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Abstract

If kernel-based trial spaces are used, it is well-known since at least
1990 that the Method of Lines can be successfully applied to solve
time—dependent partial differential equations, but a thorough math-
ematical analysis is still missing. For well posed nonlinear evolution
equations allowing arbitrary linear spatial differential operators and
sufficiently smooth solutions, this paper proves that the Method of
Lines leads to solvable ODE systems and small errors, provided that
the spatial discretizations are fine enough and if sufficiently smooth
kernels are used to generate the trial spaces. An example for the
Burgers equation illustrates the theory.

1 Introduction

Following the early survey [1] of Belytschko et.al., meshless methods are
characterized by representing trial functions “entirely in terms of nodes”. 1f
fixed nodes x; are taken in a solution domain Q C R?, then trial functions
w(x,t) for a time—dependent partial differential equation should be written

in the form
w(x,t) = Z%(X)W(Xjat) (1)

in the simplest case where only function values at nodes are relevant, and
where the purely spatial “shape” functions v; satisfy the standard Lagrange
conditions

vj(Xk) = Oji- (2)



Among other things, this has the advantage of allowing an easy evaluation
of linear spatial differential operators L on a trial function w via

(Luw)(x,t) = 3 w(x;, t)(Luy)(x)
j

provided that the functions v; are sufficiently smooth and explicitly available.
This is the case if the trial functions are generated from spaces spanned by
translates of smooth kernels like the Gaussian. Consequently, there is no
need for any special discretization of purely spatial differential operators.
Representations like (1) and their error behavior including differentiation
have a fully developed theory. We suggest the book [9] of H. Wendland for
filling in the details.

When applied to solving nonlinear evolution equations like the Burgers equa-
tion
u (2, 1) = Vg, (x,t) — ulx, thug(x, t),

with a positive parameter v one can use the above representations to get

E vj(z)w'(x),t)
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Taken at a spatial node z, and using the Lagrange conditions (2) this gives
a system
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of ordinary differential equations for the unknown scalar functions w(xy, t).
This is a special instance of the well known Method of Lines. Note how the
Lagrange conditions (2) serve to make the system explicit. There are many
successful applications of this technique starting from an early paper of E.
Kansa [5] in 1990, but without any theoretical foundation, so far.

This paper provides a rigorous mathematical analysis of the Method of Lines
in conjunction with kernel based meshless trial spaces. Since this will be
quite technical, we summarize the major building blocks in short and sim-
plified terms here.



. We admit nonlinear evolution equations which are first order in time
and depend smoothly on an arbitrary number of linear multivariate
spatial operators. The equations (including boundary conditions) are
assumed to be well-posed in a bounded time domain [0, 7], and should
have a smooth unique solution

u: Qx[0,7]—R

on a bounded spatial domain  C R% If the equations are written as

e.g.
w = F(t,u, Vu, Au, Lu, .. .),

with certain spatial linear operators, the nonlinear function F' should
be smooth and well-defined on a domain containing the trajectory of
the true solution u and some leeway around it.

. We require smooth initial values specified for t = 0 on the domain Q.

. We allow time dependent boundary conditions specified by evaluations
of arbitrary linear spatial operators on the boundary I' = 00 of )
or a part thereof, provided that well-posedness and solvability of the
evolution problem is guaranteed.

. The above smoothness assumptions must be such that the solution
u(-,t) lies in a Sobolev space W3 (Q2) for each time ¢. For the final
results, we need

T>k+3d/2 (3)

where d is the spatial dimension and k is the maximal order of spatial
differential operators in the right—hand side of the evolution equation.

. To define the trial space, we take a positive definite kernel. It should
be reproducing in some associated “native” Hilbert space H which is
continuously embedded in WJ (), and we require the solution w(-,t)
to be in H for all ¢.

. Then we employ a single fine grained and nondegenerate spatial dis-
cretization for both the given initial and boundary data and the values
of trial functions in the interior of 2. If x4,...,X,, are the nodes in 2,
the granularity of the discretization is measured by the fill distance

hoi=sup min x —xil2.



7. On this discretization, we use our smooth kernel to provide generalized
Hermite interpolation of both boundary and interior values. This yields
an affine trial space satisfying the discretized boundary conditions by
Hermite interpolation, and its linear part is parameterized by a time—
dependent vector

w(t) = (w(xy,t), ..., w(Xp, t)" (4)
of values at nodes xq,...,X,, in the interior of ().

8. The linear spatial operators occurring in the evolution equation are
applied analytically to trial functions, and each result is again expressed

by w(t).

9. In terms of these parameters, the Method of Lines then yields a non-
linear ODE system of the standard explicit form

w'(t) = G(w(t),1), w(0) = wo (5)

for the vector w(t). Initial values are taken from the discretization of
the the initial values of the evolution equation. The boundary condi-
tions are built into the trial space via item (7) above.

Now for the results of the paper, in equally simplified form:

1. The ODE system (5) of the Method of Lines is solvable in [0, T, if the
fill distance h of the spatial discretization is small enough to satisfy

Ch™4**T exp(LT)||u|| < R (6)

and h < hg for a certain positive number hy depending on the domain,
the PDE and the smoothness assumptions, where

e [ isa Lipschitz—type constant like in the standard Picard—Lindel6f
theory,

e ||ul| is the sup of all ||u(-,t)||z over ¢ € [0, T,

e Ris a parameter increasing with the leeway of F' around the exact

solution.

2. If w(x,t) is the trial function (1) interpolating the values (4) given by
solving the ODE system (5), there is an error bound of the form

I(u = w)(, )l < CAT27E(1 + texp(Lt))|ul].



3. Time stepping methods using kernel based trial spaces for discretiza-
tion of the spatial variables coincide with time-stepping for the ODE
system of the Method of Lines. Thus a separate convergence analysis
of time—stepping methods is not necessary.

Consequently, the Method of Lines has an extremely wide application scope
and allows a surprisingly general convergence analysis which by the previ-
ous argument, also gives some insight into corresponding time-stepping tech-
niques. For illustration, we give a simple example at the end of the paper. It
considers the Burgers equation and is reproducing the experimental results
by Hon and Mao [4].

The kernel based Method of Lines is not suggested here as the method of
choice for solving evolution equations numerically, in particular not in the
crude form we analyze it here. But there are some advantages of the Method
of Lines that should be mentioned and that deserve further study, both the-
oretically and numerically.

There is no time discretization on the PDE level, and there is just a single
spatial discretization leading to a space of smooth and explicitly available
trial functions. Spatial derivatives thereof need no additional discretization,
because they can be applied directly and analytically to the trial functions.
This simplifies both the analysis and the numerical implementation via a
large choice of admissible kernel based trial spaces, and it completely avoids
spatial numerical integration. This is in sharp contrast to finite element or
finite—volume methods.

The analysis given here applies directly to the ODE system to be solved
by the Method of Lines. This makes arguments about time-stepping and
stability unnecessary, because these are now part of the ODE solver chosen.
Note that the majority of applications like |5, 4] perform some kind of time
discretization. Consistency is no issue either, due to the way the ODE system
is constructed directly from the PDE.

Since at each time ¢ one has a smooth non discrete approximation of the
solution, it is easy to implement changes in the spatial discretization. This
would be called “re-meshing” in standard techniques, but here we have a
meshless method which does not make assumptions about connectivity, so
that changes in the discretization can easily be made by re interpolation on
another discretization. One can also implement certain forms of adaptivity
without serious problems (see an early case by Hon and Mao [4]), but all



of these numerical enhancements should be left to subsequent papers for a
thorough theoretical study.

Since there are kernels generating divergence—free vector fields (see Narcowich
and Ward |7]), it should be possible to extend the results to the Navier-Stokes
equations. A paper concerning this is in preparation.

However, some natural shortcomings of the above results should be pointed
out, too. First, the theory and the method are only applicable in cases of
high regularity, since they completely ignore the notion of weak solutions.
Low regularity cases will need a different treatment, but then they usually
require spatial numerical integration.

There will be no problems for simple cases with small Lipschitz constants of
F on large domains. But if the true solution on [0, 7] runs close to a singu-
larity or a shock (this is to be expected even for simple spatially univariate
cases like the Burgers equation), one has to expect large Lipschitz constants
along the solution, for instance when terms like u - u, are considered. Thus
one cannot use large R to get much singularity free leeway in the condition
(6). Furthermore, the Lipschitz constant L must be valid also on the full ad-
ditional leeway needed via R for solvability of the ODE system up to 7', and
thus users cannot pick a large R unless accepting huge values of L, spoiling
the gain in (6) for large R. These considerations lead to the conclusion that
unrealistically fine spatial discretizations will be needed to resolve solutions
close to singularities, in particular if they are far away in time, i.e. when the
exp(Lt) factor in the error bound hurts most. This is quite natural and will
be applicable to many other methods as well. The ODE system generated by
the method of Lines will be stiff in such situations, but sophisticated future
users will switch from a coarse to a fine discretization when coming close to
a singularity:.

Users might think that there is a way out by using extremely large 7, i.e.
extremely smooth kernels and assuming extremely smooth solutions. But
the constants above will also depend heavily on 7 (though not on h), and
certain proof ingredients will only be valid for all A < hg below a small hg
which also depends on 7. This also enforces rather fine spatial discretizations
through the back door. Experts in kernel techniques might suggest to use
analytic kernels with exponential convergence rates, but some of the proof
ingredients are not yet established for this situation. This requires further
research.

The rest of the paper starts with setting up the time—dependent partial differ-
ential equations we admit, and then it describes the kernel-based discretiza-



tions with their special technique for handling boundary conditions. Using
this discretization, the ODE system for the Method of Lines is derived, and it
turns out to be a perturbation of another ODE system solved by the values
u(x;,t) of the solution w of the PDE. Then perturbation theory of ODEs
is invoked to produce the stated results, and a numerical example for the
Burgers equation finishes the paper.

2 Nonlinear Evolution Equations

Consider a spatial domain Q C R? and various linear operators £;, i € I
acting on smooth functions on ). We write the spatial variables as vectors
X, y,... € €, and we assume that the operators £; always act with respect
to the spatial variables, even if a time variable ¢ is present later.

On a time domain [0, 7] we look for a scalar function
u: Qx[0,7]—R
satisfying a nonlinear evolution equation

0 t

u081) _ e u) ..., )
ot

where for notational convenience we assume that the arguments of the right—

hand side F' consist of all £;(u) for indices ¢ in some index set . This allows

examples like

u

il F(u,x,t)

ou

% = F(u, Vu,x,t)

% = F(u,Vu,Au,x,t)

with F' being smooth and nonlinear, while all spatial operators must be linear.

Though we shall fix initial or boundary conditions later, we assume strong
solvability of the problem (7) on [0, 7]. This means that u and F' have enough
smoothness to let (7) to be satisfied pointwise on Q x [0, T']. Furthermore, we
assume that the time derivatives of the functions £;u(x,t) are still smooth.



3 Spatial Kernel Interpolation

Let us forget the time variable for a moment and focus on the spatial vari-
ables. We take a smooth symmetric positive definite kernel function

K : OxQ—=R
like the Gaussian
K(x,y) =exp(—[x—yl3), x,y € R

or one of Wendland’s [8] compactly supported radial basis functions. Each
such kernel defines a “native” Hilbert space H of functions on 2 and with an
inner product (.,.)y in which the kernel K is reproducing in the sense

fx)=(f,K(x,.))g forallx e Q, f € H.

More generally,
)‘(.f) = (.fa )‘XK(X> ))H

for all f € H and all continuous linear functionals A from the dual space H*.
The upper index at A* indicates that )\ acts with respect to x.

We assume the kernel to be smooth enough for what we need, and for reasons
coming up later we assume that its native space H can be continuously
embedded into some Sobolev space W7 () for some 7 with (3).

If one takes a finite set X := {x1,...,x|x|} of points in 2, one can define a
trial space

Sx := span {K(xy, ), xx € X}

which is a subspace of H. Then it is a standard result of meshless kernel—
based techniques 9] that any function f € H can be interpolated on X by a
function s in the trial space S, i.e.

s(xx) = f(xy) for all x;, € X. (8)
In fact, under our assumptions the symmetric “kernel matrix” A with entries
K(x;,%y) for all x;,x; € X (9)

is nonsingular, and if we represent s as

s(x) := Z a; K(x,x;)

Xj ex

8



the interpolation (8) is solved via the linear system

Z a; K(x;,xx) = f(x;) for all x;, € X. (10)

x;€X
For later use, we cite a standard result |6, 9] on the error behavior.

Theorem 1. Assume that the kernel K is smooth enough such that its native
Hilbert space is continuously embedded in Sobolev space W (2), and let the
bounded Lipschitz domain @ C R% have an interior cone condition. Then
there are positive constants C' and ho such that for all f € WI(Q) and all
interpolants sy x, on any discrete set X C € with fill distance

= i — <
h := sup ng}(n lz —yll2 < ho

yeQ 2€Xn
the error has a bound
ID*f = Dsp.x, oo < CHT V2| fllawz (11)
including derivatives up to order |o| < T —d/2. ]

The assumption (3) gives us enough leeway here for taking |a| < k, the
maximal order of spatial differential operators we have to care for.

4 Boundary Conditions

But in order to handle differential equations with boundary conditions, we
need more. To see what is needed, we imagine that systems like (10) have
to be posed for each time t. But already for the easy case of time constant
Dirichlet conditions, we have to fix certain boundary data of trial functions
while the rest will be time—-dependent. If we want to calculate via the coef-
ficients a;, these will all be time dependent but subject to additional con-
straints imposed by the Dirichlet conditions. Furthermore, we also want to
allow more general boundary conditions than Dirichlet conditions.

Summarizing, we have to decouple “fixed” and “free” parts of the trial space,
and we have to incorporate general boundary conditions into the fixed part,
admitting derivatives. Thus we generalize the interpolation problem as fol-
lows. We assume that our trial functions s(x) on Q are partially restricted
by a linear spatial “boundary” operator B and certain conditions

(Bs)(x) = g(x) for all x € I" C 952

9



with a given function g(x) on a part I' of the boundary 02 of the domain
Q. It is allowed that B consists of several parts, e.g. Dirichlet conditions on
one part and Neumann conditions on another part of the boundary. Then
we discretize B by the conditions

A (5(x)) := (Bs)(yi) = g(y:)

for pointsy; € I' C 092, 1 < i < n. Thus we assume n continuous and linearly
independent functionals Aq,..., A\, € H* to be given which will resemble
discretized boundary conditions as above. They may take the form of point
evaluations in case of Dirichlet data, but they may also evaluate a normal
derivative, for instance, and these types can be mixed.

In addition to this, and in order to have enough degrees of freedom, we take
a finite set X := {xy,...,X|x|} of points in  as above, avoiding the above
points, if they concern Dirichlet boundary data. Our free parameters will
consist of function values at these nodes. To facilitate the notation, we add
the linear functionals dy, for x; € X to the other functionals, giving us a
total of n + |X| =: N linearly independent functionals which we rename as

,ul,...,,U/NeH*.

To facilitate the notation, we introduce the following evaluation operators

Ey f = (Al(f)>a)‘n(f))T
EM . f'_> (Ml(f>7”’7MN(f))T
Ex : fm— (f(xl),...,f(X‘XOT
EM = (Eva;()T

generating column vectors, while their transposes generate rows. We use
these operators to generate matrices and vectors. For instance, the matrix
of (10) is generated by

A = EX(EY) K(xy)

where the upper index indicates the variable to be acted on. Similarly, our
boundary conditions are

EXs(y) = (EvB)'s(y) = Eyg(y)-

Our final notational example is the trial function
N
(Bf)"K(xJa=) ajusK(x.)
j=1

10



defined for any vector a € R".

Following a paper [11| by Z.M. Wu we apply the theory of Hermite interpo-
lation by kernels. We define the trial space

Sy = {(EX)"K(x,)a : a € R"}
and rewrite each function
s:= (BX)TK(x, )a € Sy
with a € RY as its own Hermite interpolant solving the system
By (BT K (x,y)a = EYs(y)
with the symmetric positive definite generalized kernel matrix
A= By (EX)K(xy) (12)

which generalizes the matrix A of (10) and will be needed in all further
calculations. But we can avoid the kernel coefficients by going over to a
Lagrange form via

EY(Ey)" K(x,y)V(2) = AV(z) = EY,K(y, 2)
which is solvable for a vector
V(z) = (vi(z),...,un(z)" = A EY, K(y, ) (13)
satisfying the Lagrange conditions
(B3)"V(2) = Iy

with the N x N unit matrix /. We shall need later that this splits into four
matrix identities

(EX)Va(z) = I, (ER)'Vx(z) = 0O,

(B%)Va(z) = 0, (E%)"Vx(z) = I (14)

We can now rewrite s in Lagrange form as
s(x) = V()T EYs(y).

If we split V' into



we can write
s(x) = VA(x)TEXs(y) + Vx(x)"EXs(y)
= VA(X)TEVg(y) + Vx(x)T EXs(y)

to split the representation of the trial function s in a way we can use later,
because E3s(y) = EYg(y) is fixed by boundary conditions, while EXs(y)
is free and will be entering into the differential equation. For numerical
purposes, we shall parameterize functions s from our trial space including
boundary conditions by the vector E%s(y) € R only.

But we also want to use the fact that we have a spatial discretization which
allows us to evaluate spatial differential operators analytically on our trial
functions, without any additional discretization for taking derivatives. Let L
be a linear operator acting on functions in 2. Then we have

Ls(x) = (LV (%)) EY;s(y) = (LVA(x))" EYg(y) + (LVx (x))" EXs(y) (15)

and want to re express the vector LV (x) in terms of the data, like in spectral
methods. But this is easy via (13) because of

LV(z) = (Lvi(z),...,Lon(z))T
A-'LZEY K (y, 7)
AT'EY %K (y,2)
= (LVa(z ) LVX(Z)T)

We only have to take our kernel to be smooth enough to allow L, which is
guaranteed by (3), and we take analytical derivatives of the kernel to generate
the matrices we need. Note that identities like

EXLs(x) = EX(LV(x))"EYs(y)
= BX(LVA(X)"EYg(y) + EX(LVx (x))" EXs(y)

arising when evaluating (15) on X yield “differentiation matrices” in the con-
text of pseudo-spectral methods if the boundary conditions are not present.
See the paper [3| of G. Fasshauer for the connection to pseudo-spectral meth-
ods.

But we still need an extension of the error bound (11) to the case of additional
boundary conditions. We go back to the terminology there, but we add
certain interpolation conditions we do not need to specify in detail, provided
that interpolation in points of a sufficiently dense subset X}, is maintained. If
sfp is such an extended interpolant to some function f € W3 (2), the usual

12



minimum norm property of interpolants implies ||sf .|| < || f]| in the native
space norm. We then invoke results of Narcowich, Ward, and Wendland (6, 9|
to get

|1D%f — D%y plloc

ChTV=42|| f — 51 wllwg (@)
ChT=1= 42 (] fllwz ) + Isgallwr @)
ChT1=42 (]| fllwz ) + [Isall)
ChT1=92 (| Fllwg o) + [ £11)
ChTlel=a2| f]]

with generic constants involving the embedding of the native Hilbert space
into Sobolev space. This means that the error behavior still is dependent
on the standard Lagrange data in the domain, and the additional boundary
conditions can be ignored within the error analysis.

(16)

IAIAININIA

5 Time Dependent Interpolation

We assume that a function u(x,t) on Q x [0,7] is partially restricted by a
spatial linear boundary operator B and the conditions

B*u(x,t) = g(x,t) forall x e T C 990, t € [0,T]

with a given function g(x,¢). Like in the previous section, we discretize B
by the conditions

Af(u(x, ) = (B*u)(yi, t) = g(yi, 1)
for points y; € I' C 992, 1 <1 < n. Using our standard notation, this is
EXu(y,t) = (EyB)Yu(y,t) = E¥g(y, ).

Interpolating u with the methods of the previous section will give a function
s(x,t) with

s(x,t) = Va(x)"EXu(y,t)) + Vx(x)" EXu(y, t)
= Va(x)"EYg(y,t) + Vx(x)" EXu(y,t) (17)
= VA(x)"EVg(y,t) + Vx(x)TEXs(y, 1)

which now is parameterized via the unknown quantities EXu(y,t) = E%s(y,t),
while the boundary data are determined.

13



For convenient programming, we write the action of an operator L on s(x,t)
with values in X as

(ExL)*s(x,t) = (ExL)*Vi(x)"Eyg(y,t)
+(ExL)xVX (X)TES,(S(Y, t)
= BrEVg(y,t) + CLEXs(y,t)

where the matrices By, and Cj, follow from

DAY = (B.,Cp)

D, = (ExL)*(EY)"K(y,x). (18)

Note that all matrices are independent of ¢ and can be calculated and stored
on startup. Numerical calculation will focus on the |X| time dependent
scalar functions in EX.s(y,t) only. They will arise later in the ODE system
of the Method of Lines.

6 FEuler Method

Since many readers may be more familiar with time-stepping techniques than
with the Method of Lines, here is a short detour.

We use the representation (17) for our approximate solution at time ¢. We
assume that the starting values at time ¢ = 0 can be fully obtained as
E%s(y,0) = EXu(y,0) such that we have

s(x,0) = Va(x)"E¥g(y.0) + Vx(x)" EXu(y, 0)

at startup. We assume the differential equation at ¢ to be (7), and we insert
our approximation into the right hand side as a function. This gives

F(EZ(S)u X, t)
= F (VA B g(y.t) + LIVx(x) B s(y, 1), x, t)

in terms of our free parameters E% s(y,t). We evaluate this right-hand side
using the time independent matrices of the previous section, and interpret

the result as
ds(x,t)  s(x,t+6) — s(x,t)

o 5

Let us go for the plain Euler method and use the spatial function

sT(x) = s(x, 1) + 0F (LVA(x)" By gy, t) + L¥Vx (%) EXs(y, t), %, )

14



as a candidate for s(x,t + ). But this is not in the trial space, and it fails
to satisfy the boundary conditions. Thus we interpolate s™(x) spatially and
enforce boundary conditions by defining

s, t 4 8) = Va(x)T B gy, £) + Vi ()T Bs™ ().
Note that this means

s(x,t+9)
= Va(x)"EYg(y,t)

+Vx (x)TEXs(x, 1)

+6Vx(x)TEXF (LXVA(x) EY gy, t) + LV (x)" EXs(y, t),x,t)
= s(x,t)

+6Vx (x)TEXF (ﬁ;‘VA(X)TE;’;g(y, t) + EfVX(x)TEg’(s(y, t), X, t)

as an iteration in the trial space, and by taking the values at X we arrive at
the discrete form

EXs(y,t+0)
= E%s(y,t)
HOEXF (LXVA(x)TEYg(y, t) + LTVx(x)" E%s(y, t),x,t)

of this iteration, as it could be implemented. One can introduce the short-

hand notation
w(t) = EX%s(y,t)

glt) = Eyg(y,t)
to bring this into the form

w(t+0)=w(t)+EXF (E;‘VA(X)Tg(t) + LXVx (x)Tw(t), x, t)
which can be viewed as an Euler step applied to the ODE system
w'(t) = EXF (ﬁfVA(x)Tg(t) + LXVx (x)Tw(t), x, t)

we shall encounter in the next section, deriving it differently.

7 Method of Lines

Our version of the Method of Lines first replaces the evolution equation (7)
by one on a time-dependent trial space, i.e.:

0s(x,t)
ot

= F(Li(s)(x,t),x,t)

15



and then discretizes this on a set of spatial points in order to get a system
of ordinary differential equations. We use the representation (17) again, but
take the time derivative to get

0
as(x, t) =: s4(x, 1)

0 0
= Va5, EVg(y, ) + Vx(x)' 5 EXs(y, 1)

- VA(X)TE)};gt(Y> t) (19)
+Vx(X)TE§(% (
= VA(xX)TEYg:(y,t) + Vx(x)T E% —s(z, t).

Va(y) Eyg(z,t) + Vx(y)" E%s(z,t))

This is parameterized by the |X| scalar functions of time in the vector
w/(t) := Eﬁgs(z,t)
ot
which is the time derivative of
w(t) :== E%s(z,t)

parameterizing our trial functions s(x,t). Still without discretizing the x
variable, we write down the system

St (Xa t)
0
= VAGITEYly. 1) + Vi ()T B s(2, 1)
= F(‘Cz(VA(X)Tg(t) + E?VX (X)TES,{S(y> t)a X, t)

of ODEs making up the semi discrete version of the Method of Lines. It can
be rewritten as

Vx (x)"w'(t)
= F(LVAX)"g(t) + LVx(x)w(t), x,t) = Va(x)"g(1)
and using (14) it takes a particularly simple explicit form
w'(t) = BEXF(LVA(x) g(t) + L Vx () w(t), x,1) (20)

if the evaluation operator £ is applied. We already encountered this system
at the end of the previous section, and we want to simplify it to

w(t) = F(w(t),0,t) (21)

16



with the right hand side

F(Zv U('v ')7 t)

= BYF(LIVAR)Tg() + LV ()2 + Lu(xt) x ) 2D

acting partially on functions v defined and smooth on € x [0, T]. The role of
the “perturbation” v which is zero in (21) will become apparent in the next
section.

Note that the previous section derived an Euler step for solving the ODE sys-
tem of the Method of Lines. Other time discretizations like Crank Nicholson
can also be viewed as time—stepping techniques for the ODE system of the
Method of Lines. Thus we do not need to pursue analysis of time—stepping
methods in the standard Lax-Richtmyer style. Instead, we directly go for
a theory concerning the Method of Lines system directly, without time dis-
cretization.

8 Discrete Error Analysis

For comparison, let us look at equations solved by the true solution wu(x,t)
if discretized at the points of X via

u(t) := Exu(x,t).
The system (7) gives
u,(t) = E§<F(5f(u)(x> t)a X, t)a (23)

but the right-hand side is not a function of u(¢), and thus the above system
is not in ODE form. Since

s(x,t) = Va(x)"g(t) + Vx(x) u(t)

is the interpolant to u from (17), we can approximate the right—hand side of
(23) by something we can handle somewhat easier:

L3 (u )( 1)
= L¥s(xt) + L (u(x, 1) — 5(x, 1))
= LVAGOTE() + L2Va () u(t) + LXulx, 1) - s(x, 1)),

This turns (23) into

(2
u'(?)
= EXF (EXVA( Vg(t) + L2Vx(x)Tu(t) + LX(u(x,t) — s(x, 1)), X, t) )
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Consequently, the vector function u satisfies the ODE system
u'(t) = F(u(t), e, t)
where we treat the error function
€(x,t) == u(x,t) — s(x,t)

as a fixed perturbation in the right—hand side (22) of the system. Thus we
can now compare the systems

w'(t) = F(w(t),0,t), u'(t) = F(u(?),et)
with identical initial values
w(0) = u(0) = Exu(x,0),
where the second system is solvable in [0, 7.

At this point, we invoke standard perturbation theory of ODE systems (e.g.
Satz 3.1.6 of the textbook [10] of H. Werner and H. Arndt, p. 76 77). For
convenience of the reader, here is what we need:

Theorem 2. Let Q C R be a bounded domain, and let

f=fty) : Q-R"

be Lipschitz continuous with respect to y with Lipschitz constant L on €.
Furthermore, let u be a continuous and piecewise differentiable function on
[0,T] with values in R™ such that

(t,u(t)) € Q
If(t,u(t)) —u'(t)|| < e whereu'(t) is defined

for allt € [0,T]. Furthermore, let (0,yo) € R™ be a point of Q, and assume
lyo —u(0)[ < e
Finally, let ty be the largest point in [0,T| such that the set
{(t,y) €eR™™ : tec[0,t1], |ly —u®)| < (o +1t-e)exp(Lt)}
s contained in ). Then there is a unique solution to the system
y'(t) = f(ty(t), y(0) =yo
in [0,t1] and there is a bound
Ju(t) = y(E)] < (0 +1 - €1) exp(Lt)
for all t € [0,t4].
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We apply this to u(t) := u(t) as follows. Let R be a fixed positive constant,
and define €) to be the union of all sets

{t,y) : lly —u@®)]~ < R}.

This gives us an “R tube” around the existing solution, and we assume that
f(t,y) := F(y,0,t) is defined and Lipschitz continuous on §2 with Lipschitz
constant L. Since we use o := u(0), we have ¢y = 0, but we have to calculate
€1. With a common Lipschitz constant Lg for the relevant arguments of F
we get

||F(Za 6 t) - F(Z’ 07 t)”oo

= || EXF (C2Va(x)"g(t) + L3Vx(x)"z + LEe(x,1),x, 1)
—EXF (LVA)T8(1) + L3 Va (%) 2 x 1) |

< Lpmax; || LY€%, 1) oo

If k£ is the maximal order of the differential operators £;, and if the norm of
u(-,t) is taken in the native space of the kernel, we can invoke (16) to get

||F(Za 6 t) - F(Za 07 t)HOO
< Lpmax; ||L¥(X,1)]0o
< Lph™ R 42| lu(-, )] =: €.
Now we can choose t; to be the maximal ¢ < T satisfying
eitexp(Lt) <R
and get solvability of the system (21) on [0, ¢;] with an error bound

lu(t) = w(t)lloe < Leh™"**2texp(Lt)|u(-, t)]]. (24)

Theorem 3. If the spatial discretization is fine enough in the sense of (6),
the Method of Lines reaches the full solvability range and an arbitrarily small
discrete error (24). O

9 Global Error Analysis

We now want to bound the error between the spatial discretization points.
Using he discrete values obtained from the Method of Lines, we define

w(x,t) = VA(X)TEg;g(y, ) + Vx(x)Tw(t)

19



as a spatial interpolant to the discrete values in the vector w(t) and to the
discretized boundary conditions. As an intermediate function, we introduce
v(-,t) as the spatial interpolant to the values u(t), i.e.

v(x,t) = Va(x)"EYg(y.t) + Vx (%) u(t).

Since v interpolates v and is in the native space H for the kernel, we can
apply standard convergence results like (11) to get

[(w=0)()xe < CH=|u-,t)lwye

< Ch12|ju(-1)] (25)

leaving us with
(w—v)(x,t) = Vx(x)" (W(t) —u(t)).

The technique of [2| yields boundedness of Lagrange functions for well
positioned scattered data, and the proof there extends to cases where ad-
ditional homogeneous data are satisfied on the boundary, provided that the
spatial interpolation points stay away from the boundary by the separation
distance. This is done by replacing a bound like (11) by (16) in [2].

Thus we have to expect an additional error of size | X| = O(h™9) to arrive at

(= w) (-, D)o

< [(w—=20)( )0 + [[(v = w)(-, 1) loc0

< CH P u( )] + Ch?lw(t) — u(t) [0 (26)

< ChPlu(-, t)|| + ChLph™* =t exp(Lt)[|u(-, 1) -

< COhT3427k (1 4 texp(Lt))||u(-, 1)]|.
Theorem 4. Under the above assumptions, the global error behavior of the
Method of Lines is described by (26). O
10 Example

We do not claim that the Method of Lines in this primitive form is to be
preferred over other methods, but we want to show that it can be set to work.
Numerical improvements are left to future research.

Consider the Burgers equation

u(z,t) = —u(z, t)ug(z,t) + vug(z,t), —1<z<1,t>0
u(r,0) = 1—2? -1<z<1
u(l,t) = 0, t>0

w(=1,¢) = 0, t>0
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which is known to develop a discontinuity near the boundary x = 1 if the
Reynolds number Re = 1/v is large. As a kernel we take the scaled Gaussian

K(z,y) = exp(—(z — y)?/c?) for all z,y € R.

Th spatial discretization will simply consist of m + 1 equally spaced points

, ‘ . 2
xj=—-14+j*h, 0<j<mwithh=—.
m
Since the outermost points carry the boundary conditions, the terminology

of the previous sections is satisfied by defining

X = {zy,...,xm} C(—1,1)
ui(f) = 05,(f) = f(z;), 0<j<m
A = {po, i}

We then form the kernel matrix (12) as
A= By (E) K (2,y) = (exp(—(25 — 2)*/¢*)) o hom
and pick a scale ¢ such that the condition is still reasonable. Then we have
EY K (y, 2) = (K(z,21),...,K(z,2p_1))"
and get a full Lagrange basis vy, ..., v, via (13) with
(Vo(2), .., vm ()T = (K(2,20), ..., K(2,2p)) A (27)
satisfying the Lagrange conditions

Note that the zero boundary conditions at o = —1 and z,, = 1 are satisfied
if we use the span of the functions vq,...,v,,_1 as our trial space. Thus we
define

Vi (2) = (01(2), ..., 0m_1(2))".

Since we have zero boundary conditions, we do not need the V) functions
Vg, Uy, at all.

The trial space is then spanned by functions

m—1

w(z, 1) = w(t) Vi (z) = ) wi(t)o;(2)

j=1
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with the vector
w(t) == (wq(t),... ,wm_l(t))T

of unknown time dependent coefficients which have the interpolation prop-
erty
w(zg,t) =w(t), 1 <k<m-—1

and satisfy the boundary conditions
w(—1,t) =w(1,t) =0

by construction. The derivatives of our trial functions can be obtained by tak-
ing derivatives of (27), but we need everything only on the points 1, . .., Z,,_1
of X. This can be done using the above formulae and simple matrix opera-
tions based on (18) and (27) to result in (m — 1) x (m — 1) matrices

V, = (U}(xk))gk,jgm—l
Ve = (”§,<xk>)1gk,j§m—l

where k is the row index. This yields

w,(t) = (wmffl’ 1), . We(Tpq, )T
- (Z w;(£)vs (z)
_ Vi;v(t) 1<k<m—1

and similarly
W (1) = Vw(t).

The initial data are interpolated by setting
wi(0):=1-23,1<j<m-1

and then we can start the Method of Lines defined like in (20) as

wi(t) = —wg(t) (Z_ wj(t)v;(xk)> +v Z_ wj(t)vé!(xk)

for 1 <k <m—1. In MATLAB notation this boils down to
w(t) = —w(t). * Vo x W(t) + vV, xw(t)

and is a simple ODE system with a quadratic right-hand side. Note that the
matrices V, and V,, are calculated before the ODE system solver is started.
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1.2

Figure 1: m = 30, Re = 50

For nontrivial future applications, these matrices should be sparse because
they contain derivative stencils of a Lagrange basis.

Figures 1 and 2 show two examples. The ODE system was solved by the
MATLAB® routine ode23s. The interpolants to the solutions were plot-
ted for time intervals of length 0.1 between 0 and 1.2. Further experiments
showed that m should grow proportional to Re for large Reynolds numbers.
To ensure a stable computation without additional tricks like precondition-
ing, the scale of the kernel should be chosen proportional to v = 1/Re or
1/m. A MATLAB® program is available through the homepage of the au-
thor. Comparable results were obtained by Hon and Mao |4] using time-
stepping, and they were improved by adaptive changes of the discretization
close to the shock.
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