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Abstract

Based on a new finite element method, which is introduced in [1], for the numerical solutions of partial
differential equations posed on moving domains, this thesis extends the stabilized implicit Euler method
in time to some higher order stabilized mehtods in time. A standard geometrically unfitted finite element
method with a stabilization term is still using for space discretization. This thesis includes a stability analysis
on the full discretization mehtod. The numerical example demonstrate the practical efficiency of the higher
order methods.

Keywords : moving domains, higher order, unfitted finite element method.
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Chapter 1

Introduction

Partial differential equations(PDEs) arise in a wide variety of sciences and engineering applications.
Many cases are PDEs posed on moving domains, we may call theses cases as moving domain
problems. This remains a challenge within the general subject of numerical simulation of PDEs.
One example is the simulation of two cells mergeing into one big cell. The interfaces that separate
these two cells may have large deformations and even topology changes when they are merging.
Hence, the essential framework of moving domain problems is geometric since the domains
on which PDEs posed change all the time. Hence, relative to static domain problems, moving
domain problems are more complicated. The efficient and accurate simulations of moving domain
problems require the development of advanced numerical techniques.

The finite element method(FEM), cf. Figure (1.1(a)), is a standard numerical method for solving
PDEs by approximating continuous quantities as a linear combination of discrete basis functions,
regularly spaces the domain into so-called elements and employs a mesh fitted to the geometry i.e.
the boundary of the physical domain coincides with the boundaries of the elements. Although FEM
can be applied to the problems of complex geometry, when the geometry is evolving with strong
deformation, keeping the mesh conforming to the geometry may lead to significant complications.
Thus, unfitted finite element method (unfitted FEM), cf. Figure (1.1(b)) is receiving rapidly
increasing interest in recent years. Relative to FEM uses a fitted mesh, unfitted FEM uses an
unfitted mesh which means the mesh is independent of the geometry i.e. the boundary of the
physical domain may not coincide with the boundaries of the elements. Therefore, it simplifies
the construction of numerical methods for the moving domain problems that exhibit strong
deformation or even topology changes.

In unfitted FEM method, level set methods are used to describe the geometry. The level set function
make it easy to represent the shapes that are changing and provides numerical computations

without having to parameterize the objects.

Since in the unfitted FEM method the mesh is not fitted to the geometry, an implementation of
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2 CHAPTER 1. INTRODUCTION

such method thus requires an evaluation of integrals on the so-called cut elements [2]. Cutting the
elements can lead to elements with very small intersections, or we say small cut elements, with
the boundary of domain. Such small cut elements may cause ill-conditioning when we compute
numerical solution of PDEs and prohibit the application of a whole set of inverse inequalities. To
this end, a stabilization term is often added to control the discrete functions on small cut elements by
close-by neighbors with large intersection to overcome the ill-conditioning and stability problems.

In [1] and [3], a new FEM to solve numerical solution of PDEs posed on moving domains has been
proposed and analyzed. Instead of using a space-time variational framework, the time derivatives
are discretized by finite difference approximation and a standard geometrically unfitted finte
element with a stabilization term is used to accommodate spacial variations. This method, unlike
space-time Galerkin methods, does not require a reconstruction of physical domain on each time
slab.

Based on the results from [1] and [3], in this thesis we introduce some higher order mehtods for
time discretization. We also give three characterizations of tripazoidal rules for moving domains
and a midpoint rule for moving domains. A geometrically unfitted FEM with a stabilization term
which is introduced in [1] is used for the spacial discretization. The goal of this thesis is to construct
a fully discrete method with higher order stabilized time stepping for PDEs posed on moving
domains.

1.1 Outline of the thesis

The outline of the thesis is given as follows:

e In Chapter 2 we describe a mathematical model of PDEs posed on time-dependent domains
and the fundamental numerical techniques for solving this type of problem.

o In Chapter 3, with an extension operator we discuss some higher order semi-disretizations
for moving domains. We extend the implicit Euler time stepping method to BDF2 and BDF3
time stepping methods. We introduce an explicit Euler semi-discretization, and combine with
the implicit Euler semi-discretization we introduce three characterizations of trapezoidal

rules for moving domains and a midpoint rule for moving domains.

o In Chapter 4, in the full discretization of the methods introduced in chapter 3, we combine
the solution with a stabilization term.

o In Chapter 5, we present the stability analysis of a full discretization based on stabilized
BDEF2 time stepping mehtod, a full discretization based on stabilized explicit time stepping
method and first and second characterizations of tripazoidal rules.

e Chapter 6, we presents the numerical experiments of the implicit Euler stabilized time
stepping method, BDF stabilized time stepping methods and the explicit Euler time stepping
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method.

o Conclusion in Chapter 7 with a summary of the thesis. Open problems will be discussed and

we propose some directions for further research.
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(a) Mesh fits PDEs domain. The boundary of physical
domain coincides with the boundaries of the elements.
The mesh is called fitted mesh.

(b) Mesh contains PDEs domain. The boundary of
physical domain does not coincide with the boundaries
of the elements. The mesh is called unfitted mesh.

(c) Elements cutted by the boundary of domain. The
thick color elements are elements cutted by the bound-
ary of domain.

Figure 1.1: Finite elements. Sketch(a) illustrates fitted finite elements. Sketch(b) illustrates unfitted
finite elements. Sketch(c) illustrates the elements which are cutted by the boundary.
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Chapter 2

Mathematical model and fundamental nu-

merical techniques

In this chapter, we describe a mathematical model of PDEs posed on moving domains. Further, we
briefly introduce the numerical techniques which are used to solve this type of problem.

2.1 Mathematical model

2.1.1 Notation
We define Q, := Q(¢), I'y :=I'(t) = 09Q;. We are given a sufficently regular time-dependent domain
QCcRY d=2,3, tel0,T], T >0. (2.1)

We assume that €2, moves smoothly for all ¢ € [0,7]. Suppse there is a one-to-one continuous

mapping which is introduced in [1]
U(t): Qo — Q, Vtel0,T] (2.2)

from the reference domain 2y C R%. Forall ¢ € [0, T, the time-dependent domain (2, together with
its neighborhood
O5() = {x € R? : dist(x, Q) < 6}. (2.3)

are contained in a polygnoal background domain ), cf. Figure 2.1,where
0 = cswo At, ¢s > 0. (2.4)

with wi, := max,co, 1) [w - HHLOO(Ft)'
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Figure 2.1: -neighborhood Os(€;) of 2,

2.1.2 Mathmatical model

The mathematical model is taken from [1]. Let w : Q; — R? be the material velocity of the particles
from Q,, then the continuous mapping ¥, can be defined as a Lagrangian mapping from € to €2,
ie. Yy € Qp, ¥(t,y) solves the ODE system

Yo(y) =y,

25
aqlatt(y) =w(t, U (y)), t €10,7] (2.5)

Then the transient convection-diffusion equation in conservative form in €2, is given by

% +diviuw) —vAu=f, t€]0,T] (2.6)

where v > 0 is the constant diffusion coefficient and w is the velocity field. Let n be the unit normal
on the boundary I'; := 0€);. In this thesis we assume that the flux is zero on I'; i.e.

Vu-n=0 onTy, te(0,T)]. (2.7)

Then the time-dependent convection-diffusion problem is complemented by the governing equa-
tion (2.6), the initial condition u(x,0) = uo(x) at time ¢t=0 and flux boundary condition (2.7), cf.
Figure 2.2 for an example.

Remark 1. (2.7) is a suitable boundary condition for the conservation of w which can be obtained by

applying Reynold’s transport theorem for moving domains.



2.2. NUMERICAL SETTING FOR THE SPACE DISCRETIZATION 9

Oru + div(uw) — (@Au) = [ in
V¥ AVAVAVAVAVAY,

~

»
o’

Boundary condiation:
Vu-n=0 on I}

Level set approximation:

0 :={¢(-, 1) = 0}

Figure 2.2: Mathematical model of PDEs posed on moving domain. €2, is a polynomial background
domain. €, is a time-dependent domain which is approximated by a level set {¢(-,¢)} and moves
smoothly in the w velocity field. I'; can be described by {¢(-,t) = 0}. The flux is zero on T,

2.2 Numerical setting for the space discretization

The numerical setting for the moving domains in this thesis is based on an unfitted FEM for the
space discretization, a representation of the geometry by a level set and time discretization by

methods based on finite differences.

2.2.1 Unfitted discretization in space

Motivation

Standard FEM is usually a fitted discretization method which means that the mesh fits the PDEs
domain. Relative to standard FEM, unfitted FEM means that mesh contains the PDEs domain, cf.
Figure 1.1. The advantages of unfitted FEM is that it avoids remeshing when strong deformations

or topology changes occur and mesh generation for complex geometries can be much cheaper.

Construction of unfitted finite element spaces

Let {75 }n>0 be a family of shape regular triangulation of 2 consisting of simplexes T with a
characteristic mesh size h := max{hr,|Ts € 7y}, cf Figure 2.3. In Figure 2.3 we observe that
the boundary I'; does not coincide with elements boundaries, so the triangulation is unfitted.
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Cut elements
\/

Figure 2.3: Unfitted triangulation. The background domain (2 is covered by a triangulation {7}, } 0.
The triangulation {7 },>0 contains the physcial domain €2;. The boundary I'; does not coincide
with the elements boundaries, so the triangulation is unfitted. The yellow elements are example
elements which are cutted by the boundary I';

The elements Tt, , with I', (75 # 0 are called cut elements. We introduce some notation for
unfitted triangulation. We define Q" := Q, ,I'" :==T ,n = 0,1,...,N. VI € T, we denote
Ty == T5(1Q" the part of T5 in Q" and '}, := T ()" the part of the boundary lies in 7. We
denote Ipy = {Ts : Ts ('™ # 0} the set of elements that are cutted by the boundary.

In semi-discretization method, we combine the solution with its extension in each time step. In
full discretization method, the extension can be realized by a stabilization term which is used to
combine the solution and the extension on a discretely extended domain. We can choose a suitable
S, so that Q)" is contained in the extended domain Oj, (QF). To this end, we consider a active
mesh, cf. Figure 2.4 which is defined in a slightly simpler version in [1]. It is the set of all elements

that have some parts in the extended domain,

7;'” ={S € Tp : dist(x,Q}) <1 dpfor some x € S},

o . (2.8)
O5 7 ={xeS:SeT{"}.

Here [ € N indicates the number of time steps in which the domains Q7 Q7! ... Q7 are still
contained in the domain corresponding to 7;”. On these (extended) active meshes, we construct

the unfitted finite element spaces
Vili={v e C(OF' 1) v € PR(S), VS € T}, k> 1. (2.9)

These spaces are the restricions of the time-independent bulk space V}, on all simplices from T(S”’l.
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Figure 2.4: Active mesh. The yellow mesh is the active mesh at time ¢ on which we define the
unfitted finite element space V;* = V;"".

If no index [ is used, we assume | = 1, i.e. we extend the domain only for the next time step and
define 7" == T3, 05, 7 == Oy and Vi := VL.

2.2.2 Representation of geometry

Level set methods are a conceptual framework for using level sets as a tool for describing surfaces
and shapes. The advantage of the level set model is that one can perform numerical computations
by the Euclidian approach [4]. Also, the level set method makes it convenient to follow shapes
that change topology, for example a cell spliting in two cells or two cells merging into a cell. All
these make level set method a suitable tool for modeling time-varying objects of moving domain
problems.

Level set methods amount to representing a closed curve using a function ¢ which is called level
set function. In moving domain problems, this closed curve is the boundary of the moving domain
Q; defined as I'; := 0. It can be represented as the zero level set of ¢ by

Iy ={(¢(,t) =0}, te€[0,T]. (2.10)

The level set method describes the boundary I'; implicitly through the level set funtion ¢. The
function ¢ takes positive value outside the region delimited by I'; and negative values inside. See
Figure 2.5 for an example.
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Iy

1

1

¢(t1) <O F (1) >0

\WAVAWAN WA WAWAWA

Level set approximation:

082 :={¢(-, 1) = 0}

Figure 2.5: An example of geometry description by level set method.

2.3 Basic finite difference method for time integration of ODEs

2.3.1 Motivation

For a moving domain problem, the system of equations generated by spacial discretization is not a
system of ODEs. So we can not directly apply standard numerical methods to time discretization.
The modified numerical methods for time discretization will be introduced in next chapter. Before
that, we recall some basic finite difference methods for time derivatives.

2.3.2 Ordinary Differential Equations

First-order ODE system can typically be written in explicit form
uy = f(t,ur) (2.11)

where f : [tg,00) x RY — R%, u: [tg,00) — R If the value of u(ty) = ug € (2 is given, then the
pair of equations
wy, = f(t,ug), ug, = uo (2.12)

is known as an initial value problem.

Remark 2. Numerical methods for solving first-order initial value problems often fall into one of two large
categories: linear multistep methods or Runge-Kutta methods. A further division can be realized by dividing
methods into those that are explicit and those that are implicit.
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2.3.3 Finite difference based methods

The Euler methods

To discretize the ODE in time with ¢ € [0, T, the time interval is discretized by a temporal grid
O=to<t1<ta<..<tp_1<t,="1T. (213)

The standard finite difference discretization of the time derivative is given by

un+1 —un

A =M ) + (L= N f (@ t), 0S4 <1 (2.14)

where At = t,, 1 — t,, be the time step size and A is the implicitness parameter with

A =0, the forward Euler method with local truncation error O(At?)
1
A= 2 Crank-Nicolson method with local truncation error O(At*) (2.15)
A = 1, the backward Euler method with local truncation error O(At?)
Remark 3. The forward Euler method is an example of an explicit method with first order of accuracy. This
means that the new value u™ ! is defined in terms of things that are already known, like u™. The backward
Euler method is an implicit method with first order of accuracy, meaning that we have to solve an equation

to find u™ 1. Crank-Nicolson method is an average step of the forward and the backward Euler method with
second order of accuracy.

Backward differentation formulas (BDF methods)

The backward difference is a finite difference defined as

n —

Spu = 0u" = u —u" L, (2.16)

where ¢ denotes the backward difference operator. Repeating the operation of the backward
difference operator, we obtain the higher order differences

82u = §(6u™) = §(u™ —u™t)
= ou" — duln — 1)
_ (un o un—l) _ (un—l o un—2)

=" — 2un—1 + un—2

(2.17)
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The differentiation of Newton’s interpolation fomular which is introduced in [5] leads to the

equation

k
> opdlurtt = At (2.18)
j=1

where At denotes the time step and o are coefficients generated by Taylor extension. Here, we
expand (2.18) by only choosing k = 1,2, 3 and obtain the BDF schemes:

un+1 _ un :AtfnJrl’

3 n n 1 n— n

U T oum 4 e L=Agfrt (2.19)
11 3 1
r u" = 3u™ 4 §u”71 — gu"*Q =AtfrHL

Remark 4. It is well known that only first- and second-order BDF schemes are A-stable. The definition of
A-stability is given in [6].

Definition 2.3.1 (A-stability). A k-step method is called A-stable, if all solutions of of (2.20) tend to zero,
as n — oo, when the method is applied with fixed positive At to any differential equation of the form

u' = cu, u(0) =ug € C (2.20)

where c is a complex constant with negative real part.
Remark 5. Let p be polynomial order of temporal discretization. An A-stable multistep method must be of
order p < 2. More details on A-stability are available in [6] and [7].

Stability of BDF methods

The stability regions for the BDF methods of order 1 to 6 are shown in Figure 2.6. The stable regions
are the exterior of the contours indicated. Note that BDF methods of order 1 to 6 are suitable for
stiff equations, since they are stable along the whole of the negative real axis. The contour of the
BDF method of order 7 crosses the negative real axis, making it and any higher order BDF method
of no value, cf Figure 2.6.

Remark 6. The second-barrier of Dahlquist limits the utility of the BDF schemes for order great than 3 as a
general purpose scheme. References [8] and [9] show that we can solve many computational fluid dynamics
problem using BDF3 scheme but still face numerical instabilities when simulating unsteady problems. The
reference [10] gives an idea of constructing an optimized, 2nd order, backward differencing formulation
BDF2OPT by a linear combination of BDF2 and BDF3 four time levels schemes or BDF2, BDF3 and BDF4
five time level schemes, with an error constant half as large as the conventional BDF2 scheme.

Summary

So far we described a mathematical model of PDEs posed on moving domains and introduce

the numerical settings for this type of problem. Further, we recall some classical finite difference-
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Absolute Stability Region for 1-step BDF

Absolute Stability Region for 2-step BDF

Absolute Stability Region for 3-step BDF

(©

Absolute Stability Region for 5-step BDF

(e

(b)

Absolute Stability Region for d-step BDF

(d)

Absolute Stability Region for 6-step BDF

(f)

Absolute Stability Region for 7-step BDF

15

Figure 2.6: Stability region of BDF methods. The plot are generated using the Nodepy python

package [11]
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based methods for ODE systems such as the Euler methods and BDF methods. Since the system
generated by spacial discretization is not a system of ODEs for moving domain problems in an
unfitted setting, in order to compute numerical solution we introduce a spacial extension operator

and some modified finite difference methods in next chapter.
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Chapter 3

Semi-discretization method

In this chapter we apply some of the basic ODE integrators to time integration of moving domain
problems. The remain challenge is that the system of equations which are generated by spacial
discretization are not systems of ODEs. To this end, we introduce a modified numerical mehtod for
time discretization. The method is based on the fundamental result of the existence of continuous
extension operators in Sobolov spaces. The result allows to identify the solution to the PDE with
its smooth extension and further to design a finite element method, which solves at each discrete

time instance for the extended solution in the computational domain.

Using the continuous spacial extension operator £ we can deal with time derivatives by finite
differences in the physical domain at least within one time step. We add a stabilization term to
the unfitted finite element formulation which yields a numerical approximation to the extension
operator without any explicit extension step. This stabilization term acts in a narrow band
containing the physical domain boundary.

3.1 A continuous spacial extension operator £

In chapter 2 we define a §-neighborhood Os(Q2") of 0", cf. Figure 2.1. O5(2") is set to be large
enough so that
Q" c 05;(Q"), n=0,1,.. N. 3.1)

The continuous spacial extension operator £
Suppose 2 € R? with Lipschitz boundary, the Sobolev space W (), 1 < p < oo, consists of all
u € LP(Q) with Vu € LP(Q). It is a Banach space equipped the norm

lullwro) =lull o) HIVUll Lo ) (3.2)

19



20 CHAPTER 3. SEMI-DISCRETIZATION METHOD
When p=2, it is a Hilbert space equipped the norm

||u||H1(Q) :HU”LQ(Q) +||VU||L2(Q) (33)
We call 2 is a WP-extension domain with a bounded linear operator
£ :WHP(Q) - WHP(R?) such that Eulg = ulq (3.4)

Remark 7. Domains with Lipschitz boundary are uniform domains, in [12] Jone Peter.W shows that
uniform domains are W-P-extension domains.

In order to define the extension operator for the time dependent domain Q2" with Lipschitz boundary
to its neighborhood O(2™), we can assume that the initial domain Q° is a W'-extension domain

with the bounded linear operator
£t WEP(QY) - WEP(RY) st Eyulgo = ulgo (3.5)
and define a corresponding extension by transformation
Eup = (Elug o Uy)) o UL Ve (0,T). (3.6)

In [1], C. Lehrenfeld and M.A. Olshanskii give a detailed description to show the existence of the
extension operator £ and complete proofs [ [1], Section 3.22] of numerical stability of £. Using this
extension operator, we can obtain the semi-discretizations for PDEs posed on moving domain.
Remark 8. The extension operator &, _j, means the extension layer has size k - § and starts from Q™. If
k = 1 we skip the index, i.e. £, = &, 1.

Lemma 1. Assume the extension operator £ : H'(Q) — H(O5(9)) is continuous. Then it can be
identified with a continuous extension operator £* : H=1(Q) — H~1(O05(12)).

Proof. Let g € H~'(Q), then there is u, € H*(Q) with g(v) = (ug,v) g1(q) for all v € H*(Q) (Riesz).
We define u} := Eu, and define (£%g)(v) = (Eug,v) a1 (05)), v € H'(O5()). As the Riesz
representation is an isomorphism continuity follows directly. O

3.2 Stabilized time stepping based on implicit methods

For simplicity, we use uniform time steps At = %, t, = nAt, n=0,1,..., N. We define the time

inteval as I,, := [t,,, tp+1) and the boundary at time step ¢,, as '™ :=T, .
3.2.1 Stabilized time stepping based on the implicit Euler method

In this method we combine the numerical solution for ™ with its extension on O5(Q2") in each
time step by a continuous spacial extension operator £, : H(Q") — H'(Os(2™)) which extends
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funcions on Q" to functions on Os(2™). This setup guanrantees that u™ ! is well-defined on Q".
To be more precise, an implicit Euler semi-discrete scheme consists of sampling (2.6) at ¢,, and
approximating the time derivatives by a backward difference

_ u™ — &, _1u"71
Dy e, U= #, n=1,2,...,N. (3.7)

The approximation (3.7) turns (2.6) into a differential equation which is discrete in time.
With (3.7) we can obtain the semi-discretization as

n __ n—1
- ut —Epau Au™ + f*, n=1,2,..,N (3.8)

D?:,t,gn7 1 At

holds in H~1(Q"), where f™ € H~'(Q"). The operator A is defined as
Au™ = aAu” — div(u"w™). (3.9

Hence, the variational formulation is : Suppose u® € H!(QY), find u™ € H'(Q"), s.t. Vo € H}(Q")
there holds

/ (u" gn_lun_l)vdx +a"(u",v) = ffudx, n=1,2,...N (3.10)
on At an

where a” (-, -) defines the bilinear form for diffusion and convection parts.

Remark 9. The coercivity of the bilinear form on the L.h.s of (3.10) implies that we can choose a suitable
small time step and in each time step there is an unique solution. This is arqued by Lemma 3.1 in [1].
Remark 10. In the spatial discretization the extension operator &,,_1 from (3.10) is directly incorporated
in the (stabilized) solution of the previous time step so that only one linear problem has to be solved in each
time step of the implicit Euler method. The result of each linear solution step corresponds to E,u™ so that it
is defined already on Q" 1.

3.2.2 Stabilized time stepping method based on BDF methods

In this section, we extend the implicit Euler time stepping method to BDF2 and BDF3 time stepping
methods for moving domains.

Stabilized time stepping based on BDF2 method

We obtain the formulation by induction. In order to compute the approximated solution u? €
H'(9?) we need first to obtain the approximated solution u! € H!(Q!). Suppose u° € H(Q°), we
extend Q° to its 2§-neighborhood 05(Q°) by an extension operator & : H!(Q") — H'(025(02°))
s.t. Q1,02 C 025(Q). This setup makes u® and u! well-defined in {Q!, Q%}. When n=1, it is an
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du - u? — &ut — Eul
t at'=r " At

[T DO / e

€1

to > T

0

Figure 3.1: BDF2 method for moving domains. We extend Q° to O95(Q°) s.t. Q! C 055(Q0°).
The green line illustrates an implicit step. Within the step we apply an extension operator &
to u’ to compute u'. The orange line illustrates the extension from Q' to O5(Q2'). This setup
makes Q2 C O5(Q') C Oq5(Q°). The red line illustrates the first BDF2 step. €y := O5(Q°)\QV.
e = Os(QN\QL.

implicit Euler time stepping, we compute the approximated solution u' by using (3.8)

1_¢.0
% = 4u’ + 1, (3.11)
where Au' € H=1(Q') and f! € H-1(Q1).

When n=2, it is an BDF2 time stepping, we extend Q2! to its §-neighborhood O;(2!) by an extension
operator & : H(Q') — H1(O5(Q1)) s.t. u! is well-defined in Q?, then we obtain the approximated
solution u? € H'(Q?) by

;ug —2&ut + %507.140 = At(Au® + f?), (3.12)

where Au? € H71(Q?) and f? € H~1(Q?), cf. Figure 3.1.

By the analogy, we obtain the semi-discretization based on stabilized BDF2 time stepping method
as : Suppose u’ € H'(Q°), u! € H(Q'), forn = 2,3,..., N there holds

3u — 4, _u" T + &, _oun 2
2At

= Au™ + fm, (3.13)

with £,_1 : HY(Q"1) = HY(O5(Q1), £y : HU(Q2) — H(O25(Q"~2)), where Au" ¢
H=1(Q")and f" € H71(Q").

The variational form is : Suppose v° € H1(Q°), u! € HY(QY), find u* € HY(Q"), st. Vv €
H'(Q"), n=2,3,..., N, there holds

1
/ (gu" — 28, qu 4+ §5n,2u"_2)vdx +a"(u",v) = fMudz. (3.14)
n Q’!L

where a”(u™, v) is the bilinear form for diffusion and convection parts.
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Stabilized time stepping based on BDF3 method

Based on the stabilized implicit Euler and stabilized BDF2 semi-discretizations, we can obtain the

semi-discretization based on stabilized BDF3 time stepping method as

1™ — 185, _1u™ ! +9&,_ou™2 — 2&,,_su™ 3
6At

= Au" + f", n=3,4,..,N. (3.15)

where Au” € H71(Q") and f* € H'(Q"). The extension operator &, 3 : H'(Q"™3) —
H'(O035(2"?)) extends the functions on Q° to the functions on O35(02°) s.t. u"=3 y"=2 y"~!

are well-defined on Q".
The variational form is :

Suppose v’ € H'(Q%), v' € HY(Q') and v? € H'(Q?), find v € H'(Q"), Vv € H'(Q"), n =
3,4, ..., N there holds

11 3 1
/ (Eu" —3&,_u" T+ §5n_2u"72 — gé'n_gu”*?’)vdx +a"(u",v) = fMdx, (3.16)
Qn Qn

where a”(u", v) is the bilinear form for diffusion and convection parts.

3.3 Stabilized time stepping based on explicit Euler

Compared to the implicit time stepping methods, the explicit time stepping methods calculate the
new approximated solution based only on previous time levels.

3.3.1 The explicit time stepping method

A naive idea is that applying the extension first and then stepping on the new domain, i.e. we

extend functions on Q° to O5(Q°) by an extension operator & s.t. ' C 05(02°) and " is well-

defined in . Suppose u? is well-defined on Q2°, using the explicit Euler time stepping method we
formally have

1_¢,0

% = A’ + & f°  in QL (3.17)

Remark 11. The problem (3.17) is neither well-posed in L?(Q') nor in H'(Q'). On the one hand the

operator norm || A =sup=4%Y> is unbounded if the problem is posed in L*(2"). On the other hand the

fl]]

Lh.s. bilinear form is not coercive (and not inf-sup stable) if the problem is posed in H*(Q'). This is why we
treat the development of discretizations in this section only formally. The resulting discretizations are of

value anyway as after spatial discretization the problem will become well-posed again. The operator norm

<Av,v>
(o]l

|A|| =sup of the discrete problem will be bounded (depending on h though) even if the problem is

posed only in L*(QY) (due to inverse inequalities).

We assume now that u' is well-defined on Q'. Similarly, we extend functions on Q' to O5(Q2') by
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Ou‘ N u? — &ul
ot'= T AL

2

ty

to

Figure 3.2: The naive explicit Euler method with an extension operator £. The green line illustrates
the first explicit step. We extend Q° to O5(Q°) by using & s.t. Q! is a subset of O5(Q°). € =
05(29)\Q°. The red line illustrates the second explicit step. We extend Q! to O;(Q') by using &;
s.t. Q2 is a subset of O5(Q!). €3 := Os(N2H)\ Q!

an extension operator &; s.t. 2% C Os5(Q') and u' is well-defined in Q2. Using the explicit Euler
time stepping method we obtain (formally)

u? — &ut

A = At + &) in@, (3.18)

cf. Figure (3.2).

By the analogy, we obtain the naive explict Euler time stepping method for moving domain
problems : Suppose u° is well-defined on Q° so that for n=1,2, ..., N, there holds

u' = Eu® + At(A&yu® + & f°) in Q'

u? = Eut + At(A&ut + £ fY)  in Q2
(3.19)

u" = Ep qu" T AHAE, u" T M) in Q.

Another idea is that applying the explicit Euler time stepping method on the last domain first
before extending to the current domain. Suppose u’ is well-defined on 27, then using the explicit
Euler time stepping method we formally have

at —u?

— 4,0 0 i 0
A7 Au” + 7 inQ°. (3.20)

Let us stress that the setting and conclusions from Remark 11 are also valid here. We assume @'
is well-defined on Q° and extend @' to u' by a proper extension & s.t. u! is well-defined in Q.
We obtain the approximated solution u'=£ya'. Similarly, using the explicit Euler time stepping

method we have
a2 — ut

At

=Aut + f1 in QL (3.21)
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t

to

ty

to

Figure 3.3: The explicit Euler method with an extension operator £. The green line illustrates the
first explicit step. We extend Q° to O5(Q°) by using &, s.t. Q! is a subset of O5(Q°). €1 := O5(Q2°)\Q°.
The red line illustrates the second explicit step. We extend Q! to O5(Q') by using &; s.t. Q% isa
subset of O5(Q'). €3 := Os5(QH)\Q?

Assume %2 is well-defined in 2! and extend @? to u? by & s.t. Q2 € O5(2!) and u? is well-defined

in Q2. We obtain the approximated solution u?=€; 42, cf. Figure (3.3).

By the analogy, we conclude an explicit Euler formulation for moving domains which different to
the previous formulation in (3.19): Suppose u° is well-defined on Q° so that for n=1,2, ..., N, there
holds

o = un—l =+ At(Aun_l + fn—l) in Qn—l,
(3.22)

n ~ 1
U = con-1u .

We write down a formal variational formulation for each time step that becomes: Suppose u" ! is
given in H'(Q"~!) with sulfficient regularity to evaluate "~ '(v"1,-), find @" € H'(Q""!) and
u™ € HY(Q"),st. Vo € HY(Q" 1) and w € H'(Q"), n = 1,2, ..., N, there holds

an — un—l
/ ——vdr +a"(w" ) = / f*tude. (3.23a)
anl At anl

/ u”wdx:/ En_10"wdzx. (3.23b)
Qn n

where o™~ ! (u" ™!, v) defines the bilinear form for diffusion and convection corresponding to Q" *.
We note that according to Remark 11 the variational formulation is not well-posed. However, after
spatial discretization it will become well-posed due to the equivalence of discrete version of the H'*
and L? spaces (with constants depending on h) if proper stabilizations are applied (to deal with
cut elements).

Remark 12. In the spatial discretization the extension operator £, from (3.23b) is incorporated already
in the (stabilized) solution in (3.23a) so that only one linear problem has to be solved in each time step of the
explicit Euler method.
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3.4 Trapezoidal rule (TR) for moving domains

The trapezoidal rule is an implicit second order numerical method to solve ODEs which is also
considered as both a Runge-Kutta method and a linear multistep method. For example, consider
the initial value problem

u' = F(t,u), u(0) = ug (3.24)

The trapezoidal rule is given by
u" — "t = %At(F(tn, u™) 4+ F(tp_1,u" 1)), n=1,2,..N (3.25)

with time step At. One possible method for solving (3.25) is the Newton’s method if F' is nonlinear.

3.4.1 Different characterizations of TR

Below, we want to generalize the trapezoidal rule to moving domains. To this end, we first give
three different characterizations of the standard method:

1. We can rewrite the trapezoidal rule as a subsequent execution of half time step of explicit

Euler and half time step of an implicit Euler method yielding the following characterization

wtE = w4+ AUF (t,, u™)

1
u71,+1 _ un+§ + %F(tn+1, u71,+1)

2. Alternatively, in the linear case F(u",t,) = Au™ + f™ we can characterize the trapezoidal
rule as the average of an explicit and an implicit Euler step as can be seen from the following
characterization

uttl =y + At(Au™ + f7)
ul Tt = 4+ At(Aunt 4 et

un+1 — %(ug-&-l 4 U;H_l)
3. As a last characterization we directly consider (3.25):

1
u —unl = 5At(F(tn,un) + F(tp_1,u" 1)), n=1,2,...N (3.25)

3.4.2 Trapezoidal rules for moving domains

Based on the previously mentioned characterizations, we construct different generalizations which
can in principle be applied to moving domains.
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A trapezoidal rule based on subsequent Euler half steps

We divide the global time step At into two uniform sized substeps 4. In the first substep is an
explicit Euler time step, in the second substep is an implicit Euler time step. As we have discussed
in Section 3.3 there are two strategies for the explicit Euler time stepping. One is applying the
extension first and then stepping on the new domain, while the other does the time stepping first
and then extension. Here we use latter.

Suppose u’ is well-defined on 2%, applying (3.22) we have

N

At
az —u’ = 7(Auo +f9, inQ° (3.26)
we refer to Remark 11 for the (non-)well-poseness of this problem on the continuous and disrete
level. We extend Q° to its 3-neighborhood O 5 (92%) by an extension operator & 1 s.t. QzCcO 5(Q°)
and u? is well-defined in 27, we obtain the appoximated solution by

Nl

u? = £y 1@, inQ2 CO0y(Q). (3.27)

1
’2

Next, we extend Q3 to its ¢ -neighborhood O s (Q22) by an extension operator &
and u! is well defined in Q!. Then applying (3.8) we obtain

u' =& u? = %At(Aul +fY, inQ. (3.28)

Substituting (3.26) into (3.27) and combining with (3.28) we obtain
1 o_ At 1 0, £0
u —&u’ = 7(Au + [P+ E(Aw” + 7)), (3.29)

where & 1= &, 1 1, cf. Figure (3.4) for an example. By the analogy, we obtain the first characteri-
zation of trapezoidal rule for moving domains as :

Suppose 1’ is well-defined on Q°, find u" in Q", for n = 1,2, ..., N there holds
1
u" — Eun T = S AH(Au" + f7 + En(Aum™t + fr7h)), (3.30)

where &, := E2n-1 2n-1 &, | 2n—1. The variational form is given by:
2 0 2 )

Suppose v’ € H'(Q0), find u™ € H*(Q") s.t. for Vv € H'(Q"), n=1,2, ..., N there holds

At

u” — 577«“’7171 n{ .n n—1/, n—1 n n—1
————vdz + a"(u",v) + Ea” T (W) = ffodx + &, " vdx (3.31)
n 2 Qn

where a™(u™,v) and a"~!(u"~!,v) are the bilinear forms for diffusion and convection parts.
Remark 13. The problem (3.31) is well-poseness as £, is a bounded linear operator in H ', cf. Lemma 1.
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Iu ul — &1 1ur

m ‘f:fq

Q

Wl
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S

>
Figure 3.4: The first characterization. The green line represents an explicit Euler step. We extend
Q° to 05 (Q°) by an extension operator & 1 s.t. Qz C 05 (Q°). €g1 = 05(2°)\Q°. The red line
represents an implicit Euler step. We extend Q2 to O s (Q2) by using an extension operator €1 1 s.t.
Q' CO3(Q7). €1 1 = 03 (27)\Q5

11
272

11
272

A trapezoidal rule based on averaged Euler steps

Second characterization is an average of the implicit and the modified explicit Euler steps.

Suppose u° is well-defined on Q°, applying (3.22) we have
ﬂl _ UO

R Au® + 9 in Q0. (3.32)

we refer to Remark 11 for the (non-)well-poseness of this problem on the continuous and disrete
level. We extend Q° to O5(Q2°) by a proper extension operator & s.t. Q' C Os5(Q°) and u' is
well-defined in 2. We obtain the approximated solution u' by

ul = &it, in Q! (3.33)

1

and we set u,

:= u!. Similarly, applying (3.8) we obtain

ut — Eul = At(Aut + f1), in Q! (3.34)

1

and we set u} := u!, cf. Figure (3.5) for an example.

Hence, we obtain the approximated solution u! by the computation of average value of u! and u}

1,1
gl = e T
2

= %(&)uo + AtE(Au® + f2)) + %(Souo + At(Aut + f1)) (3.35)

= Eou® + SAH(Au! + 1) + EoAu + 1))
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’F)u‘ N uy — Egu’
t c o= T AL

5071,0
Figure 3.5: The second characterization. The green line illustrates that we compute @' in an explicit

step and then extend it to u! : &u'. The red line illustrates an implicit step within which we
compute u}. € := O5(Q°)\Q°.

By the analogy, the second characterization of the trapezoidal rule for moving domains is given by
1
u" = Epqu" Tt = §At(Au" + A+ (Au T+ 7)), n=1,2, ., N (3.36)

The variational form is given by :

Suppose u? is well-defined on Q°, find u™ on Q" so that for Vv € H'(Q"), n=1,2,..., N there holds

n __ 5"_ n—1
/ %vdw +a™(u",v) +a" H(E_u" ) = ffvdx + Ep_1 " tvdx  (3.37)
n 7 Q’”‘

where a™(u™,v) and a" ! (€,—1u""!, v) are the bilinear forms for diffusion and convection parts.
Remark 14. The difference between the extension operator in (3.31) and (3.37) is that £, in (3.31) is a
two-steps extenstion operator while E,_1 in (3.37) is a one-step extension operator.

A naive trapezoidal rule for moving domains

Relative to first and second characterizations, we obtain the last characterization directly by
substituting v to its extension £u and rewrite the formular (3.25) as

1
W= Euoyu T = SAHAU + 7+ (A 4 f7TY), in Q" (3.38)

The variational form is given by:

Suppose u" is well-defined on Q°, find u" in Q" so that for Vo € H'(Q™), n=1,2, ..., N there holds

n __ gni n—1
/ %Uﬂix +a"(u"v) +a" N (Epu" T v) = [ fode + 7 oda (3.39)

where a™(u™,v) and a" ! (€,,_1u" "1, v) are the bilinear forms for diffusion and convection parts.
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Observation

We observe that for £, 1A = AE,_; the previously discussed formulations (3.36) and (3.38)
coincide. However, we can not expect A&,,_1 = &£,-1 A4 to hold in general.

3.5 Midpoint rule for moving domains

The discussion on midpoint rule for moving domains is similar to the discussion on first character-
ization of trapezoidal rule for moving domains. We divide global time step At into two uniform
sized substeps 4!. In the first substep is an implicit Euler time step, in the second substep is an
explicit Euler time step. As we have discussed in Section 3.3 there are two strategies for the explicit
Euler time stepping. One is applying the extension first and then stepping on the new domain,
while the other does the time stepping first and then extension. Here we use latter.

We extend Q° to its $-neighborhood O s by an extension operator & s.t. Q: CcO s (Q9) and u? is
well-defined in Q2. Applying (3.8) we have

1 At 1 1
uz — Eul = ?(Au§ + f2), (3.40)
where Auz € H-'(Q2) and f2 € H(Qz).
Next, applying (3.22) we have
1 A 1 1 1
ot —ur = g(AuE + f2), inQ2. (3.41)

As we have discussed above, we refer to Remark 11 for the (non-)well-poseness of this problem on
the continuous and discrete level. Substituting (3.40) into (3.41) we obtain

il — Eul = At(Au? + f7). (3.42)

We extend Q7 to its ¢ -neighborhood O s (Q22) by an extension operator €1 st Q! is a subset of
oF; (©%) and u' is well-defined in Q'. We obtain the approximated solution by

ul = Erat (3.43)

1
2

Hence, by the analogy we obtain the midpoint rule for moving domains : Suppose u° € H'(Q°),
find u® € H*(Q"), forn = 1,2, ..., N there holds

’

ut =&y u T 4+ %At(Au"/ + ),
@ ="+ At(Au + ), (3.44)
U= EpEpqu ™ + A€ (Au™ + f),
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i _ 1
du al —uz2
o lt=ty ¥ A7
ot Al

< > !
€0

Figure 3.6: Midpoint rule for moving domains. We extend Q° to O, (?°) s.t. Q:coO 5(92%) and

u? is well-defined in Q2. The green line represents an implicit step, we obtain the approximated
solution uz. ¢ := O 3 (29)\Q°. The red line represents an explicit step. Within the explicit step

we compute 4'. We assume @' € H'(Q'), apply an extension operator £1 to @' to obtain u'.
1 1

e1:=03 (Q2)\Qz=

2n—1

where n/ 1= =%

The variational form is given as :

Suppose u® € H'(Q0), find u™ € H*(Q") so that for Vv € H!(Q"), n=1,2, ..., N there holds

u” — 5n/5n_1un71
n

N vdx + Epa™ (U™, v) = / En [ vda (3.45)

/ ’ . e . . .
where a™ (u” , v) is the bilinear form for difussion and convection parts.

3.6 Summary

In this chapter, we discuss several higher oder stabilized time stepping methods for moving
domains. In these methods, the solution for u™ on the domain Q2" is combined with its extension
on Os(Q2") in each time step. In the next chapter, the extension can be realized by a stabilization

term in the numerical methods.






Chapter 4

Full discretization method

In chapter 3, based on first order implicit Euler and explicit Euler time stepping methods for
moving domains, we have discussed several higher order time stepping methods. In each time
step we extend domain Q" by a layer of thinkness d s.t. 2" is a subset of the extended domain to
O, ie. O5(2"). This setup makes u™ well-defined in Q"1 In this chapter, we realize the extension
operator &, by a stabilization term which is combined with the approximated solution in the full

discretization mehtod.

4.1 Motivation

Unfitted FEM provides an extension of FEM to deal with such as strong deformation of geometry
or topology changes. which relys on basic idea of choosing FEM based approximation of the
physical fields independently. Cut finite element method (CutFEM) which is introduced in details
in [2] is a numerical method for solving cutting off finite elements and their associated discrete
approaches at boundaries and interfaces of the domains, cf. Figure 4.1 for an example.

Remark 15 (Ghost penalty). Cutting the mesh can lead to a problem that it leads boundary elements to
very small intersections with physical domain. This may cause ill-conditioned system matrix or failure of
stability of the numerical scheme. A useful mehtod which is introduced in [13] is to add a penalty term
around the boundary that extends the coercivity to active mesh. This penalty term must be carefully designed
to add sufficient stability, while remaining weakly consistent for smooth solutions.

4.2 Full discretization for the implicit methods
Recall the unfitted finte element space V" ! refers to chapter 2 section 2.2.1
Vil i={v e C(OF' 1) v € PR(S), VS € T}, k> 1. (4.1)

33
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Figure 4.1: CutFEM. In left sketch, the pink mesh is active mesh which contains moving domain.
In middel sketch, the white mesh is the mesh which is entirely contained in moving domain. In
right sketch, the grey mesh represents the mesh cutted by the boundary of moving doamin. In
the right sketch we can find that there are some elements cutted by the boundary with very small
intersection parts, this may lead to a ill-conditioned system matrix, a penalty term will be added
around the boundary to extend the coercivity to the active mesh.

where Py (S) is the space of polynomials of at most degree k on S. The elements which are in a
boundary strip are defined as

7;”5 ={S e 7;”’l sdist(x, ') < 1- dpfor some x € S}. (4.2)

Here, we recall the definition of 7:;”, cf. chapter 2, where [ indicates the number of time steps in
which the domains QF, Q'+, ..., Q7+ are still contained in the domain corresponding to 7;’”. In
the boundary strip there are cutted elements and the elements completely inside or outside 7.
The set of facests between elements in 7, and 7}'1’1 is defined as

]:;Z’l = {Tl ﬂTQ 1Ty € 7-611,17T2 S 7:;11,111 #+ Tg,measd,l(Tl ﬂTQ) > 0} (4.3)

cf. Figure 4.2 for an example. If no index [ is used, we assume [ = 1, i.e. we define TJ\ := 7;’11,
Fpo=Fpl

4.2.1 Stabilization bilinear form

In [1], C.Lehrenfeld and M.A.Olshanskii introduce three possible choices of the stabilization term.
In this thesis, we use one of these three stabilization terms : the "Direct" version of the ghost penaly
stabilization. This version has the advantage that an implementation of the bilinear form is only
implicitly through the extension £¥ depending on the polynomial degree k. It is proposed for the
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Figure 4.2: The purple line represents I'} := Q. Thick blue meshes are cutted elements cutted
by I'}l. Light blue meshes are elements completely outside (2} and white meshes are elements

completely inside 2} The right line represents the facets in ;.

first time in [14].

Suppose F' € ]-':’l, wr be the facet patch, i.e.
wp =T | JTo, T € Ty, To € T3

Then for u,v € V;"',

1

n,l
FeF!
where
P P
u =& u|T17 ug =& U|T2a
and the operator

EF :PL(S) = Pp(RY)

is the canonical extension operator of a polynomial to R%.

n)

sy (u,v) 1= Z ﬁ/ (up — ug)(v1 — vo)dz,

(4.4)

(4.5)

(4.6)

(4.7)

Remark 16. The role of stabilization term s, L., ) is responsible for the implicit definition of an extension

to leT It provides condition number bounds that are independent of the cut position, cf. Remark 5.3 in [1]

for details.

Remark 17. There are other variants of the ghost penalty stabilization in (4.5). All of variants have in

common that they add stabilization term on facets in the region of the boundary I'}, they also share the same

important properties. We do not discuss those here, but instead refer to [1].
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4.2.2 Full discretization

Stabilized time stepping based on the implicit Euler method

The numerical method is based on (3.10). We extend O} to Of, 1 s.t. Q) C Of . We realize the
discrete extension by a stabilization term s} (-, -). The stabilization term s} (-, -) guarantees that u},
is well defined in 7. Then, the full discretization read as :

Suppose uf) € V}?, find u} € V" so that for n = 1,2, ..., N there holds

un _ 'U/n71 )
/ %vh + ap(up,vp) + yssp(up,vp) = fron, Yo, € V), (4.8)
Q or

n
h

where 7, = 75(h, d1,) is a stabilization parameter and bilinear form a} (up, vs,) is defined as

1
ay (up,vp) == / vVuy, - Vopdr + 3 / (W - Vup)vp, — (W€ - Vop)upde
o o (4.9)
1 1 '
+ = div(w®)upvpde + 5/ (W€ - n)upvpde, up, v, € HY(Q),
ap 44

w¢ is a suitable smooth extension of the velocity field w and it only depends on Q™ # Q7.

Stabilized time stepping based on BDF2 method

The numerical method is based on (3.14). When n=1, it is an implicit Euler time stepping. The dis-
crete extension is realized by a stabilization term s, (u}, vy,) s.t. Q2, Q3 C O3 - and s, (u}, vp)
guarantees that u}, is well defined in {Q3, (27 }. By (4.8) we have

1_,0
up, —u

/ h—hoy, + ab (up, o) +vs5) 2 (uh, o) = / fhon, Yo, € Vi (4.10)

op At 0}

When n=2, it is a BDF2 time stepping. The discrete extension is realized by a stabilization term

522 (uj,, vn) st Qy C OF . and 5% (uj,, vp,) guarantees that uj is well defined in {Q2},Q}}, then we

have

3u? —dul +u?
/ b hy + i (uf, on) + Ve (uh, vn) = / frvn, Yon € V2. (4.11)
Qi 2At 9’2L

Hence, by the analogy the full discretezation read as : Suppose v’ € V0, u! € V}}, find u}} € V", for
n =23, ..., N there holds

3ul — 4uP "t 4 w2 ,
/ h 2hA h o+ al (ull,vn) + ’yssZ’Q(uﬁ,vh) = fion, Yo, € V), (4.12)
Q t ap

n
h

where 5 = 75(h, §3) is a stabilization parameter and bilinear form a} (u, vy,) is defined as (4.9).
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Stabilized time stepping based on BDF3 method

The numerical method is based on (3.16). Assume u} ' well-defined in Q7, Q! Q"2 4n—2

well-defined on Q7, Q7! and u"~3 well-defined on Q7, then the full discretization read as :

Suppose u) € V2, u}, € V! and ui € V2, n=3,4, ..., N satisfying

u — 18ur ™ + 9ulr ™2 — 2473 " om "3/ n n n
/ : " 6At - b+ aj (uy, vn) + vssp (ul, vn) = frvn, Von € Vi (413)
Q Qy

n
where v, = v,(h, d3) is a stabilization parameter and bilinear form a}! (u, vy,) is defined as (4.9).
w¢ is a suitable smooth extension of the velocity field w and it only depends on Q™ # Q}. The
stabilization term 5™ (uj, vy ) guarantees that Q! Q2 QP C O45% and uj! is well defined
in Q)% Q7 and Q)

4.3 Full discretization for the explicit method

The numerical method is based on (3.22). When n=1, the discrete extension is realized by a stabiliza-

tion term Y (uj ,vp,) and sY (u} , vy,) guarantees u! well-defined in Q'. Then the full discretization

read as:

wl — 0
/ hA L vp + a%(u(})“ 'Uh) + ’YSS?L(U}IJ vh) = / fi?vh? Yo, € V’? (414)
a0 At @,

Hence, by the analogy we have: Suppose uf) € V)2, find u} € V", for n=1,2, ..., N there holds

n n—1

up —u 1 pe e - V-
/ 1h7h’l)h+a;—: 1(uh 17’Uh)+758h 1(u2’vh):/ fh 1vh7 Vup € h g (4.15)
Qnr—

n—1
h Q h

where v; = v5(h, §5) is a stabilization parameter and bilinear form aﬁ_l (up,vy) is defined as (4.9).

4.4 Full discretizations of trapezoidal rules

4.4.1 Full discretization of first characterization

As we have discussed in chapter 3, the first characterization of trapezoidal rule is trapezodial
rule based on subsequent half Euler steps. The numerical method is based on (3.31). We divide
global time step At into two uniform sized substeps 4. In the first substep is an explicit Euler
time step. We extend Q) to its 2--neighborhood 09, - This discrete extension can be realized by

o2
de o 0,3, % 1,3 I . . :

a stabilization term s, ® (u?,v;,) and s%2 (u?,v;,) guarantees that u? is well defined in 22. Then

suppose u’ € V! we have

u,% — uj) 0(,0 0,3/ 3 0 0
/0 At Up, + ah(uhavh) =+ VsSp, 2 (U}ZL 3 Uh) = o fhv}u vUh c Vh (416)
2 2 2,
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7, is a stabilization parameter. In the second substep is an implicit Euler time step. We extend

1 1
Q7 to its %-neighborhood O3, - This discrete extension can be realized by a stablization term
2

11,9 11, 1. . . 3 A1
s2°2 (up, vp,) and $2°2 (u,,, vy) guarantees that u,, is well defined in {Q27, Q. }.

1 3 11
/1 — Ar Vh +afll(u}wvh) +755}2L72(u}mvh) = /1 f}%vh, Yy, € Vhlv (417)
Q Qp

Hence, by the analogy the full discretization of first characterization of trapezoidal rule reads as:
Suppose u)) € V)V, find u} € V}", for n=1,2,..., N there holds

!’
—1
u?r —uy 1.1
h h | n—1, -1 -1
/ ey ) +ap (uy vn) Fss, P (uy ,vn) = ) W op, Yo € V', (4.18a)
Q" 2 Q"
n n’
U 4, + ap(up,vp) + sn,’%(u" vp) = frvn, Yo, € Vi (4.18b)
o At h r\Up, Un VsSp hs Uh o h Uh, h h - .
h 2 h

2n—1

where n/ := >

and a} " '(-,-) and a}(-, -) are discrete bilinear forms defined as (4.9).

4.4.2 Full discretization of second characterization

The second characterization of trapezodial rule is a trapezodial rule based on an averaged Euler
steps. The numerical method is based on (3.37). When n=1, for the explicit Euler time stepping, we
extend Q) to its d;-neighborhood O, -, i.e. we extend Q) by thinkness d, so that 2, 2}, and Q3.
are subsets of OF, . This discrete extendsion can be realized by a stabilization term 502y, op)
and s)%(u;°,v),) guarantees that u; © is well defined on {Q9, Q}, Q?}. Then suppose uf) € V0 we

have

l,e 0
U u
/ Py af (uh, o) sy (g o) = / flvn, Yop, € V2. (4.19)

0

h
For the implicit Euler time stepping, we extend Q}, to O, ;- by thinkness 4, s.t. €}, and O are
subsets of O, this discrete extension can be realized by a stabilization term sy (uy" vp) and
53" ()", vy) guarantees that ;" is well defined on {Q}, Q7 }. Then suppose uf) € V}? we have

1,2 0

u — u B .

/ e, ad (upt on) sy (gt on) = / favn, Yo, € V! (4.20)
Ql At Qilz

h

Therefore, we obtain uj;, by a computation of average of (4.19) and (4.20)

l,e 1,2
U+ Uy . n
U%l - %, mn 085}“7— O(%;,,,T’ (4:21)
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Hence, by the analogy the full discretization for the second characterization of trapezodial rule
reads as : Suppose u) € V), find u}! € V", for n=1,2, ..., N there holds

n,e n—1
Uy — U
h h n—1/ n—1 n—1,2, n,e _ n—1 n—1
/ ALl +ay (up o) + VsS) (up % vp) = / b un, Yup € V)T,
QP! Q!

(4.22a)

n,i n—1
u u i i
/ uvh + aZ(uZﬂ, vh) + 738271(’“2713 ’Uh) = /1 f;;l)}“ Yoy, € ‘/}:l, (422b)
n Qh

where a}' "' (-,-) and a}}(-, -) are disrete bilinear forms for diffusion and convection parts defined

as (4.9), _
uz,e + “Z’Z
2

up =

, in 032 (05 1 (4.23)

4.4.3 Full discretization of third characterization

Third characterization is a naive extension version of (3.25). The numerical method is based on
(3.39). The full discretiztion for the third characterization of trapezodial rule is reads as: Suppose
uy € V2, find ul! € V;*, for n=1,2, ..., N there holds

un _ Un71 _ _ _
/Q v+ ap (i, vn) + ap " (up T on) 4 vesh(ul va) = A fhon + i o, Yo, € Vi,
S 2 R
(4.24)
where a?(-,-) and a}' "' (-, -) are the disrete bilinear forms for diffusion and convection parts defined
as (4.9).

4.5 Full discretezation of midpoint rule

As we have discussed in chapter 3, midpoint rule is also based on subsequent Euler half steps. The
numerical method is based on (3.45). When n = 1, suppose u) € V;?, applying (3.8) we have

2

1
3 _ 0
Mv +a%(u% vp) + s%(u% vp) = f%v Yoy, € V2 (4.25)
Q% At h n \Uj , Un VsSp \Up, 5 Un Q% n Uh, h h - .
h

h
1 1
There is no extension within this time step, the stabilization term s (u/ , vy) just guarantees the
1 1
stability. Next, we extend (27 to its %’L—neighborhood O3, + by a thinkness of %’l This discrete
1 K 3 1
extension can be realized by a stabilization term s; it (upsvn) s.t. Q2 C OF -+, then applying (3.22)
we have

o

1
1 3
up —u? 11 11, 1 1
/Q% g tag (g, vn) Fvssp (upsvn) = | o fRon, Yon € V2. (4.26)
h

1 3
The stabilization term s; . (uj,,vp) guarantees that u} is well defined in Q7.
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40
Combine the (4.25) and (4.26) we obatin
Up UL L b Lo b iud b 3 }
b Al + a7 (u?,vp) + 5(%% (ug,vn) +vss2” (up,vp)) = /Q% fon, Yo, € V2. (427)
h h

Hence, by the analogy the full discretization for midpoint rule reads as

’ !
f;; Vh, Yy, € V,:L s

'UJZ — u771 ’ ’ 1 ’ ’ ' 1
n
Lt i )+ 5 s )+ 0 ) =
ap’ t on’
(4.28)
where n/ := 221 and a};/(-, -) is the discrete bilinear form for diffusion and convection parts

2n—1
defined as (4.9). The numerical solution u}! € O35 O, % . We note that the formulation (4.28)
is not directly implementable. The numerical implementation of (4.28) can be via two half steps.
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Chapter 5

Stability analysis of the fully discrete meth-
ods

In the analysis we make use of time-dependent domains stemming from extensions. To this end,we

define a strip in each time step which is sharp and can include full and cut elements:

Sits, Q) = {x € Q= dist(x,T};) <10}

3 (.1)
S, () = {x € Q\Qp : dist(x,T}) < 1- 6}

We notice that S, fi;h includes points from the interior of 2} as well as points from the outside 7.
All elements with parts in Sljj;h are collected in 7g% . In the analysis we ask for ¢ large enough so
that

Ol C OLs(QM),

(5.2)
Qp C O1.5(Q), tel,.
where we recall the definition of O?};{T and 0,.5(2") from chapter 2.
We specify
On = €5, Woo AL, with 1 <¢5, <cs. (5.3)

where w is the (global in time) maximum absolute value of the velocity. With this condition there
holds
¢s,, large enough = Qf C (9?}:%’}, le{1,2,...,n}, ne{l,2,..,N} (5.4)

5.1 Stability of discrete extension

In ( [1], section 5.3) C.Lehrenfeld and M.A.Olshanskii have proven the numerical stability of

discrete extensions through a stabilization term s/ (-, -) by the Lemma as follows:

43
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Lemma 2. Let Ty € T3 and T? € T, Ty # Tb so that for F = Ty ()T there holds meas,_1 (F) > 0.
Then we have for u|y, € Py(T;), i=1, 2 that there holds

2 2
”uHTl < HUHTZ + Sh7F(u7u)’
) ) 1 (5.5)
IVully, <Vullz, + 738m,p(u, u).

In order to apply this stabilizing mechanism globally, they make a significant assumption on the
meshes 7g, and 75"

Assumption 1. To every element in TZ', we require an element in T§*\TZ. that can be reached by repeatedly
passing through facets in F}'. We assume that there is a mapping that maps every element T' € T, to such
a path with the following properties. The number of facets passed through during this path is bounded by
K < (1+ %&). Further, every uncut element T € T*\TZ is the final element of such a path in at most M
of these paths where M is a number that is bounded independent of h and At.

This is a reasonable assumption if the boundary I'" is sufficiently well-resolved by the mesh, the
comment on this assumption is in Remark 5.2 in [1]. This assumption provides some important
results (Lemma 5.2, Lemma 5.3, Lemma 5.4 and Lemma 5.5 in [1]) which are useful mathmatical tools
to prove the numerical stability of fully disrete methods.

5.2 Stability analysis

5.2.1 Stability analysis of full discretization of BDF2 method in time

For the simplicity, in the following analysis f is set to be 0. Theorem 5.1 in [1] proves a stability of a
full discretization based on the stabilized implicit Euler time stepping method. Using the result of
Theorem 5.1 we give a stability analysis on a full discretization based on the stabilized BDF2 time
stepping method. First, we introduce two important results from [1]

Lemma 3. Using Assumption 1, for u € V;* and Ve > 0 there holds

lull&s ny < 0n(1+ e llulley + Snell Vullgy + K ((1+e )P +e)si(u,u).  (5.6)
, (O
As a direct consequence we have for a constant cr,, independent of h and At

lll, oy < (1 F e, AN [ulRy + Lo, v (@) Vullby + cr. (6, ALK s} (). (57)
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where

CLaq (5) = Cchtshwgo(l + 571)7

€
CLay (€) = €L2C5, WaG s (5.8)
Ly (8,h) = cp,cs, W (€ + h? + h2%e™h).
Remark 18. Unique solvability Similarity to Lemma 3.1 in [1] we can easily check that
n a 2 2
ap, (un, up) > EHVU}LHQZ - fh“uhHQQ ) (5.9)
if
At <& t= Q(Hdiv(we)HLm(Qm + ot W nl o g /40) (5.10)

Now, we give a stability analysis on the full discretization based on the stabilized BDF2 time
stepping method.

Theorem 1. Under Assumption 1, we assume that u9 and u, ' which is given in advanced are given as
functions on Q}, ¢, large enough and At sufficiently small, the numerical solution of (4.12) satisfies the
following estimate

2 k 2 2 2
k|, + 20| Va2t (i) < explent)[uf| |, +]|2uf =)
h —o h h
+ At|lfup o,
(5.11)
with e, independent of h, At. The norm |||-|||o is defined as
llolllo= (Vo2 + cvesy®(v,v)3. (5.12)

Proof. With the relationship

2a(3a — 4b + ¢) = |a*+|2a — b|*+|a — 2b + ¢|*—|b|*—|2b — c|? (5.13)
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we test (4.12) with 2u} and multiply by 2At¢ which yields

2
up — 2U2_1 + uﬁ_gHm + 4Atay (up, up) + 4AtfyssZ’2(uh, up)
h

2

n|2 n n—1
2 =+
HuhHQ; Up = Up, ar

2

2
_ un—lH +H2 n—1 _ un—2’ )
‘ b Alop h b lap
(5.14)
2
Since‘ ul —2up "+ quQHQ > 0, we have
h
2
ity + |25 = ||+ 4ataR (o, wn) + 48t757 ()
) " (5.15)
<’un—1H +H2un—1 7un—2’
=1 ey h b gy
Using the lower bound on aj!(-, -) which is given in Remark 18 we have
2
(1= 48880) fup [y + |20 = up ™|+ 2w Al VuRlG, + 48ty un, un)
) ) " (5.16)
S e E R
h h
To go from‘ up ! H to‘ up ! H , (and similarity for HQuZ‘l —up? H) use Lemma 2 we obtain
Qp Q-

(1 — 4ALEn) [Jup]

2
?22 +H2u2’ - u};*le + 2vAt||Vuy| ??Z + 4Aty,8 (up, un)
h

2 2
’ u"_l‘ —&—H2u}f—1 — u2_2
)

2
h ne H
os(Qpt

2
’U’Z_lH +H2UZ_1 N UZ_2‘ - n—1
Qr Qy O5(2,77)

2 2
uZ_leil + CLZb(e)AtI/HVuZ_lHmil + cp,, (e, h)AthZ_l’l(uz_l,uZ_l)
h h

2

2
(14 e, (a)At)H2uZ‘1 . uz—QHWI Yer, (E)AtVHV@uZ_I . UH)‘
h

n—1
Qh,

+cp,. (g, h)AthZ_l’l(Quzfl — u272, 2u271 — uZﬁQ).

(5.17)
Since
sph up Tt — w20 — w2
=dsp P up ) = sy ) + s R )
_ o el 2 . o e _ o me
< sy up T up ) + 2y up gy 1>+;SZ MHup ™2 ) s g ),

(5.18)
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with Cauchy-Schwarz inequality.

Lety = % which yields

sP T ur T — w2 20T — w72 < Bsp T (T 4 s (up 2 ul ). (5.19)
Similarly,
n—1 n—2 2 n—1 2 n—2 2
LR WP L RS LY W
h h h
Use the Lemma 5.2 in [1]
2
[vur2|| < | vun?] K 2 (521)
n—1 3 Z;LL— 1 1
Hence
n—1 n—2 2 n—1 2 n—2 2
oot -2l <ol ol

2
<s|[vup || || Va7
Q! Qp 2
Substitute (5.19) and (5.22) into (5.17) we obtain

2
(1= 4t gy + |28 =™+ 20AtVug G, + 40753 (un, un)
L I .

<|

< (14 c1,, (9)A0)|

2

n—1
Up, ’

2
n—1 n—2
)+H2uh —up H

2 2
L e e
Qp Qp Os(Q77)

Os (1

2 2
B - 1,1, n— _
UZ 1H9n*1+66L%(6)AtV VUZ 1HQTL71+60L26(5ah)AtKSZ 1 (uz 1»”2 1)
h h

2 2
+(1+cr,, (s)At)Hm;;*l - u;ﬁHm_l +5cr,, (5)At1/HVuZ’2’
h

n—2
Qh

+5(CLy. (6, ) + €y, () AtK sy V(=2 ul=2).

(5.23)
Set cp,, (€, h) + cp,, (€) < 2¢yp,, yields the last term of (5.23)
5(cp,, (e,h) + cLy, (5))AthZ_1’1(u272, uzfz) < IOCchAthZ_l’l(uzfz, uZﬁQ) (5.24)
We choose € < m so that cr,, (¢) < 5, c1,. (¢) and cr,, (e, h) are bounded independent of
h and At. We define
(1 - 480)q" 1= (1~ 48t il +2ek | (5.25)
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Then (5.23) can be written as

(1 — 4At&R)q"™ + 2vAL||Vuy |

o + Aty (u, u)

At 112
— e 26
3 VHVU’L ‘sz;f? (5-26)

. At —1|?
< (14 ey, (8)At)g" ' + ?VHVUZ 1‘ qn-1
h

+6cL,. (6, W) ALK s) 5 (= ul ™) 4 10c,, AtK sy 2 (ul =2, ull = 2).

We assume v, > 8¢y, K and summe up overn = 1,2, ...k, k < N yields

k k
(1 —4AtE,)qg" +vALY || Vupllg, + 2488y, Y sp®(un, un)

n=1 n=1
. (5.27)

L2 - A dloten At S g7
Q}I Q}L hIl10 T q

n=1

<]

Applying Gronwall’s Lemma with £, At < % we obtain the result with ¢, = ¢, + 2&p,. O

5.2.2 Stability analysis of full discretization of the explicit Euler method in

time

Theorem 2. Under Assumption 1 we assume uj) well-definded in QY and At < C,h? for a C, only
depending on v, the numerical solution of (4.15) satisfies the following estimate

2 k k 2
k| oo+ v DIV 1+ 29,88 D7 s ) < explen,t)|[uh]| (5.28)
h n=1 n=1 h
for a ¢, only depending on &p,.
Proof. Together with the relationship
2a(a — b) = |a|*+|a — b]*—[b|? (5.29)
we test (4.15) with 2u" and multiply by 2A¢ which yields
nj|2 n n—1 2 n—1/, n—1 _n n—1l/n ,n n—1 2
||Uh||9;;*1 +’ Up, — Uy, ’ Qp-t + 2Atay, (Uh s up) + 2Atss), (up,up) :‘ Up, ‘ ap (5.30)
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Use the lower bound on a™~!(-, -) and Jensen inequality we have
ap ™ (up ™) = ap” ugup) +ap T T = g ug)
n| 2 n
2 5\|Vuh|\gz—1 - i I VtRllgn
v n|2 n|2 n— n n
> S IVuRlogr = Gl = enfur™ i, IVuhlog-s
v n| 2 n—1 n
> S IVuhlogr =l — O uf — | IV uRllgpe
v nn2 nn2 202h72 n n— 2 v nn2
> §HvuhHQZ*1 *thUhHQZ*l - 7’ Up — Up, 1’ Q- - Z”VUhHQZ’l
174 2 2 202h_2 n— 2
L R e L I
(5.31)
_ ay” l(vluvwh) —1
H = SUP,, vy Tl lr < Ch 7
Substituting (5.31) into (5.30) we obtain
202%h~2 n_1ll? v
(1= 2608 Iy + (1 = =80 |[ug =™, + 5 ATuz e
h v Qp 2 h (5.32)
) .
+ 20t s (uft, ul) _1‘ .
Qpt
We set 1 — %At>01e At < et = C b2 st
202%h~2 2
(1- 7&)] ul — 1] >0 (5.33)
v QP!
and together we have
n 4 n n— n n - 2
(1= 26 A8) [ s + 5 A VR s + 27 Aty () o [ (5.34)
h
Summing up over n = 1,2, ..., k, k < N we obtain
2
Huh‘ L+ AtZHVuh\ Qr —|—2%At23” Lup, ul)
n=1 n=1 (535)
2
SHU%HQ +2§hAtnleuhHQn 1
Applying Gronwall’s Lemma with £, At < § we obtain the result with ¢z, := 2¢,. O
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5.2.3 Stability analysis of full discretization of trapezoidal rules

Stability analysis of first characterization

Theorem 3. Under Assumption 1 we assume u$) well-defended in Q9 and At < min{ - 6) ,C,h%}, the
numerical solution of (4.18) satisfies the following estimate

k
2 /1 1,2 2
[, + AtZHwhnm B (s (g up) + ks (i) < explenti)|uf)|
n=1
(5.36)
for C,, only depending on v, ey, depending on &,, k' := 251 and n' := 21,
Proof. We test (4.18a) with 2u}" and multiply with £ we obtain
n’ 2 n—1 2 n—1/ n—1 _n' n—1,3 n—1
‘“h Qn,ﬁ“uh — Uy HQ + Atay™ (up s up ) + 240875, (uh Jupy _‘ ‘ - (5.37)
h h
Then we test (4.18b) with 2u} and multiply with 4! we obtain
ni2 n n’ 2 Ata™(u™. u® 2A ’ﬂ/vé n oony __ n’ 2 5.38
lupllop +||ur —up an T tap (up, up) + 2Atyss;, 2 (uy, up) = |luy on (5.38)
h h
Combine (5.37) and (5.38) we have
n||2 n n’ 2 n—1 2 ngmn ,n n—1/ n—1 _n'
||Uh|\gg - +llup — up 0 T U | g + At(ay (up, up) +ap (up™ ", up )
h h h
n’:% n n nfl,% n’ n’ n’ 2 —1 2
+ 2Atys(s), * (up, up) + 5y (up up ) =||upy 0 R
h h
(5.39)
Using the lower bound on a” (-, ) we have
2
ap (up, uy) = ||Vuh ”Q” fh”UZ”Q;; : (5.40)
Using the lower bound on a"~!(-, -) we have
ap Mg ) = ap” 1<uh ufl) + az*(u;:* —up )
vV ’ 2 ’ ’ ’
> 2|V o 7’ n—1 _amn Yul
=2l ¥ apt n v apt h Qpt h Qpt
> Y A\ ’ —&, u? ’ — chHu"/ — u”_l‘ \Z
=9 h 9271 h Q;Il,l h h Q: 1 Q"71 (541)
14 /12 /112 202h_2 ’
> —||Vuy —&nl|up — ‘uz — Zﬁl‘ —f‘Vuh
2 Q! Qpt ot
v /1|2 /1|2 20%h—2 ’ 2
P | v/ _ n o ‘ n' n—l‘
=gl Ven Qrt S| Qrt v Un h Q!
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n—1
n—1| _ ay” (vn,Vwp) < -1
@ H = SUP,, v forpaVanls = Ch

with Cp ‘= ’

Substituting (5.40) and (5.41) into (5.39) we have

’ 2
(1= A&l Iy, +]|u
202h2
v

)+

2 v n|2 n’
o) ARG, ]|V
h

n
Q h

’

+(1- At)‘

, 2
up —uy 1Hm71 + 2At'ys(sZ
h

2

n’ n—1
< ’ up, uy, ‘

2
I o
Qy Q,

Letl— @At > 0ie. At < 558—= = C,h? we have
C?h~2 2
2v

(1- ail =yt =0

n—1 —
Qh

At)‘

’
n n
Up — Up,

2
Since ‘ o > 0, (5.42) can be written as
h

(1= A&l 5y, +] |

L)+ LA, + v |
2A n/’% n n ’I'L*l,% n/ n/ < nl
+ 24ty (s, "2 (up, up) + s, (up s up ) <||up

2
+
2

From Lemma (2) we know that

’7 2 7 2 ’ 2 ’ 2
uy _’u” < (1+ecp,,(e)At ‘u" +cy.. (€ AtVHVu"
[ 4 IS (O 0] R Vo,
2
’ 1
+cr,. (g, h)AthZ 2 (up,uy)
2 12 12 12
‘ up ) S‘ up . < 1+ CLZG(E)At)‘ up L+ CL%(E)Atz/HVuZ
05, (Y on

2

n—1.1 ’ ’
+ CLs. (Evh)AtKSh b (UZ ,UZ )

Rearranging (5.45) we obtain

2

2
S (Len, (9)A0)

i3 L +cr,, (s)AtVHVuZ/
o

’
up u”

< (1+ 1, () A02

2
s T (U e, ()AL, () Aty | Vu;
h

n—1

(Ut 1, () Ab)er, (6, ALK s, (i i) + ey, () Aty

n' L
+cr,. (e, ) AtK s, "2 (up, up)

n
Up,

2
+cr,. (e, ) AtK s,
Q

’

’
up, — up

2
Q}fl)

2
_1‘

n—1
Qh

’

2

-1
Qr

2
‘Vu"'
hlla

Qp-

2

n
2

1 —1.1
uhu) sy (g )

1
# (ufy upy)

1
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(5.42)

(5.43)

(5.44)

(5.45)

(5.46)
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Substituting (5.46) into (5.44) we have
— CLy. (57 h)K)SZ 2 (UZ7 U’Z)

14
(1= At llghlley + G AHIVE Gy + A2,
id e (5.47)
A2y = (1 er, (&) Ab)er, (6 ME)sy (i) <™
h
with
(1= At g7y = (1 = Ata)lup |y + (1= At — (14 cna, (DA ||, (5.482)
v n||2 1 n’ 2 | n’ 2
SRy AU = (1 F e (€)ern )|V |, — e @] Vay||
(5.48b)

v 2
ZAt”VfIZHQ;; =

We choose e < 5—* -+ so that c,, (¢) < 1 and cp,, () and ¢y, (¢, h) are bounded independent
2 h oo
of h and At. Assume 5 > cr,. (e, h) K and summe up over n = 1,2, ..., k, k < N yields

’ /

2 n—
(ymgh)Hqu + AtZHVU}Her%AtZ 2 g ) + ks R )
n=t (5.49)

n=1

ol n—t|? 0.3, 3 .3

- ’2 2 2

SHuhH . uy H L Atk (ugug)
Qh Qh

where k1 = 1+ cg,, (¢)At. Applying Grownwall’s Lemma with At¢, < 7 we obtain the result
O

with cr, ‘= tht

Stability analysis of second characterization

Theorem 4. Under Assumption 1 we assume u) well-defended in Q) -+ 7 SAL<Cy h? and v < 1, the
numerical solution of (4.22) satisfies the following estimate
k

ZHWhllm s Y (s P (up up ) + syt up) < explen )l [[ulllo
(5.50)

41
@ n=1

2
+ At(~

h
with ¢, independent of h and At and |||-|||o defined as

2 1 2 1 1
ellor= (|, + G209, + grats @, v0)? 5)
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Proof. We test the first equation of (4.22) with 2u; " and multiply wiht At we obtain

2
Huz’e _UZ 1’Q7L_1+2Ata271(u271 )+4At’)’s n— 12( n,e ne ‘ ‘Qn )
h
(552)
Then we test the second equation of (4.22) with 2u}"* and multiply with At we obtain
. 2
‘uﬁ’z —up 1HQTL—|—2Ata,h(uZZ,uh )+ 4Atys) (upt upt) ‘ ‘ (5.53)
h
Combine (5.52) and (5.53) we have
2
n, n—1 n—1
| o e = e =
AU ) + ap () + A (s ) + s () (554)
12 12
=i g+
or on
Using the lower bound on a” (-, -) we have
ap(upt upty > %HVU? —&ullur |l . (5.55)
Qp
Using the lower bound on a"~!(-, -) we have
n—1/ n—1 _n,e n—1/, n,e mn,e n—1/ n—1 n,e n,e
ap~ (upuy ) = ap (S uy ) Fap (uy T =y uy )
el]? -1 ,
> SV g = nllun Il L
> 2|Vl — nllun fon-s = enl|ur = up ™|, 905 g
-2 h ey h ey h h Qy Q, (5.56)
4 n,e||2 n,e||2 20202 n,e -1 2 14
o LT o
n,el||2 202h72 n,e —1 2
S R
. L 1] a"_l(v;“th) 1
with o, = o7 | = sup,, ,, cv it Ty < OF -
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Substituting (5.55) and (5.56) into (5.54) we have

2

(1- zghm)(] u

2 2 1
W o +||uZ’e||szl) + IJAt(HVuZ’z + =V

,ii n—1
a5 2” , “h T ’szg
4C2h_2 n,e 2 n— n,e  n,e n n,g N,
+(1 - v At)’ uy =g 1‘ T ADy (s () s (g up)
h
2 2
S‘unfl‘ _’_‘unfl‘
ol IR llgp
(5.57)
Let1— 4C°h° At > 0 ie. At < 8=z = 2C,h* we have
4C%h~2 ne 2
(1- A fupe = =0, (5.58)
h
12
Since‘ upt =l ’Q > 0, (5.57) can be written as
h
n,t 2 v n,i 2
(1= 288,)(upy o I o)+ 5 A2 v oy IV o[
5 ) (5.59)
AN (s R ) + s () R e
o o
Since uj, = Kl ;uz.e,
2]lup|? o (5.60a)
upllgp <||un o uy, ap .60a
12
2Vuilf, <||Vup’ o FIV Il (5.60b)
(5.59) can be written as
(1 — 26,02 3, + VAV 3, + A0 (5w, up) + s () )
2 2 (5.61)
S i et U
Q;i Qn-—1
Applying Lemma (2) to (5.61) we obtain
n—1,2, ne n,e n,l;, nai n,
(1 =26, A8) [uy ||m+ VAt||VuhHQ"+2At’Ys( (up 5 wy,) + 53,7 (w5 wy, ™))
S o <3
u u —(|u
=200 lgp IR lgpt T 20 oy, opty I g
(5.62)
cLza(E)At n—1 2 1 2
TR AR el

h

1
+ 3CLa (e, ALK sy~ up ™)
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We choose ¢ < 5—~—— so thatcy,, () < 1 and ¢y, (¢) and ¢y, (¢, h) are bounded independent

2¢pyCs, WE

of h and At. We assume v, > cr,. K and summ up overn = 1,2, ..., k, k < N yields

k k
2 1 _ 7 n,i i
o T TVAED IVl + Aty (s ) s (i)
N et . n=1 (5.63)
2 c € — 1 2 1
LQD,( ) + 2£h)At Z”uﬁ”éz + ZAtVHvu%HQO + 5’75At5f01(u27112)
n—"0 h

[+

Q?L—’_( 2

<]

We apply Gronwall’s Lemma with ¢, At < 1 and obtain the result with ¢z, = CLZT“(E) + 2¢6,. O






Chapter 6

Numerical Experiments

In this section, we present numerical experiments for higher order stabilized time stepping mehtods
proposed and analyzed in the last chapters.

6.1 Setup

In all numerical experiment we use a bilinear form which is slightly different with the bilinear

form used in the analysis section, it is given as

af (un, vn) = /
Q

We also use a right hand side source term

vVuy, - Vopdr + / (W€ Vup)vp + div(w®)upvpde (6.1)
Qy Qy

n
h

flop) = fupdax. (6.2)

o

All the implementations are done in ngsxfem [15] which is an Add-on package for unfitted FEM in
the general purpose finite element solver Netgen/NGSolve.

In numerical experiments, the discrete domains ()} are approximated by an interpolation ¢}
of a level set ¢(t,,) i.e. Qf := {¢} < 0}. The strip domains Sﬂ%h can be realized by a level set
{l¢R|< 165} which is a approximate signed distance function.

6.2 Example: Traveling circle

We consider a circle
Q= {x e R?: ¢(x,t) < 0} (6.3)

57



58 CHAPTER 6. NUMERICAL EXPERIMENTS

as moving domain traveling with a time-dependent velocity field that is constant in space through
a background mesh, where

P(x,t) = HX — p(x, t)” — Ro
p(x,t) = (%sin(?mﬁ), 0)" (6.4)

w(x,t) = dip(x,1t)

with Ry = 0.5. Fixing the background domain Q = (—1.2,1.2) x (—1,1) we consider the time
interval [0, 7] with T' = 0.5 for implicit stabilized time stepping mehtods and 7' = 0.1 for explcit
stabilized time stepping method.

For the simplicity, we set the parameter v = 1 and the extended solution is given as

e s
ué(x,t) = cosz(me p(x,1)],) (6.5)
which fullfills the flux boundary condition given in chapter 2. We set mesh size h = 0.2 and

At € {15, 35+ 51> 155> 355 for stabilized implicit Euler time stepping method, stabilized BDF2

time stepping method and stabilized BDF3 time stepping method. Due to Theorem 2, we have
2 111 1

At < C,h?, therefore we set mesh size h = 0.2 and At € {5k, =15, 1057+ 5045 1096 T3 Tessa) for

stablized explicit Euler time stepping method. We compute asymptotical convergence rates in

space and time by "experimental order of convergence" as

Log(errori) — Log(errora)

d = 6.6
oraer Log(Ahy) — Log(Ahs) (6.6)
6.2.1 Convergence in space and time
We consider the errors in the discrete space-time errors
al 2
[[un — ueHL2(L2) = Z Atffup, ueHQZ : (6.7)

The results are given in the form of Tables. The columns represent the different levels of space
refinements. The rows represent the different levels of time refinements. The last column shows
the experimental order of convergence with respect to time refinements on the fines spacial mesh.
Similarly, the second last row shows the experimental order of convergence in space with respect
to the smallest time step. The last row for stabilized implicit Euler time stepping method shows
the experimental order of convergence with respect to space refinement on each level and time
refinement on each two levels. The last row for stabilized BDF2 and BDFE3 time stepping methods
shows the experimental order of convergence with respect to both time and space refinements
on each level. We also add the eoc of combined refinement on each space level and 3 levels of
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Lyl L, — 0 1 2 eoc;
0 22x107%2 16x1072 1.6x 1072 -

1 20x1072 92x10% 83x1073 095
2 1.9%x 1072 6.2x1073 45x1073 092
3
4

1.9x 1072 52x107% 25x1073% 0.90
1.9x 1072 49x1073 1.7x107% 0.81
€0C, - 1.96 1.53
€0C 1t - 0.91 0.93

Table 6.1: L?(L?) error for stabilized implicit Euler time stepping method

Lyl L, — 0 1 2 3 eoc;
0 14x10°2 70x10% 63x10° 62x10° -
1 1.3x1072 42x1073 25x107% 22x1072% 149
2 1.3x1072 34x1073 12x1073% 7.6x10"* 1.53
3 1.3x1072 32x1073% 89x10~* 32x10"* 1.25
€0C, - 2.02 1.85 1.48

€0Cy - 1.74 1.80 1.91

Table 6.2: L?(L?) error for BDF2 stabilized time stepping method

refinements in time eoc,; for stabilized explicit Euler time stepping method.

Results of implicit methods

L. In Table 6.1 we display the L?(L?) norm for the 5 different time levels and 3 different space
levels and corresponding eocs for stabilized implicit Euler time stepping method. We observe
that the convergence|[us, — u®[| j2(72) < h? + At.

II. In Table 6.2 we display the L?(L?) norm for four different time and space levels and corre-
sponding eocs for stabilized BDF2 time stepping method. We observe that the convergence
Jup, = u|p2¢z2) < h? + At? and there is an improved rate in time.

III. In Table 6.3 we display the L?(L?) norm for the four different time and space levels and cor-
responding eocs for stabilized BDF3 time stepping method. We observe that the convergence
HU}L - ue||L2(L2) S h2 + Atg.

Results of explicit methods

In Table 6.4 we display the the L?(L?) norm for the 7 different time levels and 3 different
space levels and corresponding eocs for stabilized explicit Euler time stepping method. We
observe that the method tends to be stable after refining time on 6 levels and space on 2 levels.
We find that the convergence behavior in space is better than the convergence behavior in
time. We expect that the convergence can be||u, — u®|| 272y < h? + At after more refinements
on time and space, but it may lead to much cost on computation.
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Lyl L, — 0 1 2 3 eoc;
0 24x107%7 13x107% 1.1x107% 1.0x10°? -
1 21x1072 6.4x107% 34x1073 2.7x10"° 1.89
2 20x1072 5.0x107% 15x1073 6.0x10™% 217
3 20x 1072 49x107% 12x1073 3.3x10"* 0.86
eoc, - 2.03 2.03 1.86

€0C,¢ - 191 2.09 2.18

Table 6.3: L?(L?) error for stabilized BDF3 time stepping method

Lyl L, — 0 1 2 [Slelen
0 1.0 x 107! - - N
1 1.2 x 1071 - - -
2 1.5 x 1071 - - -
3 1.7x 107" 3.3 x 102 - -
4 20x 1071 4.0x 1072 - -
5 21x1071 46x1072 68x 1073 B
6 21x1071 51x1072 81x103

€0C, - 2.04 2.65

€0C¢t¢ - 1.60 2.03

Table 6.4: L?(L?) error for stabilized explicit Euler time stepping method
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Chapter 7

Conclusion

In this thesis we have introduced some higher order unfitted finite element methods for solving
PDEs posed on moving domains. The numerical methods are based on a standard geometrically
unfitted finite element with a stabilization term for space discretization and higher order time
discretizations such as BDF2, BDF3 methods and tripezoidal rules. In the analysis, We give a full
stability analysis on stabilized BDF2 and explicit time stepping mehtods. We also give a reasonable

argument on the stability analysis on tripezoidal rules for moving domains.

For the implementation, we were able to derive optimal order error bounds in the Ly norm for
BDF2 and BDEFS3 stabilized time stepping methods. We also presented a interesting result of
stabilized explicit Euler time stepping method.

Open Problems

I. In the numerical experiments we only implement BDF2, BDf3 and explicit stabilized time
stepping methods. We are intereted in implementing tripezoidal rules and want to expect to

obatin an interesting and reasonable result.

II. We only consider a simple model problem, travelling circle. Many applications involve more
complex problems, e.g. random travelling object with random change of shape and two-
phase Navier-Stokes equations,etc. An extension of this method to those complex problems
will be challenging and interesting, it should be investigated and analyzed in the future.

II. The numerical example we have treated is only in 2D simple model, hence it is a clearly
challenge to implement a 3D simple model and extend it to a 3D comlex model. It will be an

interesting task and worth pursuing.
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