cerning the definition of positive definiteness, we need some notation
for a proper definition.

If X C Q is a finite subset, we denote its cardinality by |X| and
use coefficient vectors a € IRIX! to define finitely supported linear
functionals by

Xax(f) =Y a;jf(x;)

r;€X
on the space IR® of real-valued functions on Q which allow point eval-
uation. These functionals form a linear space

Lo(Q) == {AQ,X L X CQCIRY |X| < o0, ac JR‘X‘}

over the real numbers by standard operations.

Definition 1 A symmetric function
K:QxQ—IR
is called a positive definite kernel on Lo (R2), if the form

Aax, My e = A x, Ay K(s,1)

= Z Z a;bK(xj, yk)

z;€EX Yy €Y

is a symmetric bilinear and positive definite quadratic form on
Lo(Q) := {AQ,X L X CQCIRY |X| < oo, ac JRIXI}.

Note that we write X! to indicate that a functional A acts with respect
to the variable t. Reproducing kernels of Hilbert spaces of functions
with continuous point evaluation are always positive definite in the
above sense. But there is also another notion:

Definition 2 A kernel K is positive (semi—) definite on Q, if for all
finite sets X the quadratic form

RXlsa — (Aa, x5 Aa,X) K
Z7X,)\Z7XK(5,t)

= Z Z ajap K (xj, xr)

r;€EX xreX

is positive (semi—) definite.



These two notions are not the same, because a kernel K can be pos-
itive definite on Ly(2) while being only positive semi—definite on €.
The main point is that there may be a functional of the form A, x
which is zero as a functional without having zero coefficients. Positive
definiteness on €2 thus is a stronger property, and it is satisfied iff the
point evaluation functionals separate points, i.e. iff point evaluation
functionals at different points are linearly independent. The early ref-
erences [1, 4] make a similar distinction, separating positive definite
kernels from what they call positive definite matrices.

If a kernel K is positive definite on Lg(£2) without being induced by
a Hilbert space H in which it is reproducing, one can construct an
appropriate space from the kernel. In fact, the kernel induces a norm

H)\a,XH%{ = ()\a,Xy)\a,X)K for all )\a,X S Lo(Q)

under which L (2) is a pre-Hilbert space which can formally be com-
pleted to form a Hilbert space Lo(€2).

Having the kernel K at our disposal, we can introduce functions on €2
via

fax ()= /\Z’XKQ,t) =: R (A, x) for all A\, x € Lo(Q)
and this introduces a linear and surjective Riesz—type map
Ry : Lo(Q) — Rk (Lo(2)) =: Fo().

It satisfies
Moy (R (Aa,x)) = (Ao, x5 Ao,y ) K

for all Ay x, Aoy € Lo(R2) and thus is injective. If we define a bilinear
form on Fy(Q2) by

(faxts oy )i = (R faxs R fov )k = Maxs Moy ) K

for all A x, s,y € Lo(£2), the map Rg is the usual Riesz isometry,
and it extends to the completions as

RK : [,()(Q) — RK(E()(Q)) = .7:0(9)

Note that the definition of Ry is the same for all domains 2, and
thus we drop  in the notation for Rx and Rg. The kernel K is
reproducing on the Hilbert space Fy(€2) in the generalized sense

A(f) = (f, R (\)x for all X € Lo(Q), f € Fo(Q) 2)

which specializes to (1) on H := Fy(§2) when setting A := d, and using
R (02)(y) = K(z,y).



Altogether, we see that there is a one—to—one connection between pos-
itive definite kernels on Ly(2) and “native” Hilbert spaces of the form
Fo(Q) in which these kernels are reproducing. A typical instance is
given by the radial kernel

m—d/2
Km—d/Z(x,y) = ||:v—y\|2l / Km—d/Z(Hl'*y”Q)a T,y € ZRdv m > d/2

Starting the above construction from K, _4/o generates Sobolev space
Fo(IRY) = Wi (IR%), which is not evident unless one goes backwards
and uses Fourier transforms to identify the reproducing kernel of Wi (IR4).
Other less standard cases arise, for instance, when using the Gaussian

or inverse multiquadric kernels

K(x,y) = exp(=|lz = y[3) or K(z,y) == (1+ ||z —yl3)~", m > d/2,

respectively. They generate “native” Hilbert spaces of global analytic
functions on IR?.

2 Duals of Native Spaces

Let H be a Hilbert space of functions on ) with a reproducing kernel
K. A functional X in the dual H* has a representer fy = R(A\) in H
via the Riesz map R : ‘H* — H. It allows to define the function

N Kp(x, ) == R(\) € H.
This can be understood classically for A = X, x, but may be a non-

classical action of A on K7, in general.

If i is another functional in H*, we have

(N Ky (2, ) = p(R(A) = (A, p)ree =2 p? X Ky (@, ).

This means that the action of two functionals in H* to the two ar-
guments of the reproducing kernel is always well-defined. In special
cases, e.g. for Sobolev spaces, the above argument implies that the ker-
nel roughly has twice the (generalized) differentiability of the elements
of its native Hilbert space.

But there is another important application. Consider a linear and
continuous mapping L from H to some other Hilbert space V. Then
L*L maps H back to itself, and for each f € ‘H and x € (2 we have

(L*Lf)(xz) = (L°Lf, Kn(z,-))n
= (L, LYKn(z,y))v-

Consequently, the adjoint L* of L can be represented as

(L*v)(z) = (v, LY K(x,y))y for all z € Q, v € V.



3 Subspaces of Native Spaces

We now look at two kinds of subspaces of native spaces and their
connection. They are introduced by subsets 2y C 2 and defined as

V(©Q0,0) = {f€Fo(Q) : f(0)={0}}
F(Qo,Q) = fo(Qo)

For the second case, we note that Fy(£2) is the native space for K
being restricted to the subset €y, and it isometrically embedded in
Fo(€2) because we have

Lo(Q0)
Fy(9Q0)

Lo(2)

C
C Fy(Q)

due to their definition, and these relations extend as isometric embed-
dings to the closures.

We now state a simple but important relation between these spaces.

Lemma 1 Both spaces V(, Q) and F(Q0, ) are closed subspaces of
Fo(Q), and they are mutually orthogonal.

Proof: The first space is closed because point evaluation functionals
are continuous, and the second is closed by definition. If we have some
feV(Qo, Q) and some fq x € Fy(€Q) with X C Qy, the reproduction
equation gives

(fifax)k = Xax(f)
= Y af(z)
;€EXCQo
=0
and this extends to the closure of Fy(£p). O

For notational convenience, we introduce the complementary orthogo-
nal projectors

o, : Fo(2) — Fo(Q), Mo, (Fo(£2))
(Id—1lg,) : Fo(Q) = Fo(Q), (Id—1Ilg,)(Fo(2))

Fo(€)
V(Q0,).

3)
Example 1 Assume that a kernel K is positive definite on IR?, like
the radial basis functions

K(2,y) == ¢(||lz — yll2) for all z,y € IR*

with the Gaussian
(1) := exp(—=r?), r >0



or the inverse multiquadric
o(r) == (1L+r3)7P2 3>0,7r>0
or the Sobolev/Matern function
o(r) := Km_d/Q(r)rm*d/z, m>d/2, r>0
or Wendland’s function
o(r) == (1 —r)L(1+4r), r>0,d> 3.

Then the local native space Fo(§2) with respect to some general subset
Q of IR is the orthogonal complement in Fo(IRY) of the functions
vanishing outside €.

In the last two cases, the global native spaces on IR? are global Sobolev
spaces of orders m — d/2 and (d + 3)/2, respectively. Then the local
native spaces on subsets are completely characterized by Lemma 1.
But one needs additional hypotheses on the set §2 to conclude that the
local native spaces on subsets are local Sobolev spaces.

Example 2 If Qq is a finite set X = {x1,...,xn} of points of Q, the
space Fo(X) = Fy(X) is the space spanned by the functions K (-, z;), 1 <
j < N, and the projector llx associates to each function f its inter-
polant IIx(f) on X. Lemma 1 then restates the standard fact that
interpolants based on the functions K(-,xz;), 1 < j < N furnish norm-—
minimal interpolants within the native space.

But X need not be finite. For functions f in the native space, one
can pose transfinite interpolation problems on arbitrary sets X, and
their theoretical solution will be provided by the projector llx. Note
that these transfinite interpolation processes are uniquely solvable if
the data are exact and come from a function in the native space. For
other data, solvability is not guaranteed.

Example 3 Asssume that Q carries a topology and K is continuous.
By the standard argument

f(@) = f(y)
[f(@) = f)P?

(fv K(l’, ) - K(ya ))K
N E (2, ) — K (y, )%
1115 (K (2, 2) — 2K (2,y) + K(y,y))

this implies that all functions in Fo(2) are continuous. In view of the
previous example, we can look at infinite sets X C 2, and it is then
clear that V(X,Q) = V( clos (X),Q) holds. Furthermore, Lemma 1
implies that an interpolant to f on X will automatically interpolate
also on clos (X).

VANl



4 Kernels for Subspaces

The previous section gave us some closed subspaces of native spaces.
Since these are again Hilbert spaces of functions with continuous point
evaluation, we know that they have a unique reproducing kernel. Us-
ing the complementary orthogonal projectors of (3), we now want to
construct the reproducing kernels on both subspaces. We do this in
general and under simplified notation.

Theorem 1 Let the Hilbert space H have a reproducing kernel Ky
on some set ), and consider a subspace V of H with the canonical
orthogonal projector TI. Then the reproducing kernel on V = II(H) is

Ky(x,y) == IEIL Koy (t,5), 2,y € Q (4)

and is reproducing V = II(H) on Q. Here we used the notation Q. if
an operator Q) acts with respect to the variable t and then setst = x in
the result.

Proof: Since projectors are self-adjoint, we have

L f() = (If(), Kyl )
Ef, T Ky (2, 1))
(

f(s) + (Id = 10)* f(s), T Ky (2, 1) )¢
T2 f (), TE Ky (2, 1)) 31

Since Ky is symmetric, we can use I1' Ky (z,t) = IIL Ky (2, ) to get

Hif(t) = (H?f(s), thKH(tv ))H
= (fa H?H;K'H(tvs))')‘-l
= (I f(s), I, K (2, 8))n

proving (4) because reproducing kernels are unique [1, 4]. O

Note that [1, 4] pursue the opposite direction: they show that if two
subspaces are mutually orthogonal, the sum of their respective repro-
ducing kernels is equal to the reproducing kernel for the full space.
In the case above, the two orthogonal subspaces are V = II(H) and
V1 = (Idy — T)(H). Consequently, the kernel Kz on H has the
splitting

Ky(z,y) Ky(z,y) + Kyi(z,y)

HSHt KH(t S) + (IdH - H)Z(Idﬁ - H)iK’H(t, S)

with the somewhat strange consequence
200, T, Koy (¢, 5) = T Ky (1, y) + T Koy (2, 5)

for all z,y € Q.



5 Recursive Kernels

We now focus on subspaces induced by subsets. If 2 is s subset of
2, we denote the projector onto Fy(£2o) by I, x taking the kernel
K into the notation. If we want to interpolate a function f € Fy(Q)
on Qp, we can take the function Ilg, x(f). We now have the residual
function
foi=f =T, k(f) € V(Q0,Q),

and we can work on the residual fy in the space V(Qo,Q) = Fo(Q0)*
from now on. As we know from the previous section, the reproducing
kernel there is

Kook (z,y) == (Id — T, k) (Id — o, k)5 K (s, 1)

Now assume that we enlarge the set 2y to some set 1 : = QqU Xy C Q2
by adding a set Xy of points not in Q5. We interpolate fy on X
by translates of Kq, x, and this is formally done by the projector
Hx,, Ko, - The interpolant to f on €2; can then be written as

HQO,K(f) + HXO,KQO,K (f())
HQCMK(f) + HXOaKQO,K(f - HQOVK(f))
= o, x(f)

Thus we can write the new projector onto 2; as

o,k = Hogx +1lx ka, « (Id — oy, k)
Id_HQl,K = (Id_HXO7KQO,K)(Id_HQO7K)

and the residual is

fl = fO _HXO,KQO,K(fO)
= (Id_HX(hKQO,K)(fO)
= (Id_HXU,KQO,K)(Id_HQO,K)(f)
= (Id—1Iq, k)(f)

The reproducing kernel on the space V (€1, Q) then is

(Id — HQ17K)Z(ICZ — HQhK)tl.K(S, t)

(Id - HX(LKQO,K)ZSJ(Id - HXO,KQO,K).’tL'KQO7K(S7 t)
= ((Id_HXO;KQO,K)(Id_HQO7K))Z

((Id - HXOyKSZD,K)(Id - HQ(LK));K(S’ t)'

This allows to calculate these kernels recursively.

Ko, k(z,y) =

If we proceed stepwise, adding a single point at each step, we can define
Qp := {z} for some z € Q. Then we have

(Mo (£ (0) = G )




due to the interpolation property at z, and the new kernel is
Ky k(ry) = (Id—Tla, x);(Id—To, k)5 K(s,1)

= K(x,y) - (HQO7K)’2K($?S) - (HQO7K)§;K(yat)
+(H907K)Z(HQO,K);K(5375)

K(y,z)
= K - - K
K(y,z) K(z,2)
K
+K(z,z) (2,2) K(z,2)
K(y,z)K(z,z)
= K _—_
If we recursively use points z1, ..., z,, ... we can define
Ko(z,y) = K(z,9) ( ) ( )
Kj1(y,2z)Kj-1(z, 2
Ki(z,y) = K;i_i(z,y)— —2 A J
J( ) J 1( ) Kj—l(zj7zj)
to define kernels K; that vanish if one of the arguments isin {z1,...,2;}

and which are the kernels we would have called Ko, x with €; =
{#1,...,2;} above.

6 Recursive Interpolation

We can now use the above arguments to define a recursive Neville—
Aitken type of interpolation without solving linear systems [7]. Assume
we are given a domain (), a kernel K on 2, a function f on 2 and
points z1,...,2;,... € § to interpolate f in. The algorithm below can
be carried out either for a fixed x € Q) or in a space of functions on 2
when treating x as a variable.

Start: Define

so(z) = 0,
ro(z) = f(z)—so(z) = f(z)
Ko(z,y) = K(z,y).
Iteration: For 7 =1,2,......
sj(x) = sj_1(x)+ Tj_l(zj)z—ll((j; Z))

ri(x) = f(x) —s;(x)
Kj1(z, %)

= f(@)—sj-1(2) —Tj—l(zj)Kj_l(Zj )

= rji—1(®) —rj—1(2)

K;_1(y, 2

Ki(z,y) = Kj_1(z,y)—



In the course of this algorithm, the functions f and r; are evaluated
only at the data locations. The function s; will be the interpolant to f
on zi,...,%;. In matrix-vector form, and with evaluation to be done
for points z1,...,z, € Q, the algorithm should work with

S; = (sj(x), ...,sj(xm))T € IR™
R = (rj(21),....7(2a))" € R"
= (0,...,0, 7"] (Zj+1)5 - ,rj(zn))T (5)
C; = (KJ<Z“Zk))1§7,,k§n € IR™"
B, = (KJ(IZ7zk))1§i§m, 1<j<n € IR™™

and proceed in MATLAB-type notation via the in—place iteration

S; = Sja+Bia(0)* Ri—1(5)/Ci-1(4,7)
R; = Rj1—-Cj1(57)* Rj-1(5)/Cj-1(], 4) (6)
B; = Bj1- Bj—l(5vj)*cj 1(4, )/CJ 104, 9)
Ci = Ci1—Cia(55)*Ci-1(5,:)/Ci-1(4,5)

starting from

So = 0€lIR™

Ry = (f(z1),...,f(zn))" € IR"
Co = (K(zi,2k)) 1< pen € IR™™
By = (K(xy, Zk))lgigm, 1<k<n € IR™™.

The kernels K; were called power kernels in [5] because they are
related to the power function Py, k() allowing to bound the point-
wise interpolation error by

1£(2) = 53(@)| < Po, se(@)|fll for all 2 € 9, f € M.
The connection [7, 5] is
Péj7K(x) = Kj(z,z) for all z € Q.

If the user does not want the value s;(z) but rather some derivative of
s; at x or the value of some general linear functional A on s;, one can
extend the iteration on the s;(z) by

Start: Ag := A(sg) =0

Tteration:

ATKj (2, %))
Kj-1(z,25)

This allows any derivative of the interpolant to be recursively calcu-
lated “entirely in terms of nodes”, as postulated for meshless meth-

ods [2], but without solving a linear system and without excessive
storage.

Aj = Alsy) = At ra(z)

10



However, we do not claim that the above algorithm is computationally
more efficient or more stable than the standard approaches. It can be
viewed as a disguised form of Cholesky decomposition, if we introduce
the matrices (5) and see that they have the in—place Cholesky—type
recursion given by the last line of (6). This reduces the original kernel
matrix Cy stepwise to matrices C; which have the first j rows and
columns set to zero, the remaining square part still being positive def-
inite. It is remarkable that orthogonality arguments in Hilbert space
naturally lead to such an algorithm.

There is another observation to be made. The above procedure gener-
ates a new basis
Ko(-y21)y s Kn—1(-, 2n)
of the space
span {K (-, z;) : 1 <j<n}.
and this new basis is orthogonal in the native Hilbert space. Indeed,
for 1 < j < k <n we have

(K10 25)s K10y 26))n = <Z a; K (2i), Kp-1(- Zk))
=1

H

= Z o (K (-, 2), Kr—1(-, 21))

J
= > aiKi (2, 2)
i=1

but we already know this from our construction principle based on
orthogonality. An investigation of bases with similar orthogonality
properties is on its way [6].

At this point, we suppress numerical examples, because it turned out
that implementation of the recursive method does not lead to unex-
pected results. If not too many evaluation points z; are required (i.e.
m < O(n)), the algorithm is roughly comparable to the standard ap-
proach in both efficiency and stability, provided that it is written in
matrix form like (6) and with certain simple enhancements to avoid
repeated calculations of already known values or calculation of zeros
known beforehand. A MATLAB program can be obtained from the
second author on request.

7 Generalized Interpolation

We can extend the above algorithm to general data. Instead of given
points z1,...,2;,... we assume data in the form of linear functionals

11



AL, ..., Aj, ... from the dual of the native Hilbert space H of the kernel
K on . The range of admissible functionals is discussed in section 2.

Generalized interpolation of a function f € H using these data then
means to find a function s; € H such that

/\k(‘sj) = Ak(f)7 1<k S]a

and the previous situation is the special case \; = J.,. Instead of
calculating a single function value s;(x), we can calculate a general
data value p(s;) for some functional ¢ € H*. The algorithm then is

Start: Define

So = 0,
po = p(so) = 0,
ro(z1) = f(z1)
Ko(xvy) = K(':an)
' Ko(z,y) = p K(z,y).
Iteration: For j =1,2,......and j < i,k <n
PN (1)
- N o= e g+ Mo PA R Y
Hj ‘U,(SJ) M 1+ ]T] 1( ))\ )\tK] 1(8 t)
. . , ANNKG (2,
Mrj(z) = Arj-ai(o) —)\ﬂ"j—l(t)m
ALY K1 (g DN K1 (5, )
NNVK = MNNK;_ - DTS L
TG (2,y) PG —1(@,y) )\s)\tKJ (s, 1)

A;My 1(ya )/\ /\SK ( S5, )
/\S/\t[(7 1(S,t)

N Kj(xy) = MNp'Kj(z,y) -

where we suppressed the recursions
)\tK',l((E,t)
si(x) = sjoi(@) + Aoy (8) S
J ) J ( ) 7' ()A]AzK 1(S,t)
ri(x) = f(z) —s;(2) NK(oD)
A | l’,t
= fla) —sj1(@) = Norjg () o
( ) J ( ) V) ()A]AgK]_l(S,t)
¢ /\tKj 1(1‘ t)
= ijl(x)—)\'rjfl(t)m
J
)\tK] l(ya ))‘ Kj 1( 71‘)
A])\;K',l(s,t)

Kj(x7y) = Kj—l(x’y)

needed to understand how the algorithm works. Note that the func-
tions f, s; and r; need not be calculated at any point. We just need the
data A\g(f), 1 <k < n and calculate the data \;(r;), 1 < j < i < n.

12



Formally, the function s; will be the interpolant to f using the gen-
eralized data. When redefining the matrices suitably, the iteration of
this algorithm in vector-matrix form coincides with (6), but we leave
details to the reader.

8 Polynomials

In order to deal with conditionally positive definite kernels in the next
section, we need some basic facts on polynomials, functions, and func-
tionals. We fix a set Q C IR? and denote the space of d-variate poly-
nomials of order at most m > 0 on IR% by IP,‘f’l. For the rest of the
paper, the integers d > 1 and m > 0 are fixed, and we suppress them
in the notation from now on, using IP := IP¢.

A subset X of IR? is called IP—unisolvent, if
p(X) = {0} implies p = 0,

and we use the shorthand notation X € U for this. If X is finite, we
denote its cardinality by |X| and use coefficient vectors a € IR? to
define finitely supported linear functionals by

Xax(f) =Y ajf(x;)

r;€X

on the space IR of real-valued functions on € which allow point eval-
uation. Then we define

C d
L(Q)::{)\a,X : XchR,|X|<oo,XeU}

a € RXI, N\, x(IP) = {0}

as a space of finitely supported functionals on IR. Note that this is a
vector space over IR with the usual operations, and it is a subspace of
the algebraic dual (IR®?)’ of IR®.

For later use, we need a special tool we introduce now. If X is IP—
unisolvent, we can reproduce any polynomial p € IP uniquely from its
values on X by a formula like

p(z) = Z pf(a:)p(xj) for all z € IR, p € IP (7)
ZL’jEXo

using a Lagrange—type basis consisting of polynomials pJX € IP for
points x; from some finite IP—unisolvent subset Xy of X.

13



9 Conditionally Positive Definite Kernels
Definition 3 A function
K:OxQ— IR

is called a conditionally positive definite kernel of order m on €, if the
form

(>\a,X7>\b,Y)K = /\Z,X,/\i,YK(S,t)

= Z Z a;jbp K (zj, yr)

z;€EX yp€Y

is a symmetric bilinear and definite quadratic form on L(S).

Note that we write A\! to indicate that a functional \ acts with respect
to the variable .

If a kernel K satisfies the above definition, it induces a norm
[Xa.x 1% = Ma.x> Aax) i for all A, x € L(Q)

under which L(Q) is a pre-Hilbert space which can formally be com-
pleted to form a Hilbert space £(£2).

To extend the recursive construction of kernels and interpolants to the
conditionally positive definite case, we fix a minimal /P—unisolvent set
= C Q and define the projector

H=(f) = Y 05 ()f(&)
§EE
using the terminology of (7).

Theorem 2 [3, 8] Under the above assumptions, the kernel
Kz(x,y) == (Id—1g);(Id — HE)ZK(&t)

is positive definite on O\ E. O

This makes it easy to deal with conditionally positive definite ker-
nels. Given a large set X of data points, we first select a minimal
IP—unisolvent subset = and perform the step above. Then we continue
to work on  \ Z using the data points from X \ Z and the kernel
K=. This can be done along the lines of section 6. In other words,
conditional positive definiteness just calls for an initial step towards
positive definiteness.

14
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