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tIf kernel�based trial spa
es are used, it is well�known sin
e at least1990 that the Method of Lines 
an be su

essfully applied to solvetime�dependent partial di�erential equations, but a thorough math-emati
al analysis is still missing. For well�posed nonlinear evolutionequations allowing arbitrary linear spatial di�erential operators andsu�
iently smooth solutions, this paper proves that the Method ofLines leads to solvable ODE systems and small errors, provided thatthe spatial dis
retizations are �ne enough and if su�
iently smoothkernels are used to generate the trial spa
es. An example for theBurgers equation illustrates the theory.1 Introdu
tionFollowing the early survey [1℄ of Belyts
hko et.al., meshless methods are
hara
terized by representing trial fun
tions �entirely in terms of nodes�. If�xed nodes xj are taken in a solution domain Ω ⊂ R
d, then trial fun
tions

w(x, t) for a time�dependent partial di�erential equation should be writtenin the form
w(x, t) =

∑

j

vj(x)w(xj, t) (1)in the simplest 
ase where only fun
tion values at nodes are relevant, andwhere the purely spatial �shape� fun
tions vj satisfy the standard Lagrange
onditions
vj(xk) = δjk. (2)1



Among other things, this has the advantage of allowing an easy evaluationof linear spatial di�erential operators L on a trial fun
tion w via
(Lw)(x, t) =

∑

j

w(xj, t)(Lvj)(x)provided that the fun
tions vj are su�
iently smooth and expli
itly available.This is the 
ase if the trial fun
tions are generated from spa
es spanned bytranslates of smooth kernels like the Gaussian. Consequently, there is noneed for any spe
ial dis
retization of purely spatial di�erential operators.Representations like (1) and their error behavior in
luding di�erentiationhave a fully developed theory. We suggest the book [9℄ of H. Wendland for�lling in the details.When applied to solving nonlinear evolution equations like the Burgers equa-tion
ut(x, t) = νuxx(x, t) − u(x, t)ux(x, t),with a positive parameter ν one 
an use the above representations to get
∑

j

vj(x)w′(xj , t)

≈ ν
∑

j

v′′
j (x)w(xj , t)

−

(

∑

j

vj(x)w(xj, t)

)(

∑

k

v′
k(x)w(xk, t)

)

.Taken at a spatial node xℓ and using the Lagrange 
onditions (2) this givesa system
w′(xℓ, t) = ν

∑

j

v′′
j (xℓ)w(xj, t) − w(xℓ, t)

(

∑

k

v′
k(xℓ)w(xk, t)

)of ordinary di�erential equations for the unknown s
alar fun
tions w(xk, t).This is a spe
ial instan
e of the well�known Method of Lines. Note how theLagrange 
onditions (2) serve to make the system expli
it. There are manysu

essful appli
ations of this te
hnique starting from an early paper of E.Kansa [5℄ in 1990, but without any theoreti
al foundation, so far.This paper provides a rigorous mathemati
al analysis of the Method of Linesin 
onjun
tion with kernel�based meshless trial spa
es. Sin
e this will bequite te
hni
al, we summarize the major building blo
ks in short and sim-pli�ed terms here. 2



1. We admit nonlinear evolution equations whi
h are �rst�order in timeand depend smoothly on an arbitrary number of linear multivariatespatial operators. The equations (in
luding boundary 
onditions) areassumed to be well�posed in a bounded time domain [0, T ], and shouldhave a smooth unique solution
u : Ω × [0, T ] → Ron a bounded spatial domain Ω ⊂ R

d. If the equations are written ase.g.
ut = F (t, u,∇u, ∆u,Lu, . . .),with 
ertain spatial linear operators, the nonlinear fun
tion F shouldbe smooth and well�de�ned on a domain 
ontaining the traje
tory ofthe true solution u and some leeway around it.2. We require smooth initial values spe
i�ed for t = 0 on the domain Ω.3. We allow time�dependent boundary 
onditions spe
i�ed by evaluationsof arbitrary linear spatial operators on the boundary Γ = ∂Ω of Ωor a part thereof, provided that well�posedness and solvability of theevolution problem is guaranteed.4. The above smoothness assumptions must be su
h that the solution

u(·, t) lies in a Sobolev spa
e W τ
2 (Ω) for ea
h time t. For the �nalresults, we need

τ > k + 3d/2 (3)where d is the spatial dimension and k is the maximal order of spatialdi�erential operators in the right�hand side of the evolution equation.5. To de�ne the trial spa
e, we take a positive de�nite kernel. It shouldbe reprodu
ing in some asso
iated �native� Hilbert spa
e H whi
h is
ontinuously embedded in W τ
2 (Ω), and we require the solution u(·, t)to be in H for all t.6. Then we employ a single �ne�grained and nondegenerate spatial dis-
retization for both the given initial and boundary data and the valuesof trial fun
tions in the interior of Ω. If x1, . . . ,xm are the nodes in Ω,the granularity of the dis
retization is measured by the �ll distan
e

h := sup
x∈Ω

min
1≤i≤m

‖x − xi‖2.3



7. On this dis
retization, we use our smooth kernel to provide generalizedHermite interpolation of both boundary and interior values. This yieldsan a�ne trial spa
e satisfying the dis
retized boundary 
onditions byHermite interpolation, and its linear part is parameterized by a time�dependent ve
tor
w(t) = (w(x1, t), . . . , w(xm, t))T (4)of values at nodes x1, . . . ,xm in the interior of Ω.8. The linear spatial operators o

urring in the evolution equation areapplied analyti
ally to trial fun
tions, and ea
h result is again expressedby w(t).9. In terms of these parameters, the Method of Lines then yields a non-linear ODE system of the standard expli
it form
w′(t) = G(w(t), t), w(0) = w0 (5)for the ve
tor w(t). Initial values are taken from the dis
retization ofthe the initial values of the evolution equation. The boundary 
ondi-tions are built into the trial spa
e via item (7) above.Now for the results of the paper, in equally simpli�ed form:1. The ODE system (5) of the Method of Lines is solvable in [0, T ], if the�ll distan
e h of the spatial dis
retization is small enough to satisfy
Chτ−d/2−kT exp(LT )‖u‖ ≤ R (6)and h < h0 for a 
ertain positive number h0 depending on the domain,the PDE and the smoothness assumptions, where

• L is a Lips
hitz�type 
onstant like in the standard Pi
ard�Lindelöftheory,
• ‖u‖ is the sup of all ‖u(·, t)‖H over t ∈ [0, T ],
• R is a parameter in
reasing with the leeway of F around the exa
tsolution.2. If w(x, t) is the trial fun
tion (1) interpolating the values (4) given bysolving the ODE system (5), there is an error bound of the form

‖(u − w)(·, t)‖∞,Ω ≤ Chτ−3d/2−k(1 + t exp(Lt))‖u‖.4



3. Time�stepping methods using kernel�based trial spa
es for dis
retiza-tion of the spatial variables 
oin
ide with time-stepping for the ODEsystem of the Method of Lines. Thus a separate 
onvergen
e analysisof time�stepping methods is not ne
essary.Consequently, the Method of Lines has an extremely wide appli
ation s
opeand allows a surprisingly general 
onvergen
e analysis whi
h by the previ-ous argument also gives some insight into 
orresponding time�stepping te
h-niques. For illustration, we give a simple example at the end of the paper. It
onsiders the Burgers equation and is reprodu
ing the experimental resultsby Hon and Mao [4℄.The kernel�based Method of Lines is not suggested here as the method of
hoi
e for solving evolution equations numeri
ally, in parti
ular not in the
rude form we analyze it here. But there are some advantages of the Methodof Lines that should be mentioned and that deserve further study, both the-oreti
ally and numeri
ally.There is no time dis
retization on the PDE level, and there is just a singlespatial dis
retization leading to a spa
e of smooth and expli
itly availabletrial fun
tions. Spatial derivatives thereof need no additional dis
retization,be
ause they 
an be applied dire
tly and analyti
ally to the trial fun
tions.This simpli�es both the analysis and the numeri
al implementation via alarge 
hoi
e of admissible kernel�based trial spa
es, and it 
ompletely avoidsspatial numeri
al integration. This is in sharp 
ontrast to �nite element or�nite�volume methods.The analysis given here applies dire
tly to the ODE system to be solvedby the Method of Lines. This makes arguments about time�stepping andstability unne
essary, be
ause these are now part of the ODE solver 
hosen.Note that the majority of appli
ations like [5, 4℄ perform some kind of timedis
retization. Consisten
y is no issue either, due to the way the ODE systemis 
onstru
ted dire
tly from the PDE.Sin
e at ea
h time t one has a smooth non�dis
rete approximation of thesolution, it is easy to implement 
hanges in the spatial dis
retization. Thiswould be 
alled �re�meshing� in standard te
hniques, but here we have ameshless method whi
h does not make assumptions about 
onne
tivity, sothat 
hanges in the dis
retization 
an easily be made by re�interpolation onanother dis
retization. One 
an also implement 
ertain forms of adaptivitywithout serious problems (see an early 
ase by Hon and Mao [4℄), but all5



of these numeri
al enhan
ements should be left to subsequent papers for athorough theoreti
al study.Sin
e there are kernels generating divergen
e�free ve
tor �elds (see Nar
owi
hand Ward [7℄), it should be possible to extend the results to the Navier�Stokesequations. A paper 
on
erning this is in preparation.However, some natural short
omings of the above results should be pointedout, too. First, the theory and the method are only appli
able in 
ases ofhigh regularity, sin
e they 
ompletely ignore the notion of weak solutions.Low regularity 
ases will need a di�erent treatment, but then they usuallyrequire spatial numeri
al integration.There will be no problems for simple 
ases with small Lips
hitz 
onstants of
F on large domains. But if the true solution on [0, T ] runs 
lose to a singu-larity or a sho
k (this is to be expe
ted even for simple spatially univariate
ases like the Burgers equation), one has to expe
t large Lips
hitz 
onstantsalong the solution, for instan
e when terms like u · ux are 
onsidered. Thusone 
annot use large R to get mu
h singularity�free leeway in the 
ondition(6). Furthermore, the Lips
hitz 
onstant L must be valid also on the full ad-ditional leeway needed via R for solvability of the ODE system up to T , andthus users 
annot pi
k a large R unless a

epting huge values of L, spoilingthe gain in (6) for large R. These 
onsiderations lead to the 
on
lusion thatunrealisti
ally �ne spatial dis
retizations will be needed to resolve solutions
lose to singularities, in parti
ular if they are far away in time, i.e. when the
exp(Lt) fa
tor in the error bound hurts most. This is quite natural and willbe appli
able to many other methods as well. The ODE system generated bythe method of Lines will be sti� in su
h situations, but sophisti
ated futureusers will swit
h from a 
oarse to a �ne dis
retization when 
oming 
lose toa singularity.Users might think that there is a way out by using extremely large τ , i.e.extremely smooth kernels and assuming extremely smooth solutions. Butthe 
onstants above will also depend heavily on τ (though not on h), and
ertain proof ingredients will only be valid for all h ≤ h0 below a small h0whi
h also depends on τ . This also enfor
es rather �ne spatial dis
retizationsthrough the ba
k door. Experts in kernel te
hniques might suggest to useanalyti
 kernels with exponential 
onvergen
e rates, but some of the proofingredients are not yet established for this situation. This requires furtherresear
h.The rest of the paper starts with setting up the time�dependent partial di�er-ential equations we admit, and then it des
ribes the kernel�based dis
retiza-6



tions with their spe
ial te
hnique for handling boundary 
onditions. Usingthis dis
retization, the ODE system for the Method of Lines is derived, and itturns out to be a perturbation of another ODE system solved by the values
u(xj, t) of the solution u of the PDE. Then perturbation theory of ODEsis invoked to produ
e the stated results, and a numeri
al example for theBurgers equation �nishes the paper.2 Nonlinear Evolution EquationsConsider a spatial domain Ω ⊂ R

d and various linear operators Li, i ∈ Ia
ting on smooth fun
tions on Ω. We write the spatial variables as ve
tors
x, y, . . . ∈ Ω, and we assume that the operators Li always a
t with respe
tto the spatial variables, even if a time variable t is present later.On a time domain [0, T ] we look for a s
alar fun
tion

u : Ω × [0, T ] → Rsatisfying a nonlinear evolution equation
∂u(x, t)

∂t
= F (Li(u)(x, t),x, t), (7)where for notational 
onvenien
e we assume that the arguments of the right�hand side F 
onsist of all Li(u) for indi
es i in some index set I. This allowsexamples like

∂u

∂t
= F (u,x, t)

∂u

∂t
= F (u,∇u,x, t)

∂u

∂t
= F (u,∇u, ∆u,x, t)with F being smooth and nonlinear, while all spatial operators must be linear.Though we shall �x initial or boundary 
onditions later, we assume strongsolvability of the problem (7) on [0, T ]. This means that u and F have enoughsmoothness to let (7) to be satis�ed pointwise on Ω× [0, T ]. Furthermore, weassume that the time derivatives of the fun
tions Liu(x, t) are still smooth.

7



3 Spatial Kernel InterpolationLet us forget the time variable for a moment and fo
us on the spatial vari-ables. We take a smooth symmetri
 positive de�nite kernel fun
tion
K : Ω × Ω → Rlike the Gaussian

K(x,y) := exp(−‖x − y‖2
2), x,y ∈ R

dor one of Wendland's [8℄ 
ompa
tly supported radial basis fun
tions. Ea
hsu
h kernel de�nes a �native� Hilbert spa
e H of fun
tions on Ω and with aninner produ
t (., .)H in whi
h the kernel K is reprodu
ing in the sense
f(x) = (f, K(x, .))H for all x ∈ Ω, f ∈ H.More generally,

λ(f) = (f, λxK(x, .))Hfor all f ∈ H and all 
ontinuous linear fun
tionals λ from the dual spa
e H∗.The upper index at λx indi
ates that λ a
ts with respe
t to x.We assume the kernel to be smooth enough for what we need, and for reasons
oming up later we assume that its native spa
e H 
an be 
ontinuouslyembedded into some Sobolev spa
e W τ
2 (Ω) for some τ with (3).If one takes a �nite set X := {x1, . . . ,x|X|} of points in Ω, one 
an de�ne atrial spa
e

SX := span {K(xk, ·), xk ∈ X}whi
h is a subspa
e of H . Then it is a standard result of meshless kernel�based te
hniques [9℄ that any fun
tion f ∈ H 
an be interpolated on X by afun
tion s in the trial spa
e SX , i.e.
s(xk) = f(xk) for all xk ∈ X. (8)In fa
t, under our assumptions the symmetri
 �kernel matrix� A with entries
K(xj ,xk) for all xj,xk ∈ X (9)is nonsingular, and if we represent s as

s(x) :=
∑

xj∈X

ajK(x,xj)8



the interpolation (8) is solved via the linear system
∑

xj∈X

ajK(xj ,xk) = f(xk) for all xk ∈ X. (10)For later use, we 
ite a standard result [6, 9℄ on the error behavior.Theorem 1. Assume that the kernel K is smooth enough su
h that its nativeHilbert spa
e is 
ontinuously embedded in Sobolev spa
e W τ
2 (Ω), and let thebounded Lips
hitz domain Ω ⊂ R

d have an interior 
one 
ondition. Thenthere are positive 
onstants C and h0 su
h that for all f ∈ W τ
2 (Ω) and allinterpolants sf,Xh

on any dis
rete set Xh ⊂ Ω with �ll distan
e
h := sup

y∈Ω
min
x∈Xh

‖x − y‖2 ≤ h0the error has a bound
‖Dαf − Dαsf,Xh

‖∞,Ω ≤ Chτ−|α|−d/2‖f‖W τ
2

(Ω) (11)in
luding derivatives up to order |α| < τ − d/2.The assumption (3) gives us enough leeway here for taking |α| ≤ k, themaximal order of spatial di�erential operators we have to 
are for.4 Boundary ConditionsBut in order to handle di�erential equations with boundary 
onditions, weneed more. To see what is needed, we imagine that systems like (10) haveto be posed for ea
h time t. But already for the easy 
ase of time�
onstantDiri
hlet 
onditions, we have to �x 
ertain boundary data of trial fun
tionswhile the rest will be time�dependent. If we want to 
al
ulate via the 
oef-�
ients aj , these will all be time�dependent but subje
t to additional 
on-straints imposed by the Diri
hlet 
onditions. Furthermore, we also want toallow more general boundary 
onditions than Diri
hlet 
onditions.Summarizing, we have to de
ouple ��xed� and �free� parts of the trial spa
e,and we have to in
orporate general boundary 
onditions into the �xed part,admitting derivatives. Thus we generalize the interpolation problem as fol-lows. We assume that our trial fun
tions s(x) on Ω are partially restri
tedby a linear spatial �boundary� operator B and 
ertain 
onditions
(Bs)(x) = g(x) for all x ∈ Γ ⊆ ∂Ω9



with a given fun
tion g(x) on a part Γ of the boundary ∂Ω of the domain
Ω. It is allowed that B 
onsists of several parts, e.g. Diri
hlet 
onditions onone part and Neumann 
onditions on another part of the boundary. Thenwe dis
retize B by the 
onditions

λx

i (s(x)) := (Bs)(yi) = g(yi)for points yi ∈ Γ ⊆ ∂Ω, 1 ≤ i ≤ n. Thus we assume n 
ontinuous and linearlyindependent fun
tionals λ1, . . . , λn ∈ H∗ to be given whi
h will resembledis
retized boundary 
onditions as above. They may take the form of pointevaluations in 
ase of Diri
hlet data, but they may also evaluate a normalderivative, for instan
e, and these types 
an be mixed.In addition to this, and in order to have enough degrees of freedom, we takea �nite set X := {x1, . . . ,x|X|} of points in Ω as above, avoiding the abovepoints, if they 
on
ern Diri
hlet boundary data. Our free parameters will
onsist of fun
tion values at these nodes. To fa
ilitate the notation, we addthe linear fun
tionals δxk
for xk ∈ X to the other fun
tionals, giving us atotal of n + |X| =: N linearly independent fun
tionals whi
h we rename as

µ1, . . . , µN ∈ H∗.To fa
ilitate the notation, we introdu
e the following evaluation operators
EΛ : f 7→ (λ1(f), . . . , λn(f))T

EM : f 7→ (µ1(f), . . . , µN(f))T

EX : f 7→ (f(x1), . . . , f(x|X|)
T

EM = (ET
Λ , ET

X)Tgenerating 
olumn ve
tors, while their transposes generate rows. We usethese operators to generate matri
es and ve
tors. For instan
e, the matrixof (10) is generated by
A = Ex

X(Ey

X)TK(x,y)where the upper index indi
ates the variable to be a
ted on. Similarly, ourboundary 
onditions are
Ey

Λs(y) = (EY B)ys(y) = Ey

Y g(y).Our �nal notational example is the trial fun
tion
(Ex

M )T K(x, ·)a =

N
∑

j=1

ajµ
x

j K(x, ·)10



de�ned for any ve
tor a ∈ R
N .Following a paper [11℄ by Z.M. Wu we apply the theory of Hermite interpo-lation by kernels. We de�ne the trial spa
e

SM := {(Ex

M)T K(x, ·)a : a ∈ R
N}and rewrite ea
h fun
tion

s := (Ex

M)T K(x, ·)a ∈ SMwith a ∈ R
N as its own Hermite interpolant solving the system

Ey

M(Ex

M)T K(x,y)a = Ey

Ms(y)with the symmetri
 positive de�nite generalized kernel matrix
A := Ey

M (Ex

M)T K(x,y) (12)whi
h generalizes the matrix A of (10) and will be needed in all further
al
ulations. But we 
an avoid the kernel 
oe�
ients by going over to aLagrange form via
Ey

M (Ex

M)T K(x,y)V (z) = AV (z) = Ey

MK(y, z)whi
h is solvable for a ve
tor
V (z) := (v1(z), . . . , vN(z))T = A−1Ey

MK(y, z) (13)satisfying the Lagrange 
onditions
(Ez

M )T V (z) = INwith the N ×N unit matrix IN . We shall need later that this splits into fourmatrix identities
(Ez

Λ)T VΛ(z) = I|Λ|, (Ez

Λ)T VX(z) = 0,
(Ez

X)T VΛ(z) = 0, (Ez

X)T VX(z) = I|X|.
(14)We 
an now rewrite s in Lagrange form as

s(x) := V (x)T Ey

Ms(y).If we split V into
V (z) := (v1(z), . . . , vN(z))T =: (V T

Λ (z), V T
X (z))T11



we 
an write
s(x) = VΛ(x)T Ey

Λs(y) + VX(x)T Ey

Xs(y)

= VΛ(x)T Ey

Y g(y) + VX(x)T Ey

Xs(y)to split the representation of the trial fun
tion s in a way we 
an use later,be
ause Ey

Λs(y) = Ey

Y g(y) is �xed by boundary 
onditions, while Ey

Xs(y)is free and will be entering into the di�erential equation. For numeri
alpurposes, we shall parameterize fun
tions s from our trial spa
e in
ludingboundary 
onditions by the ve
tor Ey

Xs(y) ∈ R
|X| only.But we also want to use the fa
t that we have a spatial dis
retization whi
hallows us to evaluate spatial di�erential operators analyti
ally on our trialfun
tions, without any additional dis
retization for taking derivatives. Let Lbe a linear operator a
ting on fun
tions in Ω. Then we have

Ls(x) = (LV (x))T Ey

Ms(y) = (LVΛ(x))T Ey

Y g(y) + (LVX(x))T Ey

Xs(y) (15)and want to re�express the ve
tor LV (x) in terms of the data, like in spe
tralmethods. But this is easy via (13) be
ause of
LV (z) = (Lv1(z), . . . , LvN(z))T

= A−1LzEy

MK(y, z)
= A−1Ey

MLzK(y, z)
= (LVΛ(z)T , LVX(z)T )T .We only have to take our kernel to be smooth enough to allow L, whi
h isguaranteed by (3), and we take analyti
al derivatives of the kernel to generatethe matri
es we need. Note that identities like

Ex

XLs(x) = Ex

X(LV (x))T Ey

Ms(y)
= Ex

X(LVΛ(x))T Ey

Y g(y) + Ex

X(LVX(x))T Ey

Xs(y)arising when evaluating (15) on X yield �di�erentiation matri
es� in the 
on-text of pseudo-spe
tral methods if the boundary 
onditions are not present.See the paper [3℄ of G. Fasshauer for the 
onne
tion to pseudo-spe
tral meth-ods.But we still need an extension of the error bound (11) to the 
ase of additionalboundary 
onditions. We go ba
k to the terminology there, but we add
ertain interpolation 
onditions we do not need to spe
ify in detail, providedthat interpolation in points of a su�
iently dense subset Xh is maintained. If
sf,h is su
h an extended interpolant to some fun
tion f ∈ W τ

2 (Ω), the usual12



minimum�norm property of interpolants implies ‖sf,h‖ ≤ ‖f‖ in the nativespa
e norm. We then invoke results of Nar
owi
h, Ward, and Wendland [6, 9℄to get
‖Dαf − Dαsf,h‖∞,Ω

≤ Chτ−|α|−d/2‖f − sf,h‖W τ
2

(Ω)

≤ Chτ−|α|−d/2
(

‖f‖W τ
2

(Ω) + ‖sf,h‖W τ
2

(Ω)

)

≤ Chτ−|α|−d/2
(

‖f‖W τ
2

(Ω) + ‖sf,h‖
)

≤ Chτ−|α|−d/2
(

‖f‖W τ
2

(Ω) + ‖f‖
)

≤ Chτ−|α|−d/2‖f‖

(16)with generi
 
onstants involving the embedding of the native Hilbert spa
einto Sobolev spa
e. This means that the error behavior still is dependenton the standard Lagrange data in the domain, and the additional boundary
onditions 
an be ignored within the error analysis.5 Time�Dependent InterpolationWe assume that a fun
tion u(x, t) on Ω × [0, T ] is partially restri
ted by aspatial linear boundary operator B and the 
onditions
Bxu(x, t) = g(x, t) for all x ∈ Γ ⊆ ∂Ω, t ∈ [0, T ]with a given fun
tion g(x, t). Like in the previous se
tion, we dis
retize Bby the 
onditions

λx

i (u(x, t)) := (Bxu)(yi, t) = g(yi, t)for points yi ∈ Γ ⊆ ∂Ω, 1 ≤ i ≤ n. Using our standard notation, this is
Ey

Λu(y, t) = (EY B)yu(y, t) = Ey

Y g(y, t).Interpolating u with the methods of the previous se
tion will give a fun
tion
s(x, t) with

s(x, t) = VΛ(x)T Ey

Λu(y, t)) + VX(x)T Ey

Xu(y, t)

= VΛ(x)T Ey

Y g(y, t) + VX(x)T Ey

Xu(y, t)

= VΛ(x)T Ey

Y g(y, t) + VX(x)T Ey

Xs(y, t)

(17)whi
h now is parameterized via the unknown quantitiesEy

Xu(y, t) = Ey

Xs(y, t),while the boundary data are determined.13



For 
onvenient programming, we write the a
tion of an operator L on s(x, t)with values in X as
(EXL)xs(x, t) = (EXL)xVΛ(x)T Ey

Y g(y, t)
+(EXL)xVX(x)T Ey

Xs(y, t)
= BLEy

Y g(y, t) + CLEy

Xs(y, t)where the matri
es BL and CL follow from
DLA

−1 = (BL,CL)
DL := (EXL)x(Ey

M )TK(y,x).
(18)Note that all matri
es are independent of t and 
an be 
al
ulated and storedon startup. Numeri
al 
al
ulation will fo
us on the |X| time�dependents
alar fun
tions in Ey

Xs(y, t) only. They will arise later in the ODE systemof the Method of Lines.6 Euler MethodSin
e many readers may be more familiar with time�stepping te
hniques thanwith the Method of Lines, here is a short detour.We use the representation (17) for our approximate solution at time t. Weassume that the starting values at time t = 0 
an be fully obtained as
Ey

Xs(y, 0) = Ey

Xu(y, 0) su
h that we have
s(x, 0) = VΛ(x)T Ey

Y g(y, 0) + VX(x)T Ey

Xu(y, 0)at startup. We assume the di�erential equation at t to be (7), and we insertour approximation into the right�hand side as a fun
tion. This gives
F (Li(s),x, t)

= F
(

Lx

i VΛ(x)T Ey

Y g(y, t) + Lx

i VX(x)T Ey

Xs(y, t),x, t
)in terms of our free parameters Ey

Xs(y, t). We evaluate this right�hand sideusing the time�independent matri
es of the previous se
tion, and interpretthe result as
∂s(x, t)

∂t
≈

s(x, t + δ) − s(x, t)

δ
.Let us go for the plain Euler method and use the spatial fun
tion

s+(x) := s(x, t) + δF
(

Lx

i VΛ(x)T Ey

Y g(y, t) + Lx

i VX(x)T Ey

Xs(y, t),x, t
)14



as a 
andidate for s(x, t + δ). But this is not in the trial spa
e, and it failsto satisfy the boundary 
onditions. Thus we interpolate s+(x) spatially andenfor
e boundary 
onditions by de�ning
s(x, t + δ) := VΛ(x)T Ey

Y g(y, t) + VX(x)T Ex

Xs+(x).Note that this means
s(x, t + δ)

= VΛ(x)T Ey

Y g(y, t)
+VX(x)T Ex

Xs(x, t)
+δVX(x)T Ex

XF
(

Lx

i VΛ(x)T Ey

Y g(y, t) + Lx

i VX(x)T Ey

Xs(y, t),x, t
)

= s(x, t)
+δVX(x)T Ex

XF
(

Lx

i VΛ(x)T Ey

Y g(y, t) + Lx

i VX(x)T Ey

Xs(y, t),x, t
)as an iteration in the trial spa
e, and by taking the values at X we arrive atthe dis
rete form

Ey

Xs(y, t + δ)
= Ey

Xs(y, t)
+δEx

XF
(

Lx

i VΛ(x)T Ey

Y g(y, t) + Lx

i VX(x)T Ey

Xs(y, t),x, t
)of this iteration, as it 
ould be implemented. One 
an introdu
e the short-hand notation

w(t) := Ey

Xs(y, t)
g(t) := Ey

Y g(y, t)to bring this into the form
w(t + δ) = w(t) + δEx

XF
(

Lx

i VΛ(x)Tg(t) + Lx

i VX(x)Tw(t),x, t
)whi
h 
an be viewed as an Euler step applied to the ODE system

w′(t) = Ex

XF
(

Lx

i VΛ(x)T g(t) + Lx

i VX(x)Tw(t),x, t
)we shall en
ounter in the next se
tion, deriving it di�erently.7 Method of LinesOur version of the Method of Lines �rst repla
es the evolution equation (7)by one on a time�dependent trial spa
e, i.e.:

∂s(x, t)

∂t
= F (Li(s)(x, t),x, t)15



and then dis
retizes this on a set of spatial points in order to get a systemof ordinary di�erential equations. We use the representation (17) again, buttake the time derivative to get
∂

∂t
s(x, t) =: st(x, t)

= VΛ(x)T ∂

∂t
Ey

Y g(y, t) + VX(x)T ∂

∂t
Ey

Xs(y, t)

= VΛ(x)T Ey

Y gt(y, t)

+VX(x)T Ey

X

∂

∂t

(

VΛ(y)T Ez

Y g(z, t) + VX(y)TEz

Xs(z, t)
)

= VΛ(x)T Ey

Y gt(y, t) + VX(x)T Ez

X

∂

∂t
s(z, t).

(19)
This is parameterized by the |X| s
alar fun
tions of time in the ve
tor

w′(t) := Ez

X

∂

∂t
s(z, t)whi
h is the time derivative of

w(t) := Ez

Xs(z, t)parameterizing our trial fun
tions s(x, t). Still without dis
retizing the xvariable, we write down the system
st(x, t)

= VΛ(x)T Ey

Y gt(y, t) + VX(x)T Ez

X

∂

∂t
s(z, t)

= F (Lx

i VΛ(x)Tg(t) + Lx

i VX(x)T Ey

Xs(y, t),x, t)of ODEs making up the semi�dis
rete version of the Method of Lines. It 
anbe rewritten as
VX(x)Tw′(t)

= F (Lx

i VΛ(x)Tg(t) + Lx

i VX(x)Tw(t),x, t) − VΛ(x)T g′(t)and using (14) it takes a parti
ularly simple expli
it form
w′(t) = Ex

XF (Lx

i VΛ(x)Tg(t) + Lx

i VX(x)Tw(t),x, t) (20)if the evaluation operator Ex

X is applied. We already en
ountered this systemat the end of the previous se
tion, and we want to simplify it to
w′(t) = F(w(t), 0, t) (21)16



with the right�hand side
F(z, v(·, ·), t)

:= Ex

XF (Lx

i VΛ(x)Tg(t) + Lx

i VX(x)Tz + Lx

i v(x, t),x, t)
(22)a
ting partially on fun
tions v de�ned and smooth on Ω× [0, T ]. The role ofthe �perturbation� v whi
h is zero in (21) will be
ome apparent in the nextse
tion.Note that the previous se
tion derived an Euler step for solving the ODE sys-tem of the Method of Lines. Other time dis
retizations like Crank�Ni
holson
an also be viewed as time�stepping te
hniques for the ODE system of theMethod of Lines. Thus we do not need to pursue analysis of time�steppingmethods in the standard Lax�Ri
htmyer style. Instead, we dire
tly go fora theory 
on
erning the Method of Lines system dire
tly, without time dis-
retization.8 Dis
rete Error AnalysisFor 
omparison, let us look at equations solved by the true solution u(x, t)if dis
retized at the points of X via

u(t) := Ex

Xu(x, t).The system (7) gives
u′(t) = Ex

XF (Lx

i (u)(x, t),x, t), (23)but the right�hand side is not a fun
tion of u(t), and thus the above systemis not in ODE form. Sin
e
s(x, t) = VΛ(x)Tg(t) + VX(x)Tu(t)is the interpolant to u from (17), we 
an approximate the right�hand side of(23) by something we 
an handle somewhat easier:

Lx

i (u)(x, t)
= Lx

i s(x, t) + Lx

i (u(x, t) − s(x, t))
= Lx

i VΛ(x)Tg(t) + Lx

i VX(x)Tu(t) + Lx

i (u(x, t) − s(x, t)).This turns (23) into
u′(t)

= Ex

XF
(

Lx

i VΛ(x)Tg(t) + Lx

i VX(x)Tu(t) + Lx

i (u(x, t) − s(x, t)),x, t
)

.17



Consequently, the ve
tor fun
tion u satis�es the ODE system
u′(t) = F(u(t), ǫ, t)where we treat the error fun
tion

ǫ(x, t) := u(x, t) − s(x, t)as a �xed perturbation in the right�hand side (22) of the system. Thus we
an now 
ompare the systems
w′(t) = F(w(t), 0, t), u′(t) = F(u(t), ǫ, t)with identi
al initial values

w(0) = u(0) = Ex

Xu(x, 0),where the se
ond system is solvable in [0, T ].At this point, we invoke standard perturbation theory of ODE systems (e.g.Satz 3.1.6 of the textbook [10℄ of H. Werner and H. Arndt, p. 76�77). For
onvenien
e of the reader, here is what we need:Theorem 2. Let Ω ⊂ R
n+1 be a bounded domain, and let

f = f(t, y) : Ω → R
nbe Lips
hitz 
ontinuous with respe
t to y with Lips
hitz 
onstant L on Ω.Furthermore, let u be a 
ontinuous and pie
ewise di�erentiable fun
tion on

[0, T ] with values in R
n su
h that

(t, u(t)) ∈ Ω
‖f(t, u(t)) − u′(t)‖ ≤ ǫ1 where u′(t) is de�nedfor all t ∈ [0, T ]. Furthermore, let (0, y0) ∈ R

n+1 be a point of Ω, and assume
‖y0 − u(0)‖ ≤ ǫ0.Finally, let t1 be the largest point in [0, T ] su
h that the set

{(t, y) ∈ R
n+1 : t ∈ [0, t1], ‖y − u(t)‖ ≤ (ǫ0 + t · ǫ1) exp(Lt)}is 
ontained in Ω. Then there is a unique solution to the system

y′(t) = f(t, y(t)), y(0) = y0in [0, t1] and there is a bound
‖u(t) − y(t)‖ ≤ (ǫ0 + t · ǫ1) exp(Lt)for all t ∈ [0, t1]. 18



We apply this to u(t) := u(t) as follows. Let R be a �xed positive 
onstant,and de�ne Ω to be the union of all sets
{(t, y) : ‖y − u(t)‖∞ ≤ R}.This gives us an �R�tube� around the existing solution, and we assume that

f(t, y) := F(y, 0, t) is de�ned and Lips
hitz 
ontinuous on Ω with Lips
hitz
onstant L. Sin
e we use y0 := u(0), we have ǫ0 = 0, but we have to 
al
ulate
ǫ1. With a 
ommon Lips
hitz 
onstant LF for the relevant arguments of Fwe get

‖F(z, ǫ, t) − F(z, 0, t)‖∞
=

∥

∥Ex

XF
(

Lx

i VΛ(x)Tg(t) + Lx

i VX(x)Tz + Lx

i ǫ(x, t),x, t
)

−Ex

XF
(

Lx

i VΛ(x)Tg(t) + Lx

i VX(x)Tz,x, t
)
∥

∥

∞

≤ LF maxi ‖L
x

i ǫ(x, t)‖∞.If k is the maximal order of the di�erential operators Li, and if the norm of
u(·, t) is taken in the native spa
e of the kernel, we 
an invoke (16) to get

‖F(z, ǫ, t) − F(z, 0, t)‖∞
≤ LF maxi ‖L

x

i ǫ(x, t)‖∞
≤ LF hτ−k−d/2‖u(·, t)‖ =: ǫ1.Now we 
an 
hoose t1 to be the maximal t ≤ T satisfying

ǫ1t exp(Lt) ≤ Rand get solvability of the system (21) on [0, t1] with an error bound
‖u(t) − w(t)‖∞ ≤ LF hτ−k−d/2t exp(Lt)‖u(·, t)‖. (24)Theorem 3. If the spatial dis
retization is �ne enough in the sense of (6),the Method of Lines rea
hes the full solvability range and an arbitrarily smalldis
rete error (24).9 Global Error AnalysisWe now want to bound the error between the spatial dis
retization points.Using he dis
rete values obtained from the Method of Lines, we de�ne

w(x, t) := VΛ(x)T Ey

Y g(y, t) + VX(x)Tw(t)19



as a spatial interpolant to the dis
rete values in the ve
tor w(t) and to thedis
retized boundary 
onditions. As an intermediate fun
tion, we introdu
e
v(·, t) as the spatial interpolant to the values u(t), i.e.

v(x, t) := VΛ(x)T Ey

Y g(y, t) + VX(x)Tu(t).Sin
e v interpolates u and is in the native spa
e H for the kernel, we 
anapply standard 
onvergen
e results like (11) to get
‖(u − v)(·, t)‖∞,Ω ≤ Chτ−d/2‖u(·, t)‖W τ

2
(Ω)

≤ Chτ−d/2‖u(·, t)‖
(25)leaving us with

(w − v)(x, t) = VX(x)T (w(t) − u(t)) .The te
hnique of [2℄ yields boundedness of Lagrange fun
tions for well�positioned s
attered data, and the proof there extends to 
ases where ad-ditional homogeneous data are satis�ed on the boundary, provided that thespatial interpolation points stay away from the boundary by the separationdistan
e. This is done by repla
ing a bound like (11) by (16) in [2℄.Thus we have to expe
t an additional error of size |X| = O(h−d) to arrive at
‖(u − w)(·, t)‖∞,Ω

≤ ‖(u − v)(·, t)‖∞,Ω + ‖(v − w)(·, t)‖∞,Ω

≤ Chτ−d/2‖u(·, t)‖ + Ch−d‖w(t) − u(t)‖∞,Ω

≤ Chτ−d/2‖u(·, t)‖ + Ch−dLF hτ−k−d/2t exp(Lt)‖u(·, t)‖τ

≤ Chτ−3d/2−k(1 + t exp(Lt))‖u(·, t)‖.

(26)Theorem 4. Under the above assumptions, the global error behavior of theMethod of Lines is des
ribed by (26).10 ExampleWe do not 
laim that the Method of Lines in this primitive form is to bepreferred over other methods, but we want to show that it 
an be set to work.Numeri
al improvements are left to future resear
h.Consider the Burgers equation
ut(x, t) = −u(x, t)ux(x, t) + νuxx(x, t), −1 ≤ x ≤ 1, t ≥ 0
u(x, 0) = 1 − x2, −1 ≤ x ≤ 1
u(1, t) = 0, t ≥ 0

u(−1, t) = 0, t ≥ 020



whi
h is known to develop a dis
ontinuity near the boundary x = 1 if theReynolds number Re = 1/ν is large. As a kernel we take the s
aled Gaussian
K(x, y) = exp(−(x − y)2/c2) for all x, y ∈ R.Th spatial dis
retization will simply 
onsist of m + 1 equally spa
ed points

xj = −1 + j ∗ h, 0 ≤ j ≤ m with h =
2

m
.Sin
e the outermost points 
arry the boundary 
onditions, the terminologyof the previous se
tions is satis�ed by de�ning

X := {x1, . . . , xm−1} ⊂ (−1, 1)
µj(f) := δxj

(f) = f(xj), 0 ≤ j ≤ m
Λ := {µ0, µm}.We then form the kernel matrix (12) as

A := Ey
M(Ex

M)T K(x, y) =
(

exp(−(xj − xk)
2/c2)

)

0≤j,k≤mand pi
k a s
ale c su
h that the 
ondition is still reasonable. Then we have
Ey

MK(y, z) = (K(z, x1), . . . , K(z, xm−1))
Tand get a full Lagrange basis v0, . . . , vm via (13) with

(v0(z), . . . , vm(z))T = (K(z, x0), . . . , K(z, xm))TA−1 (27)satisfying the Lagrange 
onditions
vj(xk) = δjk, 0 ≤ j, k ≤ m.Note that the zero boundary 
onditions at x0 = −1 and xm = 1 are satis�edif we use the span of the fun
tions v1, . . . , vm−1 as our trial spa
e. Thus wede�ne

VX(z) := (v1(z), . . . , vm−1(z))T .Sin
e we have zero boundary 
onditions, we do not need the VΛ fun
tions
v0, vm at all.The trial spa
e is then spanned by fun
tions

w(z, t) := w(t)T VX(z) =

m−1
∑

j=1

wj(t)vj(z)21



with the ve
tor
w(t) := (w1(t), . . . , wm−1(t))

Tof unknown time�dependent 
oe�
ients whi
h have the interpolation prop-erty
w(xk, t) = wk(t), 1 ≤ k ≤ m − 1and satisfy the boundary 
onditions

w(−1, t) = w(1, t) = 0by 
onstru
tion. The derivatives of our trial fun
tions 
an be obtained by tak-ing derivatives of (27), but we need everything only on the points x1, . . . , xm−1of X. This 
an be done using the above formulae and simple matrix opera-tions based on (18) and (27) to result in (m − 1) × (m − 1) matri
es
Vx :=

(

v′
j(xk)

)

1≤k,j≤m−1

Vxx :=
(

v′′
j (xk)

)

1≤k,j≤m−1where k is the row index. This yields
wx(t) := (wx(x1, t), . . . , wx(xm−1, t))

T

=

(

m−1
∑

j=1

wj(t)v
′
j(xk)

)

1≤k≤m−1

= Vxw(t)and similarly
wxx(t) = Vxxw(t).The initial data are interpolated by setting

wj(0) := 1 − x2
j , 1 ≤ j ≤ m − 1and then we 
an start the Method of Lines de�ned like in (20) as

w′
k(t) = −wk(t)

(

m−1
∑

j=1

wj(t)v
′
j(xk)

)

+ ν

m−1
∑

j=1

wj(t)v
′′
j (xk)for 1 ≤ k ≤ m − 1. In MATLAB notation this boils down to

w′(t) = −w(t). ∗ Vx ∗ w(t) + νVxx ∗ w(t)and is a simple ODE system with a quadrati
 right�hand side. Note that thematri
es Vx and Vxx are 
al
ulated before the ODE system solver is started.22
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Figure 1: m = 30, Re = 50For nontrivial future appli
ations, these matri
es should be sparse be
ausethey 
ontain derivative sten
ils of a Lagrange basis.Figures 1 and 2 show two examples. The ODE system was solved by theMATLAB 
© routine ode23s. The interpolants to the solutions were plot-ted for time intervals of length 0.1 between 0 and 1.2. Further experimentsshowed that m should grow proportional to Re for large Reynolds numbers.To ensure a stable 
omputation without additional tri
ks like pre
ondition-ing, the s
ale of the kernel should be 
hosen proportional to ν = 1/Re or
1/m. A MATLAB 
© program is available through the homepage of the au-thor. Comparable results were obtained by Hon and Mao [4℄ using time�stepping, and they were improved by adaptive 
hanges of the dis
retization
lose to the sho
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