
Spe
trally OptimizedDerivative FormulaeRobert S
haba
kApril 10, 2008Abstra
tFor various numeri
al methods, it is ne
essary to have good dif-ferentiation formulae for spe
ial 
lasses of fun
tions that are de�nedby their spe
tral properties. This note shows how to 
al
ulate opti-mal formulae for derivatives from s
attered multivariate data underthree di�erent but similar assumptions on the spe
trum of the fun
-tions to be di�erentiated. Optimal formulae turn out to be ne
essarilybased on 
ertain kernels arising as reprodu
ing kernels for the spa
esin question� and in 
ase of fun
tion spa
es with Eu
lidean spe
tralinvarian
e, like in Sobolev spa
es, the optimal formulae are ne
essarilyprovided via radial basis fun
tions. Spe
ial emphasis is given to thewidely negle
ted issue of s
aling, and some examples are provided.1 Introdu
tionWe 
onsider fun
tions on R
d whose spe
tral 
omposition is known, i.e.via the inverse Fourier transform we have

f(x) = (2π)−d/2

∫

Rd

f̂(ω) exp(iω · x)dω for all x ∈ R
d.We want to derive approximate di�erentiation formulae of the sten
ilform

Dαf(x) ≈
∑

z∈Z

c(α, x, z)f(z), (1)i.e. they should evaluate a multivariate derivative of f at some �xedpoint x ∈ R
d using evaluations of f on points z of a �xed �nite set

Z ⊂ R
d of s
attered data lo
ations. Note that regularly stru
turedand univariate data are admitted, but the fo
us is on the general mul-tivariate s
attered 
ase. The resulting spe
trally optimized formulae,1



however, will in a 
ertain spe
i�
 sense be slightly superior to 
lassi
alones.The error of a formula (1) has the representation
Dαf(x) −

∑

z∈Z

c(α, x, z)f(z)

= (2π)−d/2

∫

Rd

f̂(ω)

(

(iω)αeiω·x −
∑

z∈Z

c(α, x, z)eiω·z
)

dω
(2)if the fun
tion f is smooth enough to make the integral feasible. In-trodu
ing the error fun
tional

λ(f) := Dαf(x) −
∑

z∈Z

c(α, x, z)f(z)

=

(

δα
x −

∑

z∈Z

c(α, x, z)δz

)

fwe see that the overall error in (2) is a weighted mean over all theerrors of the fun
tions exp(iω · x), sin
e
Dαf(x) −

∑

z∈Z

c(α, x, z)f(z)

= (2π)−d/2

∫

Rd

f̂(ω)λx(eiω·x)dω
(3)where the upper index at λx indi
ates that λ a
ts with respe
t to thevariable x. The fun
tion

hλ(ω) := λx(eiω·x) =: λ̂(ω)des
ribes the spe
tral distribution of the error (it is its distributionalFourier transform). It 
an be plotted for ea
h di�erentiation formula,and users 
an draw 
on
lusions from these plots. But without addi-tional 
learly de�ned 
riteria, graphi
al inspe
tion of hλ is more or lessspe
ulative. Thus we have to formulate 
riteria.In many 
ases, users want a small error for fun
tions whose spe
trumlies 
lose to the origin. In extreme 
ases, one might thus want that
hλ and several derivatives Dβhλ vanish at zero. By distribution the-ory, this is the same as requesting that the formula is exa
t for thepolynomials f(x) = xβ for the β 
onsidered above. Any extendedFourier�based analysis is not ne
essary, if the Fourier transform atzero plays su
h a dominant part. Furthermore, in the multivariate
ase it is not 
lear whi
h polynomials should be reprodu
ed. Thus we2



drop polynomial reprodu
tion as a 
riterion for assessing the qualityof formulae for multivariate derivatives, but we will have to 
ome ba
kto it later.For now, we strongly emphasize that looking at the fun
tion hλ doesnot mean anything unless one spe
i�es 
learly to whi
h 
lass of fun
-tions the di�erentiation formula should be applied.2 Optimality CriteriaOne should ask for formulae whi
h are optimal for all fun
tions ffrom a 
ertain 
lass of fun
tions with a pres
ribed spe
tral behavior.Unfortunately, there are several ways to formalize this, and some 
asesdo not lead to results that 
an be 
al
ulated or even 
hara
terized.Sin
e solutions of partial di�erential equations usually lie in Sobolevspa
es, it makes perfe
t sense to use the latter. These spa
es take theform
W k

2 (Rd) :=

{

f :

∫

Rd

|f̂(ω)|2(1 + ‖ω‖2
2)

kdω ≤ ∞
}and are Hilbert spa
es under the inner produ
t

(f, g)k :=

∫

Rd

f̂(ω)ĝ(ω)(1 + ‖ω‖2
2)

kdωwhi
h penalizes high frequen
ies. Users who want to �nd derivativeformulae for fun
tions solving partial di�erential equations are stronglyen
ouraged to use these fun
tion 
lasses, be
ause they often host thesolution.The error fun
tional λ of any sten
il should be a 
ontinuous fun
tionalon the Sobolev spa
e. Then it has a norm ‖λ‖k in the dual spa
esatisfying
|λ(f)| ≤ ‖λ‖k‖f‖k for all f ∈ W k

2 (Rd),whi
h is an error bound, and �nding an optimal sten
il amounts to�nding a sten
il with minimal norm of its error fun
tional ‖λ‖k.Sin
e W k
2 (Rd) is a Hilbert spa
e, the above te
hnique generalizes toany Hilbert spa
e H of fun
tions. If the error fun
tional is 
ontinuous,it has a dual norm, and an optimal sten
il is one with minimal normof its error fun
tional. Spe
i�
 Hilbert spa
es arise when the weightfun
tion (1 + ‖ω‖2

2)
k of Sobolev spa
e is repla
ed by another weight3



fun
tion W (ω) introdu
ing another penalty for 
ertain frequen
ies. Forinstan
e, the 
hoi
e
W (ω) =

{

1 ‖ω‖ ≤ C
∞ ‖ω‖ > Cleads to band-limited fun
tions.Other users may argue that they want to fo
us on fun
tions f withspe
tral behavior

|f̂(ω)| ≤ T (ω) for all ω ∈ R
dbounded by a nonnegative threshold fun
tion T . Then one has thebound

|λ(f)| ≤ (2π)−d/2

∫

Rd

T (ω)|λx(eiω·x)|dωand the problem is to �nd λ su
h that the right�hand side is minimized.This is not easy to handle, and is left as an open problem. Things areeasier if we either minimize
∫

Rd

T (ω)|λx(eiω·x)|2dωor try to push as mu
h of T into the λ part as we 
an, introdu
ing aweight fun
tion W su
h that we 
an bound
|λ(f)|2 ≤ (2π)−d

(
∫

Rd

T 2(ω)

W (ω)
dω

)(
∫

Rd

W (ω)|λx(eiω·x)|2dω

)su
h that the �rst integral is barely bounded, e.g. by 
hoosing
W (ω) = T 2(ω)‖ω‖d+ǫ

2for a small positive ǫ.Note that all the three 
ases boil down to minimizing
‖λ‖2

W :=

∫

Rd

W (ω)|λx(eiω·x)|2dω (4)for a suitable nonnegative weight fun
tion W on R
d. Minimizing (4)means �nding a formula that is optimal in the spa
e

W :=

{

f : ‖f‖2
W :=

∫

Rd

|f̂(ω)|2
W (ω)

dω < ∞
} (5)4



in the sense that the error bound
|λ(f)| ≤ ‖λ‖W‖f‖W for all f ∈ Wis optimized over all di�erentiation formulae of the same form. Thisfollows easily from introdu
ing W into (3), as we will show below.Note how 1/W is penalizing the spe
tral behavior of the fun
tions tobe di�erentiated, while W penalizes the Fourier transform of the errorfun
tional.3 Optimal Derivative FormulaeWe now turn to the minimization of (4). It is an easy exer
ise in the
ontext of kernel te
hniques (see H. Wendland's 
omprehensive book[10℄ whi
h we use as a 
onvenient referen
e throughout the paper)that under very weak assumptions on W the spa
e (5) is a with adual 
ontaining λ su
h that (4) 
an be written as ‖λ‖2

W . The dualityrelation 
an be read o� the simple bound
|µ(f)|2 ≤

(

∫

Rd

|f̂(ω)|2
W (ω)

dω

)

(
∫

Rd

W (ω)|µx(eiω·x)|2dω

)

= ‖µ‖2
W‖f‖2

Wfor ea
h 
ontinuous fun
tional µ. The essential assumption on Wis that W should be nonnegative and integrable su
h that it has a
ontinuous and real�valued inverse Fourier transform W∨ =: Φ. Thenit is 
onvenient to introdu
e the symmetri
 
ontinuous translation�invariant kernel
K(x, y) := Φ(x − y) for all x, y ∈ R

dwhi
h is reprodu
ing in W, i.e.
µ(f) = (f, µxK(x, ·))W for all f ∈ W, µ ∈ W∗.If W is radially invariant, so is Φ, and the kernel K will then be a radialbasis fun
tion. To avoid 
ertain te
hni
al 
ompli
ations, we shall alsoassume that the weight fun
tion W is positive on a set of measure zeroaround the origin, whi
h makes the kernel positive de�nite [10℄.For the spe
ial 
ase of Sobolev spa
e W k

2 (Rd) with k > d/2 we get [10℄
Φ(z) = Kk−d/2(‖z‖2)‖z‖k−d/2

2with the modi�ed Bessel fun
tion Kk−d/2. Another easy exer
ise forreprodu
ing kernel Hilbert spa
es yields
‖µ‖2

W = (µxK(x, ·), µyK(y, ·))W = µxµyK(x, y)5



for all 
ontinuous fun
tionals µ, and this implies
‖λ‖2

W
=

(

δα
x −∑z∈Z c(α, x, z)δz , δ

α
x −∑y∈Z c(α, x, y)δy

)

W
= (δα

x , δα
x )W − 2

(

δα
x ,
∑

z∈Z c(α, x, z)δz

)

W

+
∑

z∈Z

∑

y∈Z

c(α, x, z)c(α, x, y) (δz, δy)W

= Dα,u
x Dα,v

x K(u, v)

−2
∑

z∈Z c(α, x, z)Dα,u
x K(u, z)

+
∑

z∈Z

∑

y∈Z

c(α, x, z)c(α, x, y)K(z, y)

(6)
for our error fun
tional λ. The above expression holds for any formula,good or bad. It is a quadrati
 form in the 
oe�
ients c(α, x, z) andit 
an be evaluated easily just by evaluating the kernel and its deriva-tives. We shall use this later to 
al
ulate the norms of various errorfun
tionals expli
itly.But sin
e the above expression is a quadrati
 form, one 
an use stan-dard arguments of Linear Algebra to prove that the optimal solutionis given by solving the linear system

∑

y∈Z

c(α, x, y)K(z, y) = Dα,u
x K(u, z) for all z ∈ Z (7)whi
h [10℄ ne
essarily has a positive de�nite 
oe�
ient matrix if W ispositive on a set of measure zero. We summarize:Theorem 3.1. For spa
es of 
ontinuous multivariate fun
tions withspe
i�ed spe
tral behavior in one of the three ways des
ribed above, op-timal di�erentiation formulae are ne
essarily provided by kernel te
h-niques. The optimal formulae 
an be expli
itly 
al
ulated and turn outto be translation�invariant. In 
ase of radial invarian
e of the spe
tralbehavior, the optimal formulae are furnished by radial basis fun
tionsand have rotational invarian
e. They are exa
t on the span of thefun
tions K(·, z) for z ∈ Z, and they 
an be obtained by taking thederivative of the interpolant based on that span.But readers should note that optimal formulae will not have s
aleinvarian
e in general. We shall 
ome ba
k to this later.The above result is not new, but it is not widely known among userswho need multivariate di�erentiation formulae. It follows the lines of6



Optimal Re
overy as surveyed by C.A. Mi

helli and Th. Rivlin in[6℄, while the spe
ial appli
ation to kernel�based spa
es is folklore forpeople working on reprodu
ing kernel Hilbert spa
es or radial basisfun
tions. The arti
le [4℄ by Y.C. Hon and T. Wei 
ontains more in-formation and also adds regularization strategies, while S. Jakobsson'spaper [5℄ features spe
i�
 examples and appli
ations. Sin
e the opti-mal formulae arise as derivatives of kernel�based interpolants, thereare error bounds [10℄, but these hold only asymptoti
ally when thereare �enough and 
lose�by� data.4 Examples: Fixed DataUnivariate 
ases are not of interest here, be
ause it is well�knownthat spline interpolants generate optimal di�erentiation formulae forSobolev�type spa
es.Let us go into 2D and fo
us on an example where standard te
hniquesare easily available for 
omparison. Consider data on an equilateraltriangle spanned by the three roots of unity
z1 := (1, 0), z2 := (−0.5,

√
3/4), z3 := (−0.5,−

√
3/4)around zero with distan
e 1 to zero. We want to predi
t the values

f(0, 0), fx(0, 0), fy(0, 0) of a fun
tion f from these three values, andwe deliberately keep the points �xed be
ause we 
onsider questions ofs
aling later. Clearly, by looking at a�ne�linear fun
tions one expe
tssomething like
f(0, 0) ≈ 1

3
f(z1) + 1

3
f(z2) + 1

3
f(z3)

fx(0, 0) ≈ 2

3
f(z1) − 1

3
f(z2) − 1

3
f(z3)

fy(0, 0) ≈ 1√
3
f(z2) − 1√

3
f(z3).If we remove the denominators row�wise for simpli
ity, the above sten-
ils 
an be written in matrix form as

1 1 1
2 −1 −1
0 1 −1.

(8)Let us now see what happens if we take fun
tion spa
es with �xedpres
ribed spe
tral behavior and 
al
ulate optimal formulae for thesepoints. After row�wise res
aling as above, we get7



1.0037 1.0037 1.0037-2.3229 1.1615 1.16150.0000 -1.1615 1.1615for the Gaussian kernel exp(−‖x − y‖2
2), while the Sobolev/Maternkernel K2(‖x − y‖2)‖x − y‖2

2 whi
h is optimal for the spa
e W 3
2 (R2)yields1.1228 1.1228 1.1228-2.1776 1.0888 1.08880.0000 -1.0888 1.0888These numbers follow by solving the 3 × 3 system (7) for 3 di�erentright�hand sides. Note that pointwise di�erentiation in 2D is not a
ontinuous operation in W 2

2 (R2), for
ing us to go into smaller Sobolevspa
es.As is to be expe
ted, the results di�er, but they are undoubtedly theoptimal 
hoi
es for the weighted fun
tion spa
es (5). In order to getmore insight into what happens here, we have to go somewhat further.5 S
aling the PointsUsers will often want to use di�erentiation formulae in a s
ale�invariantway. For instan
e, if points z ∈ Z are s
attered around the origin andshould be used for approximation of Dαf(0), users will expe
t that allformulas of the form
Dαf(0) ≈ h−|α|∑

z∈Z

a(z)f(hz),whi
h have the same geometri
 form and the same (but s
aled) 
oe�-
ients work well for all small h and get even better for h → 0.This is not true in general, and the optimal formulae derived abovewill not ne
essarily be of this form. It is elementary to see that goodbehavior for h → 0 for su
h formulae is equivalent to asking for exa
tdi�erentiation of polynomials, leading to moment 
onditions for the
oe�
ients. If a user thinks of a �sten
il� this way, there is not mu
hleeway for Fourier te
hniques taking the spe
trum into a

ount. How-ever, sin
e multivariate polynomial interpolation is a nontrivial issue,it is not straightforward how to de�ne multivariate di�erentiation for-mulae whi
h have a pres
ribed behavior on polynomials. One good
hoi
e would be the de Boor�Ron [2℄ multivariate polynomial inter-polation. Another multivariate method that works un
onditionally is8




alled S
haba
k interpolation by Carl de Boor in [1℄ and goes ba
k to[7℄.Strangely enough, one 
an prove via [7, 8℄ for the Gaussian kernel thatthe asso
iated optimal di�erentiation formulas will tend for h → 0 (andafter res
aling) to a formula whi
h is exa
t on 
ertain polynomials.It is a s
ale�invariant sten
il 
oin
iding with the one provided viade Boor�Ron [2℄ multivariate polynomial interpolation, and it is aspe
ial instan
e of a �nite�di�eren
e formula with a 
ertain polynomialexa
tness depending mysteriously on the point geometry.6 S
aling the Spa
esBut s
aling the points has a 
ounterpart within the fun
tion spa
es.The basi
 
onne
tion is via the s
aling relations between the Fouriertransform and its inverse, and it is well�known from the standardShannon�Kotelnikov sampling theorem. If we de�ne fc(x) := f(x/c)for some c > 0, then̂
fc(ω) = cdf̂(ω · c) for all ω ∈ R

d.By this transformation, fun
tions f with support in the unit ball willgo into fun
tions fc with support in a ball of radius c, i.e. they will get�spiky� for small c and ��at� for large c with un
hanged smoothnessproperties. Looking at the spe
trum, we see that if f is in Sobolevspa
e W k
2 (Rd) with weight fun
tion W (ω) = (1 + ‖ω‖2

2)
k, the s
aledfun
tion fc is in a spa
e with weight c−d(1 + ‖c ω‖2

2)
k with the samenumeri
 value of the norm. Note that for large c there will be mu
h lesspenalty on high frequen
ies, as expe
ted. The 
orresponding Sobolevspa
es still 
onsist of fun
tions with a given smoothness, but the fun
-tions will have a mu
h wilder lo
al variation, like in turbulen
e forlarge Reynolds numbers.The 
onsequen
e is that for appli
ations it does not su�
e to pi
k a�xed Sobolev spa
e of the form W k

2 (Rd), be
ause there is a hiddenassumption made on the s
aling. One should rather �x an additionals
aling c wisely.Apart from that the fun
tions and kernels in the spa
e get mu
h more�spiky� for small c, there is an interesting geostatisti
al interpretation(see e.g. the book [9℄ by M.L. Stein). Kernels model 
ovarian
es ofrandom �elds. If ea
h point x ∈ R
d is seen as a random variable,

K(x, y) gives the 
ovarian
e between x and y. This means that spikykernels for small c model 
ases where only nearby data are 
orrelated.9
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Figure 1: Sobolev kernel K2(r/c)(r/c)
2 for W 3

2 (R2) at various s
ales cRoughly speaking, the variable c indi
ates the distan
e up to whi
hone 
an �rely� on �nearby� data. Again, it is useful to view fun
tionspa
es with small c like turbulen
e.Figure 1 shows s
alings of the radial kernel K2(r)r
2 generating W 3

2 (R2).The thi
k line is for c = 1, i.e. for the �normal� Sobolev spa
e W 3
2 (R2),while the others have c = 1/4, 1/2, 2, 4, 8, 16. One 
an see that ea
hs
ale de�nes a typi
al range where point values are �
orrelated�, whilethe exponential de
ay of the kernel implies that far�apart data points
annot be used favourably for joint estimation of derivatives. Thisgives us some insight into the behavior of optimal di�erentiation for-mulae. The 
ase above with �xed data distan
e h and �xed c was justa single snapshot. If we keep c �xed and take 
ases with h → 0, thedata are more and more �trustworthy�. Similarly, if the data positionsare �xed, taking large c means that we fo
us on spa
es with more andmore importan
e of low frequen
ies. These two situations will not leadto unexpe
ted results.However, if �c is too small for h� or �h is too large for c�, the formulaestill are optimal, but they are for
ed to work in a �turbulent� situationwhere it is near to impossible to make a reasonable guess for a deriva-tive. In su
h 
ases one 
an observe that the optimal formulae have abias towards predi
ting zero, whi
h is the best they 
an do under these
ir
umstan
es.From the above dis
ussion, it should be 
lear (and is easy to prove) thatthe h�s
aling of data lo
ations and the c�s
aling of frequen
y spa
esare in a 1�1 
orresponden
e, like in the Shannon sampling theory.We have to point out that there is a spe
ial 
ase where optimal di�er-entiation formulae are s
ale�invariant in the above sense. For this to10



happen, the underlying fun
tion spa
e should have a s
ale�invariantspe
tral stru
ture. This is the 
ase for polyharmoni
s, where the kernelhas a generalized Fourier transform whi
h is a negative power of ‖ω‖2.In parti
ular, the radial basis fun
tions φ(r) = rβ for β /∈ 2Z enjoythis property together with their 
omplements, the thin�plate splines
φ(r) = rβ log r for β ∈ 2Z. One has to fo
us on sten
ils whi
h are ex-a
t for low�order polynomials depending on β, but then the argumentworks as above. Details 
an easily be �lled in using the book [10℄ byH. Wendland.Choosing a good s
aling for di�erent situations is a well�dis
ussed butunsolved problem in all kernel�based te
hniques. The re
ent paper[3℄ of G. Fasshauer and J.G. Zhang features a fairly general te
hniquefor s
ale estimation, while G.B. Wright and B. Fornberg in [11℄ dealextensively with s
aling of derivative formulae.7 S
aled ExamplesLet us go ba
k to our previous example and introdu
e s
alings h and
c on the data and frequen
y side, respe
tively. We take

z1 := h(1, 0), z2 := h(−0.5,
√

3/4), z3 := h(−0.5,−
√

3/4)with distan
e h to zero and predi
t the values f(0, 0), fx(0, 0), fy(0, 0)of a fun
tion f from these three values. In what follows, we againremove the denominators from what normally is
f(0, 0) ≈ 1

3
f(z1) + 1

3
f(z2) + 1

3
f(z3)

fx(0, 0) ≈ 2

3hf(z1) − 1

3hf(z2) − 1

3hf(z3)

fy(0, 0) ≈ 1

h
√

3
f(z2) − 1

h
√

3
f(z3).The �rst 
ase looks at smaller h for �xed c = 1. For h = 0.1 and theGauss kernel with c = 1 we �nd1.0099 1.0099 1.0099-2.0099 1.0050 1.00500.0000 -1.0050 1.0050while the Sobolev 
ase for W 3

2 (R2) has1.0024 1.0024 1.0024-2.0104 1.0052 1.0052-0.0000 -1.0052 1.005211



This will be exa
tly the same as going for c = 10 with h = 1, and thuswe do not need to repeat the results. Smaller h let the optimal sten
ils
onverge for h → 0 to the standard one in (8).If we keep h = 1 but go to c = 0.1, the predi
tion has to work underunreliable 
ir
umstan
es. The Sobolev 
ase has0.0032 0.0032 0.0032-0.0280 0.0140 0.01400.0000 -0.0140 0.0140while the Gaussian 
ase produ
es values that 
annot be distinguishedfrom zero. If we use the s
ale�invariant polyharmoni
 splines on thisexample, they produ
e the �xed standard sten
il, be
ause they haveto obey exa
tness on a�ne�linear polynomials.Sin
e we have (6) to evaluate the norm of any error fun
tional on aspa
e with weighted spe
trum, we 
an easily 
ompare the standards
aled sten
il with the optimal one. If this 
riterion is applied, it turnsout (see Figures 2 and 3) that the optimal one is only by a small fa
torbetter the standard one, and this o

urs for all fun
tion spa
es tested.The sharp turn at a spe
i�
 h stands for the fa
t that the frequen
ybehavior of the �xed fun
tion spa
e makes formulae for h larger thana 
riti
al value h0 useless be
ause the data are too far apart to bereliable. In standard terminology, su
h derivative formulae should haveanO(h) error behavior, but this 
an be observed only for h being �smallenough�. Figures 2 and 3 show exa
tly where the asymptoti
s start tohold, and they do it uniformly for a fun
tion spa
e, not for a spe
i�
fun
tion.If errors are plotted as fun
tions of c for a �xed 
on�guration, verysimilar plots result, showing that errors de
rease with a �xed order forin
reasing c, but also with a typi
al sharp turn at a �
riti
al� c wherethe formula starts to be useful for larger c only.8 Unstru
tured ExamplesThough theory proves that kernel�based derivative formulae are opti-mal in a spe
ial sense for spa
es with pres
ribed spe
tral behavior, theabove examples indi
ate that if standard formulae of s
alable sten
ilform are available, they 
an often be used without losing too mu
h.Thus this paper does not en
ourage users to dump what they haveused before. 12
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Figure 2: Norms of errors as fun
tions of h, Sobolev kernel for W 3
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Figure 3: Norms of errors as fun
tions of h, Gaussian kernel
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Figure 4: Errors as fun
tion of points addedHowever, for multivariate s
attered data there is no generally appli
a-ble and widely a

epted method for deriving good dis
retization formu-lae for derivatives. Optimal methods along the above lines are alwaysappli
able at low 
ost, but they may be bad when other 
riteria areapplied. For instan
e, they always make optimal use of the available in-formation, and this means that they will use nonzero weights on all thedata o�ered, ex
ept when symmetry arguments apply. On the otherhand, they 
an be used for high�order derivatives as well, providedthat there are enough data available. Sin
e the optimization prin
ipleimplies that the errors get smaller if more points are involved, users
an look at the tradeo� between better error versus higher 
omplexityfor larger data sets.In our example we 
an add random data points to the ones we hadbefore, 
al
ulate new optimal formulae for ea
h 
ase and then evaluatethe errors. Figure 4 shows how the errors de
rease. The 
onstant linesare for the errors of the standard 3�point sten
il without points added.We 
hose the kernel for Sobolev spa
e W 3
2 (R2) with a somewhat toosmall s
aling c = 0.5 in order to let the 
urves start at points wherethe standard sten
il is still 
ompetitive. The �nal point 
on�gurationis given in Figure 5. The 
©MATLAB programs running the examplesare available viawww.num.math.uni-goettingen.de/s
haba
k/resear
hA
knowledgementsSpe
ial thanks go to Elisabeth Larsson for a number of helpful 
om-ments. 14
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