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For the solution of large sparse linear systems arising from interpolation problems
using compactly supported radial basis functions, a class of efficient numerical al-
gorithms is presented. They iteratively select small subsets of the interpolation
points and refine the current approximative solution there. Convergence turns out
to be linear, and the technique can be generalized to positive definite linear systems
in general. A major feature is that the approximations tend to have only a small
number of nonzero coefficients, and in this sense the technique is related to greedy

algorithms and best n—term approzimation.

1. Introduction

Let Q C IR? be a bounded domain, and let ® : Q x Q — IR be a symmetric
positive definite function. This means that for any finite set X = {z1,...,zx}
of N different points in €2 the matrix

Ax = (®(zj, 2K) 1<jk<N

is symmetric and positive definite. In particular, we think of ® being a radial
basis function generated by a compactly supported function ¢ : [0,hy] — IR
via ®(z,y) := ¢(||x — y||2). In this case, the matrix Ax will be sparse for hy
small enough. However, the reproduction quality suffers dramatically, if kg is too
small. Therefore we shall provide adaptive techniques for choosing the support

radius hy.
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The reconstruction of a function f : @ — IR from its discrete data f|, =
(f(x1),...,f(zn))" on X can be done by an interpolant

N
spx = aj(f, X)®(,z;) (1)

7=1
whose coefficients a(f, X) = (ar (f, X),...,an(f, X))" satisfy the system

Axa(f,X) = f-

The main goal of this paper is to provide methods that efficiently produce ap-
proximate solutions of very large systems of the above form. In addition, we con-
centrate on approximate solutions with only few nonzero coefficients o;(f, X).
The reason is that the evaluation of a full sum in (1) on many points will be too
costly, if the sum contains a term for each data value, and if sparsity is limited
for reasons of approximation quality. In short, we try to approximate N data
with K << N terms, and we want to keep the storage and computational effort
proportional to N. This implies that we try to avoid storage of the full matrix
Ax.

2. Native Space Norm

A crucial tool will be the norm ||.||¢ defined via the inner product

M N
(51,589, )0 = D ¥ ailf, X)a;(g, V) (@i, y)).

i=1j=1
For the special case ®(z,y) = ||z — y|2log ||z — yll2 in IR? the value ||s;x||%
describes the bending energy of a thin plate described by the function sy x.
Thus one should view this norm as kind of an energy. The closure of all functions
of the form s x with respect to the above norm is a (“native”) Hilbert space Ng
of functions in Q. We do not want to pursue this topic any further (see e.g. [7]
for a recent reference), but we need the orthogonality relation

(sfxsf—spx)e =0

for all f from the native space. It is a consequence of the fact that s; x has min-
imal norm under all functions in N that interpolate f on X. The Pythagorean
Theorem then implies

£ = If = sp.xl + llsrxll, (2)
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and we shall make frequent use of this equation.

3. Iteration on Residuals

" of a function f

The orthogonality relation (2) simply says that the “energy’
can be split up into the “energy” of an interpolant sy x plus the “energy” of the
residual f — s; x. We shall apply this “energy split” recursively by interpolating

the residual. More precisely:

Algorithm 1. Start with a given function fy := f € Ng and iterate over an
index k = 0,1,... by interpolating f on some set X C Q by s; := sy, x,. The
next iterate will then be fri11 := fr — sg.

Theorem 2. The functions s; of Algorithm 1 satisfy the summability condition

m

1foll3 = I fmrald =2 (Ifell3 = ki1 13)
k0 (3)

= llskll3-
k=0

Proof. Using Algorithm 1, equation (2) turns into

ka“% = ka - ka-an-“?{) + Hsfk-an-H?{)
= fesalld + lsell3

and by summation we get (3). O

We now want to look for conditions that imply convergence of the residuals fj

to zero, because then our accumulated interpolants

k
gk = 8;i=f— frr1 (4)
i=0

converge to f for k — oo. This needs some further assumptions, since we have
so far not excluded trivial cases like X; = X for all k.
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4. Convergence Analysis

From the energy viewpoint, we should require that s; picks up at least a
certain fraction of the energy of f.

Theorem 3. If there is some positive constant v such that

Isklle =Yl felle for all &, (5)

then the functions fi and the accumulated interpolants g of (4) converge linearly
to zero and f, respectively, in the native space.

Proof. The assertion is implied by
1 Fe+113 = 11763 — lselld < (=) fell5-

|

But since || fx||¢ is not easily accessible in practice, we prefer to use a weaker

seminorm .|, i.e.

[fl« < Cliflle forall f € No. (6)

Theorem 4. If there is some positive constant v such that
|Sk|* 27|fk|* for all ka (7)

then the seminorms | fx|« and | f —gg|« converge to zero for k — co. More precisely,

they form square summable sequences.

Proof. The assumptions (6) and (7) imply

1 foll3 = Il fms113 = i (I£xl13 = 1 fxsa03)

=0
m

Z [EA (8)
=
g—Z | fil?
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and summability of |f|2 = |f — gx_1|?. This is all we can hope for under our
weak hypotheses. O

But note that the seminorm |.|, can be a norm like ||.||2 or ||.||cc on . Then we
would get convergence in these norms, and the requirement (7) in each step still
is manageable. We leave this interesting case and its consequences for calculating

native space norms open for later work.

5. Interpolation on subsets

An important special case arises from a discrete norm |[.|. = ||.||,(x) on a
large subset X = {z1,...,zy} C Q. By standard results on error bounds for
radial basis function interpolation, this is a bounded seminorm on the native
space. We now confine everything to X and use the above argument for s(f, X)
instead of f.

Algorithm 5. Start with data fo|, of some function fo := f € Ng and iterate
over an index k = 0,1,... by interpolating the data fi, of fx on some subset
X C X ={z1,...,zn} C Q satisfying

| felr,xe) = el (x)- (9)
by sj := sj, x,. The next iterate will then be fi11 := fr — s4.

Theorem 6. The functions gj of (4) converge linearly in Ng to s(f, X). Fur-
thermore, the norms |f|z(x) of residuals fj converge linearly to zero.

Proof. We first apply the results of Theorem 4 to s(f, X) instead of f, noting
that everything just works on the finite set X. At each step of Algorithm 5 we
need X; C X and (7) in the form

|sklz,(x) = Y frlz,x) for all &, (10)

which is easily achievable, since we make s to coincide with fr on X; C X by
interpolation. In fact, due to

Skl 1,(x) 2 18kl L,(x0) = frl L, = Y el o0 (11)
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we only require X to satisfy (9).

Then the accumulated approximations g converge to s(f, X) on X. But since
functions of this form are bijectively mapped to their values on X, we have a
convergent iterative scheme for solving large systems of the form (1).

But this is not the end of the story. Since we restrict everything to X and linear
combinations s of ®(-,x;) for z; € X, there are constants ¢; = ¢;(p, X, ®) and
Cy = Ci(p, X, ®) with

clslr,x) < lIslle < Cils|r,(x)

for all such s. But now
c1y
Isklle > c1lsklr,(x) = eV felr,x) > a”fk“@ (12)

implies linear convergence by Theorem 3. a

For smooth radial basis functions and densely distributed points in X, the quo-
tient ¢1/C; can be extremely small, making the linear convergence statement
a purely theoretical issue. The convergence behavior of ||sg||s from (3) often

shadows linear convergence within the numerically relevant range of iterations.

6. Iterative interpolation on single points

Let us look at the above argument for the case where X, consists of a single
point z;, € X = {x1,...,xn}. We get linear convergence via (9) in Theorem 6,
if the condition

|fe(@i ) = Ykl Lo (x) (13)

holds at each step. This is clear for p = oo in (11), and for the other cases we
have

P
1ol ) 2 Fe@a)P 2 Pl oy 2 Al . (14)

Picking the maximum absolute value of the residual at each stage means vy = 1,
and then we have a “greedy” method. Since this extremely simple algorithm
turns out to be unexpectedly useful in case of compactly supported radial basis
functions, let us write it down in some detail. Everything is done on function or
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residual values on a large finite set X = {zy,...,zn}. Storage is needed for X and
the values f|, = (f(z1),... , f(zn))T, which are later overwritten by residuals,
i.e.the values of fr on X. Furthermore, a vector of length N accumulates the
coefficients «; of the functions g, for later use. Storage requirements thus are
N % (d + 2) in d dimensions.

Algorithm 7. For initialization, the values of f = fy on X are generated and
stored. The N coefficients are set to zero. For the startup iteration index &k =0
we further pick some dummy point z;, € X = {z,...,zx} and the dummy
coefficient 3, = 0.

The iteration at stage k then loops over all values of f; on X and does two things
on each value: it replaces fi(z;) by the residual

Jrv1 (i) == fr(xi) — B, @(z4,25,)

and it keeps track of the maximum absolute value of the updated results. After

this loop over N elements, there is some point z;, ., € X = {z1,...,xzN} where
|fer1(7j,0)] = [fe+1lro0(x)> and the interpolant to this value on zj;_, is the
function
Sre1(Zje )
S 1= @(-,xjk+1)—q) ' ]'“'rl )
($]k+1 ’ w]k+1)

Thus we set

B' . fk+1($]k+l)
Jh1 "
. ¢'(xjk+1’xjk+1)

and add this value to the current value of o, , , to update the total approximation.

Then we repeat the iteration for k£ 4+ 1 instead of k.

Due to Theorems 2 and 6, the values |f]| Loo(x) generated by Algorithm 7 are
square summable and converge linearly to zero. This proves linear convergence

of the algorithm, measured in the native space norm or any discrete norm on X.

For curiosity, one can form the energy

fe+1 (xjk+1 )2

2 _
Isells = 37

Jk+17 wjk+1)
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and monitor the monotonely convergent sum over these values according to (3).
The values |fk|r, (x) are also numerically available, and they must converge lin-
early (but not necessarily monotonely) to zero. Furthermore, their squares are
summable, and they must converge to zero at least like 1/k. Though being in-
ferior to linear convergence, this convergence behaviour is the one that can be
numerically observed in early stages of the iteration. These values can be used
as a stopping criterion, but one can also choose any discrete norm | fy| Ly(x) for
this purpose. In view of (3) and (8), a comparison of the sum of squares of |||

and | fx|r,(x) reveals some information on the constants in the error analysis.

Convergence of the algorithm is rather slow, but its merits for extremely large
problems rely on other properties:

e It brings in one coefficient at a time, and it produces approximations that have
less than the full number of nonzero coefficients.

e It does not form any matrix—vector multiplications, and it does not even store

the coefficient matrix.

e Compared to the convergence analysis in [4], its convergence (in theory) is
linear with respect to the index k only, and does not require N such steps to

form a successful iteration.

Let us do a very rough analysis of its performance, based on the weaker conver-
gence behaviour like 1/k. After k steps the order of magnitude of the residuals
will be brought down by a factor of 1/k, and this is achieved by using only &
approximating functions. One can possibly expect 1% accuracy after 100 steps,
using just 100 coeflicients.

This strategy is not useful if one wants an exact solution of a system of, say,
100.000 data points. But it often does not make sense to use all 100.000 degrees
of freedom to solve such a system exactly, coming up with a “solution” with
100.000 coefficients, whose sheer size limits its usefulness. It seems to be much
more reasonable to get away with 1000 nonzero parameters that fit the data to
an accuracy of 0.1%. The above algorithm adaptively picks points (and corre-
sponding coefficients) that are the best candidates for further treatment, and it
turns out to be extendable to an algorithm that is the first to use radial basis
functions of different scales adaptively. We shall address this in the next section.

Some comments towards other techniques seem appropriate at this point.
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e The Faul-Powell [4] method will usually work on a full coefficient vector. Con-

7.

vergence of the latter is proven via steps that need a full sweep over a set of
N directions, and thus each step contains a full coefficient vector. If just a
part of the first sweep is considered, the technique gets comparable to ours,
because it then does not work on a full coefficient vector. Linear convergence

is not proven.

Conjugate gradients have linear convergence like our technique, and in cases
where its convergence rate is numerically reasonable, it outperforms our
method. But it uses matrix—vector multiplications, and these (and the conver-
gence rate) limit its applicability. For large and badly conditioned problems
our technique will already produce some reasonable approximation before the
conjugate gradient method has even finished its first step.

The above technique is a special case of a greedy algorithm as described in [1],
[6],12], [8], and [9]. We use it here for solving a large linear system, but the
analysis in section 3 shows that the notion of a dictionary is applicable here.
Furthermore, it extends to cases with multiple instances of functions ®, or
with radial basis functions of varying scale. We shall exploit these possibilities
later, without using results of the cited literature on greedy algorithms.

General Linear Systems

We now look at the above greedy algorithm in case of a general linear system

Ax = b with a symmetric and positive definite N X N coefficient matrix A. As

usual in the theory of the conjugate gradient method, we define

|||} := =T Az for all z € IRV,

Algorithm 8. For j := 0 start with 27 := 0 € IRY, v/ := —b € IRY. Then
iterate for j =0,1,2,... as follows:

stop if ||r7||« is small enough, else:

| = e
Ok; = —Tij [k, k;
It =gl 4 g e
pItl =i 4 ap; Aeg;  (in practice)

= Az7*t!1 — b (by induction)
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Note that the method introduces only the numerically relevant unknowns due
to its pivoting strategy based on the right-hand side. Thus the technique is
fundamentally different from the method of Gauss—Seidel or Jacobi. Furthermore,
the method does not form any matrix—vector products. It pays for this by a low

convergence rate.

Theorem 9. The iterates 2/ of Algorithm 8 converge linearly to the solution
r* € IRN with Az* = b. The convergence rate can be bounded above via

. : Amin (A
ot = o1 < o = ol (1 - et )
Nmaxk Qk

Proof. By a standard variational argument, the algorithm solves the minimiza-
tion problem
|2* — 27| 4 = min ||z* — 27 — ey, [ 4.
& J
By Pythagoras’ theorem we then get
lz* = a7 |% = lla* — 27 FHI% + ok lle, 1%
From |eg; |3 = ax, &, and |au,| = |77 |0 /ak, k;, We conclude

* :E]+1

[z I = lle™ =I5 = 171130/ an, g, -

We are done if we show

I, > 2ol

lz* = 27|1%.
But this follows from
lz* = 27|14 = (&% = 2))TA(a* —27) = (2 = 2?)"r? < |17 || fl2* — 271
and
Amin(A)|z* = 277 < NAmin (A) 2" — 273

< N(z* — )T A(z* — 27)
— Njja* — 27,

The above algorithm cannot be suggested as a general-purpose solver for sym-
metric positive definite linear systems. It makes sense only for cases where the
application expects to get away with an approximative solution that has many
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zero coefficients. This, however, is the case as soon as bases with some hierarchi-
cal structure or a lot of built—in redundancy are considered. Since preconditioning
can be seen as an appropriate change of basis, it makes sense to investigate how
this algorithm behaves under some additional preconditioning. But we leave such
things open here.

8. Adaptive Scaling

We now want to look at a modification of Algorithm 5 that uses scaled radial
basis functions ®.(z,y) := ¢(||z — y|l2/c?). In particular, we aim at functions ¢
that have support in [0, 1], such that ®.(z,y) vanishes for ||z — y|2 > ¢

Algorithm 10. We fix real constants
age>0<y<pf<l<o.

Furthermore, we use some discrete norm for residuals on a large data set X, and
we need an iteration count K > 1 and a large starting scale ¢. In what follows,
a successful try is defined by a run of K steps of Algorithm 7 at a fixed scale ¢
such that the discrete norm of residuals is reduced at least by a factor of a.

e The outermost loop runs over successful tries until the discrete norm of resid-
uals falls below a prescribed bound e. At each iteration, it uses the other loops
to find a successful try by suitable variation of the values of K and c:

e A middle loop tries larger and larger numbers K, Ko, Ko?, ... of iterations,

and an inner loop
e tries scales ¢,c3,¢3% > ... > ¢y

until a successful try is found.

Since we know that at any fixed scale Algorithm 7 must bring the residuals to
zero after sufficiently many iterations, the middle loop must terminate at each of
the finitely many scales allowed in the inner loop. It terminates using the scale
that roughly takes the fewest number of new points to reach success. Since the
middle loop reduces the residual norm by a certain factor smaller than 1, any

prescribed accuracy can be reached after sufficiently many outer iterations.

Note that the algorithm tries first to get away with as few new points as possi-
ble, using the smallest possible iteration count that leads to a reduction of the
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residuals. For each iteration count, it tests large scales first, but priority is given
to the iteration count over the scale.

Setting K = 1, using a large ¢ and extremely small values of §,1 — 3,0 — 1 will
lead to a very time—consuming optimization, trying hard to reconstruct the data
with as few centers as possible. We shall call such a case an “optimizing” run of
the algorithm in our examples. But there are some economizations that should
be pointed out.

First, extremely small scales will have a very local effect and will not lead to any
reasonable reduction in early stages of the algorithm. This means that the algo-
rithm tends to prefer large scales over small scales at early stages, and extremely
small values of § need not be considered. We found 6 = 0.5 or § = 0.25 quite
sufficient.

Second, if the scales ¢ for successful cases are inspected, they tend to be decreasing
steadily (but not monotonically). Tt therefore makes sense to use an update
formula like

Cnew ‘= P * Csuccess

with some factor p > 1 after each success.

Third, the necessary iterations to reach success have the tendency to increase.
This suggests an update formula

Kpew = 7 - Kgyccess

with some factor 7 > 1 after each success. The two values above are determined
after a successful outer iterations, and used for starting the inner iterations.

A particularly efficient situation is given by p = 7 = 1, forcing successful it-
erations to have weakly monotone increasing or decreasing values of K and c,
respectively. We shall call such a run of Algorithm 10 a “monotonic” run.

If applied for compactly supported radial basis functions, the algorithm in its
above form reaches smaller and smaller scales, until the calculations can be lo-
calized and parallelized. This has not yet been fully exploited in the numerical

examples following in the next section.
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But we want to point out a further generalization. One can view the inner itera-
tion just as a trial of M different radial basis functions, ignoring scale completely.
Since the middle iteration increases the number of iterations for each function, it
will automatically select the radial basis function that reaches success using the
fewest centers. The inner loop must be finite, but after each success of the outer
iteration one can come up with a different set of finitely many candidates for ra-
dial basis functions. It is easy to incorporate thin—plate splines or multiquadrics
at early stages, and one can go over to compactly supported functions when it
comes to resolving local details. Numerical experiments in this direction are still
to be carried out. The notion of a dictionary with respect to a greedy algorithm
in the sense of [1], [6],[2], [8], and [9] applies here, and it is an interesting research
area to pursue this connection further.

9. Numerical Experiments

We start with a reproduction of the following Franke-type function:
3

f(@) =) ajexp(bjllz — a;l3)

j=0
with the values
a; b; Tj
1.0 -0.1 (0.0, 0.0)
1.0 -5.0 (0.5, 0.5)
1.0 -15.0 (-0.2,-0.4)
1.0 -9.0 (-0.8, 0.8)

w N = O >,

To make it less smooth, we introduced a singularity of lower-order derivatives
along the line n — £ = —1.0 by taking f(&,n) — (n — £ + 1.0)n instead of f(&,n)
for n — & < —1.0. The function plot is given in Figure 1, and one can clearly
see the modification in the front right corner. We then picked 40000 random
centers on [—1,+1]? and constructed approximate solutions of the corresponding
interpolation problem, consisting of up to 500 centers. In all examples to follow,
we concentrate on three cases that reduce the maximum absolute value of the
residuals to 10%, 5%, and 1%, respectively. Further reduction should be done by
local techniques provided by a forthcoming paper. The following table shows how
many of the 40000 data locations are necessary to reach the prescribed accuracy:
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Figure 1. Franke—type function

% | monotone optimized

10% 41 27
5% 61 45
1% 125 143

These runs were made with « = 8 = 0.9,y = 0.5,0 = 2, and the starting
scale was ¢ = 10. A more detailed plot of the error as a function of the used
centers is in Figure 2, while the corresponding scales are in Figure 3. Note how
close the monotone run is to the optimized run in both cases, in particular for
large numbers of centers. The error for the monotone run does not lead to a
monotone decreasing error curve, because monotonicity is only attained for the
outer iteration. Since later iterations use large values of K, there are clearly
visible non—monotonic sections in the curve for the monotonic run in Figure 2.
The decrease of the optimized scale in Figure 3 clearly shows that the optimizing
algorithm has a strong tendency to “localize” automatically.

Both figures strongly support our suggestion to prefer the monotonic run over
the optimizing run, if one just wants a quick approximation of 1% accuracy. In
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Max. error versus number of data used
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Figure 2. Error behavior

Support radii versus number of data used
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Figure 3. Scale behavior

particular, the calculation time for up to 500 actually used centers out of 40000
on a notebook with a 350MHz AMD-K6 under Linux was about 1 hour for the
full optimization, as opposed to 100 seconds for the monotone run. If just the
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1% accurate solution based on 125 points is needed, the monotone run needs 30

seconds.

Figure 4 shows how our adaptive technique automatically selects crucial points
near the discontinuity line, if we let the monotone run extend up to 500 centers.
The 1% accurate approximations from the table above do not yet discover the

discontinuity precisely.

Points
1~;'--.:.r~|- T T

Figure 4. First 500 center locations

The mbay.dat data from R. Franke’s webpage [5] are rather difficult to handle,
though they have only 1669 data points. The main problem is their infinite
variation in relative scale. In the NE area of Figure 5 there is an area having
data values exactly zero, and near the origin there is a single sharp positive peak.
Both of these are defined by rather few data values, but there are many and dense
data with small positive values describing a “shallow” area with small positive
data values. The problem is to avoid negative values of the reconstruction in
the zero area, and to avoid errors from the fitting of the peak to propagate into
the shallow area. An exact solution with ¢ = 1.0 is given in Figure 6. Note that
there are areas with negative function values, and there is some visible undulation

near the NE corner. The coarse approximations with our algorithm, starting
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Figure 5. Data locations for mbay.dat

with ¢ = 0.3, yielded the following numbers of centers for a prescribed relative

accuracy:

% | monotone optimized

10% 48 28
5% 109 55
1% 430 335

Even the optimized approximation of Figure 7 is calculated rather quickly (48 sec-
onds on the aforementioned notebook computer) compared to an exact solution
of a full system with 1669 equations.

In all cases one can observe how the residuals and the scales go down proportion-
ally to 1/k, when k centers are introduced. The summability of the squares of
the residuals supports this behaviour, but asymptotic linear convergence is not
visible at this distance from the full solution.

In Figure 6 one can see that the scale ¢ = 1.0 and the C? smoothness of
the radial basis function lead to a Gibbs-type phenomenon. There is not enough
“localisation”. In contrast to this, the greedy method in Figures 7 and 8 produces
too many undulations in the shallow area, because there is too much localisation.
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Figure 6. Exact solution with ¢ = 1.0

A smoothing technique like those proposed by Fasshauer et.al. [3] should be

incorporated.
References
[1] Davis, G., S. Mallat, and M. Avallaneda, Adaptive greedy approximations, Constr. Approx.
13 (1997) 737-785
[2] DeVore, R.A., and V.N. Temlyakov, Some remarks on greedy algorithms, Adv. in Comp.
Math. 5 (1996) 173-187
[3] Fasshauer, G., Gartland, C., and J. Jerome, Nash Iteration as a Computational Tool for
Differential Equations, Preprint 1999.
[4] Faul, A., and M.J.D. Powell, Proof of convergence of an iterative technique for thin—plate
spline interpolation in two dimensions, Preprint DAMTP 1998 /NA08
[6] www.math.nps.navy.mil/ rfranke
[6] Jones, L. A simple lemma on greedy approximation in Hilbert space and convergence rates
for projection pursuit regression and neural network training, Ann. Statist. 20 (1992) 608
613
[7] Schaback, R., Native Spaces of Radial Basis Functions I, in: M.W. Miiller, M.D. Buhmann,

D.H. Mache and M. Felten (eds.), New Developments in Approximation Theory, ISNM Vol.
132, 255-282, Birkh&user, Basel, 1999.



R. Schaback & H. Wendland / Adaptive Greedy Techniques for RBF Systems 19

Figure 7. Optimized run with 335 centers
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Figure 8. Monotonic run with 430 centers



