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Abstract

The Fourier transforms of B-splines with multiple integer knots are shown to satisfy a sim-
ple recursion relation. This recursion formula is applied to derive a generalized two—scale
relation for B-splines with multiple knots. Furthermore, the structure of the correspond-
ing autocorrelation symbol is investigated.

In particular, it can be observed that the solvability of the cardinal Hermite spline in-
terpolation problem for spline functions of degree 2m + 1 and defect r, first considered
by P.R. Lipow and I.J. Schoenberg [9], is equivalent to the Riesz basis property of our
B-splines with degree m and defect r. In this way we obtain a new, simple proof for
the assertion that the cardinal Hermite spline interpolation problem in [9] has a unique
solution.
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1 Introduction

Let m € Ny and r € N be given integers. We consider equidistant knots with multiplicity r
xy = [l/r] (leZ), (1.1)

where |z] means the integer part of z € R.

Let N"" € C™"(R) (m > r, k € Z) denote the normalized B-splines of degree m and
defect r with the knots xy, ..., Tx1m+1. The class Sy, -(Z) (m > r) of cardinal B-splines of
degree m with integer knots of multiplicity r consists of functions s, which are polynomials
of degree m in each interval [v, v + 1] (v € Z) and belong to C™ " (R).

Note that the B-splines

NI = NP (= 1) (k= 0, —1; | € Z) (1.2)

form a basis of the spline space S, (Z) (cf. [1]). For the well-known normalized B-splines
N,, of defect 1 it follows the notation N,,(- — 1) :== N/
We introduce the B-spline vector N7 := (N,");_{ of length r. The Fourier transform of

N’ is denoted by N := (N )L with

o ::/ NP (@) e de (k= 0,0 —1).

In Section 2 we shall derive a recursion formula for the Fourier transformed B-spline vector
AT
N ,,. This recursion formula can now be applied to various problems in Sections 3 — 5.

In Section 3, we are going to find a recursive scheme for the computation of the (r,r)-
symbol

1 o
Pl(2) =3 > P (1.3)

which is defined by the generalized two—scale relation (refinement equation)

N, = i P, N (2-—n). (1.4)

n=—oo

Here and in the following let z € T with T := {F € C, |F| =W¥}. The two-scale relation
(1.4) is needed for a generalized multiresolution analysis with r scaling functions N,""
(k =0,..,7 — 1) and for the construction of Hermite spline wavelets. In this way new
spline wavelets with very small support can be found (cf. [4, 5]).

The well-known two-scale relation for the normalized B-splines N, := N of defect 1

. 14 e \™

will be obtained in the special case r =1 (cf. [2, 3]).

In Section 4 we consider the autocorrelation functions

Fry = / N (+y) N (y) dy (k,1=0,...,r—1) (1.5)
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and the corresponding (r, r)-matrices F'(n) := (Fkl(n))zflio (n € Z). The autocorrelation
symbol is defined by

[e o]

&), (2) = > F(n)z*. (1.6)

n=—oo

We shall investigate the structure of @ . Some interesting properties of ®; can be
observed which are reminiscent of the well-known case with one scaling function. In
particular, the equivalence between invertibility of ®’ (z) for z € T and the Riesz basis
property of N, (- —=1) (1 € Z; T=F,...,~ —W¥)in S,,,(Z) (N Lx(R) can be shown. Note
that @ coincides with the well-known Euler-Frobenius polynomial

! (2):= Z Nopa1(n) 2"

n=—oo

(ct. [2, 3, 13]).

Finally, in Section 5 the cardinal Hermite spline interpolation problem, first considered
by P.R. Lipow and I.J. Schoenberg [9], will be handled. With the help of results of the
previous sections a new, simple proof will be given for the assertion that the cardinal
Hermite spline interpolation problem in [9] is uniquely solvable. Furthermore, the new
conclusions will be compared with known results in [9] and [8].

2 Fourier transform of the B-spline vector N

The B-splines N,"" (k € Z) of degree m € N, and defect r € N possess the following
properties:

Theorem 2.1 Form € Ny, r e N and k=0,...,r — 1 we have:
(i) N e Cm(R) (> 2 N),
(i)
supp N = [0, [(m + 1+ k)/r]],
N (x) >0 (ze€(0,[(m+1+Ek)/r])),

(ii) NG g+ 1 € P (j €2),
(iv)
[e%¢) r—1
> D M=) =1
j=—o00 k=0

—00

In particular,
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Furthermore, )
TZ NP @rl) =0 (1€ Z\{¥}).
k=0
(vi) For m >r —1 we have
T — T, x

) —
N]zn—l,r (l‘) + k+m+1

N (x) =
Thimi1 — Ty

N (). e R).
szrm _ l,z k+1 (l‘) (l‘ )

(vii) For m > r —1 we obtain

1

1
DN™ =m ( N N,Zfll’r) ,

'S 'S 'S
Lprm — Lk, Lirma1 — Traa

where D denotes the differential operator D := d/d-.

For a proof of Theorem 2.1 we refer to [1].

For r = m + 1, the B-splines N, (k=0,...,m) coincide with the Bernstein polyno-
mials

m .’L‘k —x m—k T
NP (@) = By (a) ::{ (£)a"2 =) x;%j H

According to the distribution theory let N,*" be defined for r > m+1and k=0,...,r—
m — 2 as follows

(2.1)

Dr—m—Z—k )

N —
k r—1—F% "’

where § denotes the Dirac distribution. For the Fourier transformed B-spline vector N :n
of length r > m + 1 we find

N (u) = (7@1;):?2’ . ;flfol | NZ“(U)T)T, (2.2)

where N denotes the vector of the m 4 1 Bernstein polynomials of degree m. In
particular, we have

Ny — (2 R 0=y (2.3)

r—17""1"7 w

Further, we put

N () = (i“fl <“1L> ,1)T (u € R). (2.4)

The following recursion relation for N Tm can be found:
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Theorem 2.2 Form € Ny, r € N we have

(i) N, (u) = AL (™) N,y () (u€R). (2.5)
The (r,r)-matrices A (z) (z € T) are defined for m >r —1 by

m% :1:*1 0 0
m {n+1
0 — 0 0
m—+1
Al (z):=m : : : f ; (2.6)
0 0 1 . 1
‘Trm-H"—Q x:n-H”—l
= 0 ... 0 ——
m m+r—1
where x}, ., (k=0,...,7r —1) are given in (1.1). Form =r —1>0 let
1 -1 ... 0 0
o 1 ... 0 0
Ap () =m0 Lo (2.7)
0 0 1 -1
-z 0 0 1
and for0 <m <r—1
Ir—m—l 0
AT (2) = , (2.8)
0 A7)

where Ay(2) := 1 — 2. Further, I,_,, 1 denotes the (r —m — 1)-th unit matriz and 0 a
zero matriz.

Proof:

1. Applying the Fourier transform to the relation (vii) of Theorem 2.1 we obtain for
k=0,....,r—1land m>r—1:

1 -
— N () - —
Lhtm Lhtm+1 — Trt1

()N () = m

Using (1.2) it follows that
R (u) = [N = D (w) = e g (w)

and thus
AT AT

(u) N, (u) = A (e7™)N,,,

with A7 (e=™) in (2.6).
2. For m =r — 1 we find

[(u)  (ueR) (2.9)

DN m(N:kLmﬂ B N]er:leH) (k=0,...,m)

with Ng*~ 2"+ = §/m and N7 "= NV (1) = §(- — 1) /m, where § denotes
the Dirac distribution. For the vector Nt it follows by (N*~""*hym = N™ |

~_m+1 ~_m—+1

(DN (u) = ()N, (u) = AT (e™™)N,, "y (u) (2.10)

m
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with the (m + 1,m 4 1)-matrix A™"!(e=™) in (2.7) and NZE(U) = (1/m,N.._ (u)T)T.

3. The formula (2.10) and the definitions (2.2) — (2.4) lead for 0 <m <r —1 to

A~

(iu) N

m

T

(u) = A, ()N, (u)
with A” (e7™) defined in (2.8) and Aj(z) = (1 —2). =
Example 2.3

For r = 1 and m > 0 we have A} (2) = (1 — 2).
For r = 2 and even m > 1 we find

Afn(z):2<_lz ‘11).

For r =2 and odd m = 2n +1 > 1 it follows

o [ 241/ —2+1/(n+1)
Am(z)—<_z(2+1/n) 2—1/(n+1) )

From the recursion relation (2.5) it follows in the special case r = 1 the well-known

formula 1
~ 1 N A
N, (u) = Np(u) = —(1 —e ™) Np_1(u),

1.e.

L0t ()- (o)
M = 5 (e 7)) (o) =mr (0 e ),
ww = 2 )R

2 ( iu—2+ (2 +iu)e ™

Remark 2.4
1. Note that for m >r —1

[y

T

m

det A7 (2) = (1 — 2)

r
1= Tmt

and for0 <m <r—1

det A7 (2) = det AT (2) =m™™ (1 - 2).
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2. By Theorem 2.2 we have the recursion formula for the computation of all Fourier
AT

transforms of B-spline vectors with multiple knots. Since IN,, is continuous at 0 we

obtain

N'(0) = lim — A7 (e )N, (u) = (

u—0 71U m m=

L(m+14k)/r]\r=1
m+1 )

3. Fourier transforms of special B-splines and fundamental splines for cardinal Hermite

spline interpolation, introduced in [9] and [14], were already treated in [7]. In contrast

to our approach, in [7] an integral representation for the Fourier transforms, based on

exponential Hermite Euler splines, was given. &

. (u e R).

3 Two—scale symbol matrix

A central role in the construction of multiresolution analysis and wavelets is played by
the following two—scale relation or refinement equation of a given function ¢ € Lo(R):

6= 3 pb(2—n) (o) € o).

n=—oo

The Fourier transformed two—scale relation reads
¢ =P(e?) ¢(-/2)
with the two—scale symbol

P(z) ::% Z Pn 2"

n=-—oo
We want to generalize this two—scale relation for more than one scaling function and wish
to find matrices P,, (n € Z) with

N;, = ) P.,N,(2-—n) (3.1)
or . o
N, =P’ (e"/)N, (-/2) (meN, ~ €N). (3.2)
The (7, 7)-matrix
T 1 - n
P (2) = 5 z_: P,z

is called two-scale symbol or refinement mask of N ..

We are going to find a recursive scheme for the computation of P, for all vectors N
(m € Ng, ~ € N). The well-known two-scale relation for the normalized B-splines of
defect 1

R 14 e i\™

will be obtained in the special case r = 1. Furthermore, for r = m + 1 we will find the
two-scale relation for the vector of Bernstein polynomials N7 = B™ := (B, ..., B™)"
(see (2.1)).
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Theorem 3.1 Let m € Ny and r € N be given. Then the two-scale symbol P, is finite
and satisfies for m > 0 the following recursion formula

1 _
P (2) = 5AL(Z) P, 1(2) AL ()7 (2 €T\ {#}) (3.3)
with A, (z) defined in (2.6) — (2.8) and the (r,r)-diagonal matriz
P’ (2) :=diag (27, ...,297.

For z =1 we have
1 : . .
P (1) ==1lim Afn(e’Q“‘)Prmfl(e’“‘)Arm(e’“‘)’1 (u € R).

u—0

Proof: By Remark 2.4 the matrix A} is invertible for z # 1. Applying the formula (3.3)
for m = 0 we obtain

Pi(s) = SAN)PL (o) A=)

1 ...0 0 =1 ... 0 0 1 0 0
_ L S : : :
20 1 0 0 2 0 0 ... 1 0
0 01— 22 0 0 1 0 ... 0 (1—2)"

(5 )

With (2.3) it can be easily verified that the assertion is true for m = 0, i.e., the matrix
P computed in (3.4) satisfies

Ny = Py(e ") Ny (-/2).

Now let m > 0 and let (3.3) be satisfied for m — 1. On the one hand, by (3.2) and using
the recursion (2.5) it follows for u € R\ {¥} that
o 1 o, R
N, (u) = —A] ()N, _(u) = P ()N, (u/2)
iu
o, —iu/2 2 o —iu/2\ N
= Pm<€ )EAm(e )Nm71<u/2)7

i.e.
T

N, (1) = 247, () P (e ™) AL (e7) N, (u/2).
On the other hand, we have

m—1

N:n—l(u) = P:n—l(e_iU/Q)N:n—l(u/Q)'
Thus, .
P.(z) = §A7”m(22)137"m4(Z)x‘lfn(z)’1 (z € T\ {¥}).
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Since the B-splines N, (k € Z) are spline functions of S,,,(Z) with minimal support
and in particular

clos (supp Z apN."") = clos ( U supp N."")

k=—o0 aE#0

(cf. [1]), the two—scale relation is finite. It follows that P (z) is a matrix polynomial in
z. By continuity of N (u) at u = 0 we obtain P7, (1) by the limiting process

1 4 ‘ .
P}, (1) = lim S AL ()Pl ()AL (e™) T (weR).  m

u—0

By Theorem 3.1 all two-scale symbol matrices P] (m € Nyg; ~\ € N) can be recursively
computed. The inverse (A} )~! can be explicitly given.

Lemma 3.2 For z € T\ {¥} the (r,r)-matriz A} (z) (r > 1) is invertible and we have
form>r—1

r r T T

Xz Xz T T

1 A Ty coe T Tt
Ar —1 _ . . . . 35
Ao el r r r (35)
me+r—2 me+r—2 xm—i—r—Z xm—i—r—Z
z‘r:n-l—r—l z‘r:n—l—r—l e zxgﬂ—r—l 'T:n-‘,-r—l
Form =r —1 we obtain
1 1 1
. z 1 ... 1 1
At & SR 3.6
R s e | (36)
z 1 1
Z z 1
and form <r —1
I..., O
r -1 _ r—m—1
A = (07 e ) 3.7

where I,._,, 1 denotes the (r — m — 1)-th unit matriz and 0 a zero matriz.

Proof: The assertion immediately follows by the observation that the matrices A7 (z)~!

defined in (3.5) — (3.7) satisfy the identity

Al ()AL () =1, =

Example 3.3 For r = 1 we only have (1, 1)-matrices. Since

2

AL(2) AL () =

=1
1—2 t
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it follows that

1
PlL(s) = — " Ph_,(2),
that is "
1 m
Ph:) = Pale) = ()

For r = 2 we obtain for m = 0,1, 2:

9 B 1 0

PO<2> - <0 <1+Z)/2)7

Pz) — 1 1 -1 1 0 L1y _17/2+2 1

B T S 0 1+2/2 )\ z1)77\0 2 2241 )
1 1 —-1\1/24+=z2 1 11

2 _ -

P = gy (0 )i ) (00

B 1 242z 2
T8\ 224222 1442422 )

For r = 3 and m = 2 we find

. 1L -1 0\, /4 0 0 111
Pi(z) = —| 0 1 —1 |=|[024+2 1 z 1 1
20=2)\ _» o 1 J4\ o . 241 s oz 1
44z 2 1
= - 2z 2z+2 2 A
8 z 2z 4z +1

Furthermore, using the recursion relation (3.3) we find

Corollary 3.4 For m € Ny and r € N we have

det P’ (z) =27+ =3)/2 (1 4 )™+t (2 € T). (3.8)
Proof: For m = 0 we have by (3.4)

1
det Py(z) = ?(1 — 22)2rr=h2( — )7t

2r(r—3)/2(1 + Z)

Now let (3.8) be satisfied for P;,_, (m > 0). Then we obtain by (3.3) and Remark 2.4

1
det Pl (z) = 5(1 + z)det P, _(2)

Qfmr+r(r73)/2 (1 + Z)erl. -
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4 Autocorrelation symbol of N},

As in the simple case with one scaling function let us consider the autocorrelation functions
Fyi = / NP (+y) N (y) dy (k,1=0,...,r—1). (4.1)

The autocorrelation symbol of N 1is defined by the sequences F(n) := (Fkl(n))27i0
(n € Z), namely

[e.9]

&) ()= Y F(n)z". (4.2)

n=—oo

The following properties hold:

Theorem 4.1 Let m € Ny and r € N. Then we have
(i) For allu € R

o) (e ™) = > N, (u+2rk) N, (u+2rk)* (4.3)
k=—o00
with N:n(u)* = N;(U)T In particular, ®! (z) is Hermitian and positive semidefinite.
(ii) For z € T,

@7, (%) = P}, (2)®],(2) P, (2)" + P, (—2)®, (=2) P, (—2)"
with P) (2)* := P! (2)T.

Proof: The assertion (4.3) follows from the Poisson summation formula. Applying (4.3)
and the two-scale relation (3.2) we find for u € R

—w Z Pr et u/2+k7r)) (u/2 + k?ﬂ') (u/2 + k‘ﬂ')*Pr ( —z(u/2+k7r))*

k=—00

= Z P (e7) N (u/2 + 20l) N, (u/2 + 270)* P, (e77/2)*

l=—00

Z P (—e ™*)N, (u/2 + (20 + 1)m) N, (u/2 + (20 + 1)7) Pl (—e ™)

l=—00

P:n(e_i“/Q)QTm(e_i“/Z)Prm(e_i“/Q)* + Prm(—e_i“/Q)ti'fn(—e_i“/Q)P;L(—e_i“/Q)*. -

Example 4.2 For r = 1 we have

2 426271 4+ 66 + 262 + 22,
3 4120272+ 1191271 + 2416 + 11912 + 12022 + 2°.
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For r = 2 we obtain

) (21 ) 4 3z—1+3
6®i(z) = (1 Nk 3095(z) = 3+3z z ' +1242 )’

9 B 9271 + 128 +92 53271 +80+ 2
5605 (2) = ( ST 4804532 9: ' 12849: )

Now we want to analyze the structure of ®’ using the recursion formula (2.5) for N .
Therefore we introduce the following (r, r)-matrix

H, .= (H”)W . (4.4)
with .
Hy(z) =Y DNz (n, v=0,1,...,r—1,2€T), (4.5)
l=—00

where D" f denotes the v-th derivative of f. For 2m + 1 — v < r — 1 the functions
D”Nimﬂ”’ are understood according to the distribution theory. The functions HS in
(4.5) are called Euler—Frobenius functions of Nim“’r. Therefore we call H,, | the Euler—
Frobenius matriz of N5, ;.

For r = 1 we obtain the well-known Euler-Frobenius polynomial

Héerl( ) 2m+1 Z N2m+1

l=—

For r = 2 and m > 1 the matrix

H2 ( ) Zk— 9] N2m+1 2<k)zk Ezozfoo N12m+1,2(k)zk
2m+1 ZOO DN2m+1 Q(k)zk ZOO DN12m+1,2<k>Zk

k=—o00 k=—o00

is found. By the Poisson summation formula the matrix HY,, | reads for z = e™™ as
follows

o0

S (Gt 2n)) Nt 20" (weR).  (46)

l=—00

Hngrl (e—iu)

Example 4.3 In particular, we have

Hi(z) = 2,
6H;(2) = 2(1+4z+ 2%,
120H; (2) = 2z(1+ 262+ 662> + 262° + 2*),

Y 1 1 2/ N 5+z 145z
2H3(2)_Z(—3 3)’ 12H5(Z)_Z(10—5z 5—102)' .

Later, in Section 5 we will see that the Euler-Frobenius matrix H3,  , plays a crucial
role in solving the cardinal Hermite spline interpolation problem.
The following connection between H5, ., and @ can be shown:
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Theorem 4.4 For m € Ny and r € N we have

@], (2) = D}, 0(2) Dy Hy, 1 (2) (D],4(2)) 7" (2 € T\ {#}) (4.7)
with
Djo(2) = AL(2)AL1(2). - Ag(2),
DTm,l(’Z) = Angrl( 2) A5, (2) ... A:nJrl(z)?
where the (r,r)-matrices Ay, (k=0,...,2m+ 1) are defined in (2.6) — (2.8),
0 o .. 0 =
0 T 0
D, = (—1)™*! : : : : (r>1)
0 (=1 ... 0 0
(- o ... 0 0

and Dy := (=1)™"1. For 2 =1 we have
&],(1) = lim D} (¢”)D, H,, ., (c)(D} (7)) (u e R)

Proof: Let z # 1. The relations (2.5) and (4.3) lead to

@) (e ™) = Y N, (u+2al)N,, (u+2rl)*

l=—o00

Z %Afn(ew)]v:n (w4 2ml) N (u+ 2w (A, (e )
1=

— 0AL ) (3 N 20Nyt 20 ) (A

l=—

Repeating this procedure we finally obtain

@) (™) = (=)™ Dy, o(e7™) ( Z N_ u+27rz)N2m+1(u+27rl)*>(D;‘n,1(e—i“)*)—1

l=—00

with N', defined in (2.4). By

D, ((—i(u + 27?[))k)k:0 = (—1)™ N" | (u + 2rl)

and by the definition (4.6) of Hj, ., it follows the assertion for z # 1.
Since ®; (1) and H3,, (1) are well-defined we also have

®;,(1) = lim D], (™) D, H, 1y (¢")(D), 1 (e7™)) " (ueER). m

In particular, Theorem 4.4 yields by @ (z) = ®/ (2)*:
Corollary 4.5 Let m € Ny and r € N be given. Then for z € T we have
det ®7 (2) = ¢y, 2™ det HY,\ L (2)

with a constant c,,, not depending on z.

The proof directly follows from Theorem 4.4 and Remark 2.4.
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5 Riesz basis and Hermite interpolation

In this section we will show that there is a strong connection between the Riesz basis
property for the B-splines N;*" (k € Z) and the unique solvability of the following cardinal
Hermite spline interpolation problem:

Let m € N and » < m + 1 be fixed. For given data sequences (y*)>>__ € I, (k =

0,...,7 — 1) we wish to find a spline function s € Sy,11,(Z) [ Lk(R) such that the
Hermite interpolation conditions

DFs(n) = y* (neZ; T=F ...,N—F) (5.1)

are satisfied.

It is well-known that the problem of existence and uniqueness of solutions of spline in-
terpolation problems on an equidistant lattice unavoidably leads to the Euler-Frobenius
functions. However, we want to give a short proof for the following

Theorem 5.1 Letm € N and 1 <r < m+ 1 be fixred. Then the cardinal Hermite spline
interpolation problem (5.1) possesses a unique solution s € Sami1,(Z)(Lg(R) for any
given data sequences (y*)°. € ly (k=0,...,r —1) if and only if the Euler—Frobenius
matriz H5,, (2) is invertible for z € T, i.e.

det H},, . ,(2) #0 (z€T).

Proof: The spline function s € Sopi1,-(Z) (L (R) can uniquely be represented in the

form
oo r—1

Z Za N2y

l=—00 k=0

with (af)* €l (k=0,...,r —1). From the interpolation conditions (5.1) it follows
forn € Z

co r—1
DN af DN (=) =gy (v=0,...,r—1). (5.2)
I=—o00 k=0
We put
ag 1= Z aye™ gy = Z yre ™ (k=0,...,r—1).
l=—0 l=—00

The functions ax, gx (k=0,...,7 — 1) are continuous. By (5.2) we find
H,, 0 (e7")(@n)iZo = ()0

i.e., the functions a, (kK = 0,...,r — 1) are uniquely determined by (5.2) for any data
sequences (yf)°_ €l (k=0,...,r—1) if and only if H},(2) is invertible for z € T.
"

It is well-known that the B-splines satisfy the following Riesz basis property:
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Theorem 5.2 Let m € Ny and 1 < r < m + 1 be fized. The functions N, (- — 1)
(leZ;, T=¥F,...,~—WK) form a Riesz basis (or Ly(R)-stable basis) of Sy, ,(Z) ([ Lx(R),
i.e. there exist positive constants 0 < A < B < oo such that

A SRS S AN = e < B ZZ (5.3)

l=—00 k=0 l=—00 k=0

for all sequences (cf)°_ €ly (k=0,...,r—1).

For a proof we refer to [1]. As for one scaling function we can prove the following equiv-
alence:

Theorem 5.3 Let m € Ny and 1 <r < m+ 1. The Riesz basis property (5.3) with Riesz
bounds A and B s equivalent to the following condition:
The eigenvalues \g(z) (kK =0,...,7 — 1) of the autocorrelation symbol ®; (z) satisfy for
zeT

A< (z)<B (k=0,...,r—1). (5.4)
In particular, the integer translates of N]"" (k = 0,...,7 — 1) form a Riesz basis of
Smr(Z) N Le(R) if and only if the autocorrelation symbol ®) (z) is positive definite on
the unit circle z € T.

Proof: For (cf)®

P o €l (k=0,...,7—1) let C) denote their 2r-periodic symbols, that
1s

ch “(k=0,...,r—1).

l=—00
Put
C = (Co, NP Crfl)T.

Then by the Parseval identity we find

- e I <
I3 SN =Dl = o= [ G R

l=—00 k=0

= Z/ u)TN,, (u+ 2x1)|? du

= %Z/O C(u)'N. (u+2rl)N,, (u+ 27l)* C(u) du

1 o T&" Pl
= %/0 C(u) @, (u)C(u) du.

Considering
Ch
(Z |C/’c||L2(]R))1/27

and appealing to the Parseval identity

gk ‘= g = (907 cee 79r71)T

o0

r—1 r—1 or r—1
S5 (= S IR = — Z Culw)? du = Z 1CHI12,
2m J,
k=0

l=—00 k=0
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it follows that (5.3) is equivalent to the assertion that
A< L / WP (¢~ ™glu) du < B (5.5)

is satisfied for any 27-periodic function g(u) with

||9||%2(R) = Z ||9k||%2(R) =1

k=0
For the matrix of eigenvalues of the Hermitian matrix ® (z)
A(2) i= diag (Mo(2),- ., Aer(2))7

we obtain )

1 [ N

A< —/ h(u)"Ale™™)h(u) du < B
2m J,

for any 2m-periodic function h(u) := (ho(u), ..., he_1(u))? with

Ih]* = Z 17l 7 ey = 1.

Thus, it follows by appropriate choice of h that
A< M(z)<B (z€T; T=F,...,~ =¥

To see that (5.5) follows from (5.4) we notice that

Remark 5.4 A result analogous to Theorem 5.3 can also be found in [6], where more
general scaling functions g (k=0,...,7 — 1) are considered. &
As a result of Theorems 5.2 and 5.3 we have

Corollary 5.5 Let m € N and 1 <r <m+ 1. Then the autocorrelation symbol ®; (z)
is positive definite for z € T and in particular

det ®,.(2) >0 (z€T).

We observe the following interesting equivalence between the Riesz basis property for the
integer translates of N (k = 0,...,7 — 1) and the unique solvability of the cardinal
Hermite spline interpolation problem (5.1):

Theorem 5.6 Let m € Ny and 1 < r < m + 1 be fired. The following assertions are
equivalent:
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(i) The integer translates N,"" (- —1) (I € Z; T =¥, ...,~ — W) form a Riesz basis of
S (Z) N Lg(R).

(ii) The autocorrelation symbol ®] (z) is invertible on the unit circle z € T.

(iii) The Hermite interpolation problem (5.1) is uniquely solvable for any given data
sequences (yf)2_ €l (k=0,...,r—1).

(iv) The Euler—Frobenius matriz Hy,,  (2) is invertible on the unit circle z € T.

Proof: The equivalence of (i) and (ii) is shown in Theorem 5.3. The assertions (iii)
and (iv) are equivalent by Theorem 5.1. Finally, from Corollary 4.5 it follows that the
autocorrelation symbol ®7 (z) is invertible on z € T if and only if the Euler—Frobenius
matrix HY,,,,(2) is invertible on 2 € T. =

Theorem 5.6 and Corollary 5.5 imply the following important

Corollary 5.7 Let m € Ny and 1 < r < m + 1 be fired. Then the Hermite inter-
polation problem (5.1) is uniquely solvable for any given data sequences (y¥)>* . € I
(k=0,...,7r—1).

Finally, we want to compare our result with known results in the literature. A similar
cardinal Hermite spline interpolation problem in S,,,(Z), but for [, data sequences and
data sequences with power growth, was firstly considered by P.R. Lipow and I.J. Schoen-
berg [9]. The unique solvability of the cardinal Hermite interpolation problem was proved
in [9] by showing that the reciprocal polynomial €25 ., (2) defined by the determinant of
a(2m+1—r,2m+ 1 — r)-matrix

(o) () (L) 1=z 0 0
(o)) (L) () 1= '
: : . 0
ng+1 (Z) = det, 2mJ617r 2m4517r o o 21;Ln41ri;r 1— 2
o) T o ) G
o) ) GE) Gl

only possesses real, simple zeros. In particular, it follows the needed assertion that
5,,.1(2) does not vanish on the unit circle z € T. The proof in [9] is rather difficult
and uses the theory of oscillating matrices.

In [8] (Theorem 4) it could be shown that the determinant of the matrix

r v r—1
A5, (2) = (D H21m+17p(2))y’uzo (z€T)

defined by the Euler-Frobenius polynomials and their derivatives

D"H}(2) :== Z DN ()2 (n=2m+2—7r,....2m+1,v=0,...,r—1)

l=—c0
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satisfies for 1 < r < m + 1 the relation
det AL, 1 (2) = ¢, 2" (1 — )" DUmH=I2 O (2)

with
e = (=213 (= 1)1

The connection between A} ., and the Euler-Frobenius matrix H5  , can easily be
shown.

Lemma 5.8 Let m € Ny and 1 <r <m+1 be fired. Then we have
det AL 1(2) = ey (1 — 2) DT 2 Gt HY (2) (2 € T), (5.6)

where the constant c,,, does not depend on z.

Proof:

1. The Poisson summation formula yields for u € R

D'HYe ™) = Y D'Npt (e ™ = N (iu+2ml))” Nyt (u + 2nl)
l=—00 l=—00

(v=0,....,r—Lin=2m+2—r,....2m+1).

Thus, the matrix A}, . (e”™) can be written as

A, (e ) = i (Giu+ m))k)r_1 N, (u+ 270)"

k=0
l=—00

with the vector of normalized B-splines of defect 1

ST 2me1,1 S 2m42—r,1 T
M, (u+27l) = (NOWHL w4 2ml), . NG (- 27Tl)>
(1—z)2m+2 0 (i(u + 2nml))—2m=2
0 oo (1= )2 (i(u + 27l))—2m=3+r

with z = e~ ™. For the determinant of A}, () it follows

det A£m+1 (Z)

(1= )52 et (i <(i(u + 2m))k):) ((i(u + 27r1))k> :T;;) . (5.7)

2. Using the recursion formula (2.5) we obtain with z = e~ that

vl 1 r r ol
Ny, (u+2nl) = (0 T 2l Aba(2) . AG(2) N_(u + 2ml)

0 TT11 (i(u + 27l))—2m—2
= AL (). AY) -

1 ... 0 (i(u + 2l))~2m=3+r
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with matrices A, (n =0,...,2m + 1) defined in (2.6) — (2.8). By definition (4.6) of the
Euler-Frobenius matrix H?,,, and Remark 2.4 we find for the determinant with z = e~

det Hgm—i-l (Z)

= (1 )P det (i (Gitu+ m))k):) (i + zﬁz))k);jmle) . (5.8)

where the constant c, . does not depend on z. Comparing (5.7) and (5.8) it follows the
assertion. m

Lemma 5.8 yields that
det Hy,,\1(2) = cmp 2" 5 10(2) (2€T)

with a constant ¢, not depending on z. That is, the invertibility of H5, ,(2) on the
unit circle z € T is equivalent to the assertion that Q5 . ,(2) does not vanish on the unit
circle z € T, proved by P.R. Lipow and I.J. Schoenberg.

Remark 5.9 It is well-known that the invertibility of the Kuler-Frobenius matrix
H . () for z € T also causes the existence and uniqueness of solutions in the case
of periodic Hermite spline interpolation (cf. [10, 11, 12]). Thus, from the Riesz basis
property of NJ*"(-—1) (1 € Z; T=F,...,~ —¥)in S,,.(Z) N Lx(R) it also follows that
the periodic Hermite spline interpolation problem is uniquely solvable. &

Acknowledgement

This research was supported by the Deutsche Forschungsgemeinschaft.

References

[1] C. de Boor, Splines as linear combinations of B-splines. A survey, in Approximation
Theory II (G. Lorentz, C.K. Chui, L. Schumaker, eds.), Academic Press, New York,
1976, 1 — 47.

[2] C.K. Chui, ”An Introduction to Wavelets”, Academic Press, Boston, 1992.

[3] C.K. Chui and J.Z. Wang, On compactly supported spline wavelets and a duality
principle, Trans. Amer. Math. Soc. 330 (1992), 903 — 915.

[4] T.N.T. Goodman, Interpolatory Hermite spline wavelets, J. Approx. Theory, to ap-
pear.

[5] T.N.T. Goodman and S.L. Lee, Wavelets of multiplicity r, Applied Analysis Report
AA /921, University of Dundee, 1992.

[6] T.N.T. Goodman, S.L. Lee and W.S. Tang, Wavelets in wandering subspaces, Trans.
Amer. Math. Soc. 338 (1993), 639 — 654.



G. Plonka, B-splines with multiple knots 20

[7]

[10]

[11]

[12]

S.L. Lee, Fourier transforms of B-splines and fundamental splines for cardinal Her-
mite interpolation, Proc. Amer. Math. Soc. 57 (1976), 291 — 296.

S.L. Lee and A. Sharma, Cardinal lacunary interpolation by g-splines 1. The charac-
teristic polynomials, J. Approx. Theory 16 (1976), 85 — 96.

P.R. Lipow and I.J. Schoenberg, Cardinal interpolation and spline functions III.
Cardinal Hermite interpolation, Linear Algebra Appl. 6 (1973), 273 — 304.

G. Meinardus and G. Merz, Hermite—Interpolation mit periodischen Spline—
Funktionen, Numerical Methods of Approximation Theory (L. Collatz, G. Meinardus
and H. Werner, eds.), Birkh&duser, Basel (1980), 200 — 210.

G. Merz and W. Sippel, Zur Konstruktion periodischer Hermite—Interpolationssplines
bei dquidistanter Knotenverteilung, J. Approx. Theory 54 (1988), 92 — 106.

G. Plonka and M. Tasche, Efficient algorithms for periodic Hermite spline interpola-
tion, Math. Comp. 58 (1992), 693 — 703.

[13] I.J. Schoenberg, Cardinal interpolation and spline functions, J. Approx. Theory 2

(1969), 288 — 297.

[14] T.J. Schoenberg and A. Sharma, Cardinal interpolation and spline functions V. The

B-splines for cardinal Hermite interpolation, Linear Algebra Appl. 7 (1973), 1 — 42.



