Numerical stability of fast trigonometric
and orthogonal wavelet transforms

Gerlind Plonka and Manfred Tasche

Abstract. Fast trigonometric transforms and periodic orthogonal
wavelet transforms are essential tools for numerous practical appli-
cations. It is very important that fast algorithms work stable in a
floating point arithmetic. This survey paper presents recent results on
the worst case analysis of roundoff errors occurring in floating point
computation of fast Fourier transforms, fast cosine transforms, and
periodic orthogonal wavelet transforms. All these algorithms realize
matrix-vector products with unitary matrices. The results are mainly
based on a factorization of a unitary matrix into a product of sparse,
almost unitary matrices. It is shown that under certain conditions
fast trigonometric and periodic orthogonal wavelet transforms can be
remarkably stable.

§1. Introduction

An algorithm for the discrete Fourier transform with low arithmetical
complexity is called a fast Fourier transform (FFT). Fast algorithms of
other discrete trigonometric transforms, such as a discrete cosine trans-
form (DCT) or discrete sine transform, can be realized by FFT. These
discrete trigonometric transforms are linear mappings generated by uni-
tary or orthogonal matrices. Periodic orthogonal wavelet transforms are
also linear mappings with orthogonal transform matrices. Nowadays, fast
trigonometric transforms and periodic orthogonal wavelet transforms are
essential tools in numerous practical computations. Therefore it is very
important that the fast algorithms work stable in a floating point arith-
metic with unit roundoff u. In this survey paper, it is shown that under
certain conditions fast trigonometric transforms and periodic orthogonal
wavelet transforms can be remarkably stable.
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Let A € C™*" be a unitary matrix. For every input vector x € C" let
y := Ax be the exact output vector. By y € C" we denote the computed
vector of Ax. Fast algorithms for the computation of Ax are based on a
factorization of A = A® ... A into a product of sparse, almost unitary
matrices A(®) and its stepwise realization by

y o= AAOAACY  AAPAADX))...)),

where A(®) consists of precomputed entries of A®) and where fi(A(%)z)
denotes the vector A(®)z computed in floating point arithmetic.

Let Ay := y —y. An algorithm for computing Ax is called normwise
forward stable (see [8], p. 142), if there exist a constant k,, > 0 such that
for all x € C"

1AV ]2 < (knu+ O@?)) [|x]2

and kn,u < 1. Here ||x||2 denotes the Euclidean norm of x € C". We
introduce Ax := A~}(y —y). Since A is unitary and since the Euclidean
norm is unitary invariant, we also have normwise backward stability by

1Ax[l2 < (ko w+ O(?)) ||x]|2.

With other words, we measure the numerical stability of an algorithm
for computing Ax by a worst case stability constant k,. In this worst
case analysis one can only obtain upper bounds of the roundoff errors.
However, the worst case bounds already reflect the structure of roundoff
errors and their dependence on different ingredients of an algorithm as e.g.
the precomputation of matrix entries, the kind of matrix factorization,
the choice of recursive or cascade summation etc.. This has also been
confirmed by a series of numerical experiments (see e.g. [2, 3, 14, 15, 23,
24)).

More realistic estimates of the roundoff errors can be obtained in an
average case study. Here it is assumed that all components of an input
vector x and the resulting roundoff errors are random variables. One is
interested in the distribution of the error vector Ax. Then one can measure
the average case backward stability in terms of the expected values

B(||Ax]3) = (k, u? + O(u*)) B(|x[3)

with an average case stability constant k,, > 0 such that k, v < 1. For
details see [4, 22, 24, 27].

This survey paper is organized as follows: In Section 2, we introduce
Wilkinson’s model for the worst case study of roundoff errors. Further we
estimate the roundoff errors of matrix-vector products. The key point of
this paper is Section 3 which is devoted to fast matrix-vector multiplica-
tions. We assume that a unitary matrix A can be factorized into a product
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of sparse, almost unitary matrices. Using this factorization, we can com-
pute step by step the product Ax with arbitrary x € C™. In Theorems
5 and 6, we present a unified approach to worst case stability constants
k. This roundoff error analysis is then applied to the FFT in Section 4,
to fast cosine transforms in Section 5, and to periodic orthogonal wavelet
transforms in Section 6. Here Theorems 7 and 8 on the factorization of
the wavelet matrix and the polyphase matrix are new.

In this paper it is shown that the numerical stability of orthogonal
transforms can be very different. In particular, errors in precomputed
entries of a matrix (or a matrix factor) have a strong influence on the
numerical stability of the algorithm. Further, the factorization of the
transform matrix should preserve the orthogonality. Sparsity of the factor
matrices means often that each row and column contains at most 2 nonzero
entries. (This can always be obtained for unitary transform matrices.)
Finally, we note that numerical stability and arithmetical complexity are
rather independent properties of an algorithm, i.e., an algorithm with
low arithmetical complexity can possess a bad numerical stability, and an
algorithm with large arithmetical complexity can possess a good numerical
stability.

§2. Matrix-vector products in floating point arithmetic

We consider a floating point number system F' C IR which is characterized
by the following integer parameters: the base 3, the precision ¢, and the
exponent range epin < € < emax. The elements of F' can be expressed in
the form

e fd1 | de dy
where each digit d; satisfies 0 < d; < 8 — 1. One can ensure a unique
representation of each element y € F \ {0} by assuming that the most
significant digit d; is not equal to zero. The system is then called normal-
ized. The range of nonzero floating point numbers in a normalized system
F' is given by

gemnTh < Jyl < B (1= 7).

Then each real number = # 0 in the range of F' can be approximated by
a number fl(z) € F with a relative error smaller than u := %ﬁl_t, ie.,

x —fi(z)

T

< U.

Here, the constant wu is called unit roundoff of the floating point system
F'. Note that the elements of F' are not equally spaced.
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The IEEE arithmetic in double precision uses a floating point number
system with the parameters

B=2 t=53, emn=—1021, emax = 1024.

The corresponding unit roundoff is u = 2753 ~ 1.11 x 1076, For more
information on floating point number systems and standards we refer to
[8] and references therein.

In order to carry out a rounding error analysis of an algorithm, we
assume that the following standard model of floating point arithmetic by
Wilkinson [25] is true: For arbitrary real numbers z, y and any basic
arithmetical operation o € {+, —, X, /}, the exact value x o y and the
computed value fl(x o y) are related by

fizoy)=(roy)(1+€) (€] <u) (1)

This model is valid for most computers, in particular it holds for IEEE
arithmetic.

We are especially interested in a roundoff error analysis for matrix-
vector products, where the matrix is unitary (or orthogonal). At first, we
consider inner products. With the unit roundoff u let now

nu

L p— (ne N, nu<1).
Further, for vectors a € R" and matrices A € R™*" let |a| := (|aj\)?;01
and |A] := <|ajlc|);i;i0 be the corresponding vectors and matrices of ab-

solute values. Then we have

Lemma 1. Let n € IN be given with nu < 1. Then for a recursive
computation of the inner product for arbitrary vectors a, b € R" it follows

a"b —fi(a”b)| < yulal” [b| = (nu+ O(u?))[al" b|.
For cascade summation of the inner product it follows
[a"b — fi(a”b)| < Yfiog, n141lal" [b] = (([logy n] + 1) u + O(u?))|al" [b],
where for a € R, [a] := min{m € ZZ : m > a} is the smallest integer

greater than or equal to a.

The proof follows immediately by induction over n (see e.g. [8], p.
69).

If the vector a € R"™ possesses at most [ < n nonzero entries, then we
obtain as a trivial consequence of Lemma 1 that for arbitrary b € R"

v lalT|b| for recursive summation,

Ty T <
la’b —fi(a’ b)| < {’yﬂogz 11+1 \a]T|b] for cascade summation.
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Now we want to consider matrix-vector products. For a matrix A =
(ajk)?,zio € R™ " let sign A := (sign ajk:);;io be the corresponding sign-
matrix, where for a € R,

1 for a >0,
signa :=<¢ —1 for a <0,
0 for a=0.

Further, for two vectors a = (aj)?;ol, b = (bj)?;ol € R" let a < b be

defined by a; < b; for all j = 0,...,n — 1. Analogously, we write A < B
for two matrices A, B of same size if this inequality is true elementwise.
Then we obtain

Theorem 2. Let n € N, n > 2 and 2 <[ <n with lu < 1 be given. Let
A = (ajk)?,gio € R™™" be a matrix containing at most | nonzero entries
in each row. Further, assume that the nonzero entries a;, are precomputed
by @i, where

|k — agr| < nu (2)

with some constant n > 0, and set aj, = 0 for aj, = 0. Let A =

(&jk)?;io. Then for arbitrary x € R™ the error fi(Ax) — Ax satisfies the
estimate

8(Ax) — Ax| < ;| Alx] + (nu+y;m u)lsign Allx|
= (Tu+ O()|Allx] + (u + O(u?))]sign Al[x].

where [ := | for recursive summation and [ := [log,1] + 1 for cascade
summation.

Proof: The assumption (2) implies that
A — A| < nulsign Al.
Hence the error vector fi(Ax) — Ax can be estimated as follows

If(Ax) — Ax| < |A(Ax) — Ax| + |[(A — A)x|
< [fi(Ax) — Ax| + nu|sign A||x].

For the first term we obtain by Lemma 1

fi(Ax) — Ax| < 7 |A||x|
<Al x|+ |A = Al [x]
<97 |A][x] 4+ v7nu[sign Al [x],
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where we have used that each entry contains at most [ nonzero entries. O

Using the spectral norm of the matrix A € R"*", given by
|A[l2 = 1/ p(ATA),

where p(ATA) denotes the spectral radius of AT A, we finally obtain an
error estimate in the Euclidean norm

IA(Ax) — Ax|lz < 57 [|(|A])[l2lx[l2 + (14 ~7) nu || (Isign A])]l2 [|x]|2, (3)
and for the relative forward error
If(Ax) — Ax]|
| Ax|[2
< [[A7 2 (3 HTAD 2 4 (1 + ) nu|l(lsignA])l2) -

This error estimate can be further simplified if A is an orthogonal, sparse
(n x n)-matrix. Let us assume that the orthogonal matrix A possesses at
most [ entries in each row and in each column. Then we have

I(sign A2 < (Isign Alloc [Isign All)"? =1,

E’rj’cel( ) :

where || - ||oo and || - |1 denote the row sum matrix norm and the column
sum matrix norm of A, respectively. Since the entries of an orthogonal
matrix have an absolute value smaller than or equal to 1, and in each row
(and each column) the sum of the squared entries is equal to 1 we obtain

by
! !
el <0 (e
that
(AN ]2 < (JA]loo |A]1)Y2 = VI,

and by [|A71]|; = 1 we finally obtain in this case
(x) <oy Vit L+ nul = ((VI+nD)(u+O@w?).

In the special case [ = 2 one can even obtain

Ely(x) < (ﬁ+fn)u+0< ’)
(see e.g. [12]). Observe that the estimates for the relative forward error
always consist of two relevant terms, namely the first term depending on
|A| and on the kind of summation and the second term depending on
|sign A| and on the precomputation of matrix entries.

This theory can be extended to complex matrix-vector products.
Since complex arithmetic is implemented using real arithmetic, the fol-
lowing bounds can be derived for basic complex floating point operations.

Bt

rel



Numerical stability of orthogonal transforms 7

Lemma 3. Let z, w € C. Then we have
filz+w)=(z+w)d+e") (] <u),
fi(z xw) = (zxw)(1+€*) ("] < pou+ Ou?)),

where puc = % ~ 2.31 is the best possible constant under Wilkinson’s
model (1). For z € RU R and w € C we even have

iz x w) = (2 x w)(1 4+ €*) (|e*] < u).

For a proof we refer to [22], Lemma 8.1 or [23]. Other proofs can be
found in [8], p. 79 with a constant uc = 2v/2 and in [5] with pc = 1+v/2.

By a suitable modification of Lemma 1 and Theorem 2 one obtains
in complex arithmetic the following

Corollary 4. Let A = (ajk)?;io € C"" and x € C". Assume that each
row of A contains at most | nonzero entries and that the precomputed
values a;j, satisty, for a;, & {0, £1, +i},

e —ajr] <nu

with n > 0, and a;, = a;;, otherwise. Here ¢ denotes the imaginary unity.
Let A := (i)} Lo Further, let A = (a;x)7} L, with
o 1 ifaj, ¢{0,£1, £i},
F00 otherwise.
Then we have
[f(Ax) — Ax| < ((I+ pe — Du+ O(u®)|Al[x] + 1A [x|(u + O(u?)),
where [ := | for recursive summation and [ := [log,I] + 1 for cascade
summation.

A proof of this assertion can be found in [22], Lemma 8.4.

63. Fast matrix-vector multiplications

Let A € R™*" be an orthogonal matrix. Assume that A possesses a
factorization into a product of sparse, almost orthogonal matrices

A=AOAED T A@ AW (4)

A matrix A®) € R™ ™ is called almost orthogonal, if (AG)TAG) = a21,
with the identity matrix I,, and some constant vy = a(A(*)) > 0. Now, the
matrix-vector product Ax can be computed by starting with y(?) := x and
by recursive evaluation of y*) := A®)y—1 for s = 1,...,¢t. Most fast
algorithms for a matrix-vector product Ax are based on a factorization of
the matrix A. Considering now the numerical stability of such algorithms,
we obtain
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Theorem 5. Let A € ]R"X" be an orthogonal matrix with a factorization
(4), where A®) = (a gk))j w0 € R™", s =1,...,t are almost orthogonal.

Assume that in each row and in each column of A®) are at most 1, =
I(A(®)) nonzero entries which are precomputed with

%) —all <neu (ne =n(A®) >0),

and let dg.‘,? = 0 for a( ) = 0. Further let A®) = (Agi))?;io € R"*" for
s=1,...,t. Then the forward error vector for sequential summation

Ay = fI(AOAACD | AAPAADx))...) — Ax

satisfies
[AY]l2 < (knu+ O(u?)) ||x]l

with
t

Z l3/2 5

Proof: Let y(© := x and 3 := A(A®) y=1) for s = 1,... ¢, the in-
termediate vectors obtained by the algorithm in floating point arithmetic.
Further, for s = 1,...,t, let e := A(A®)y(=D) — AG)§(s=1) denote the
error vector in step s. Then from (3) it follows that

ez < (.

(A2 + (1+3.) ms ul (1sign APD]Iz) 1557Vl

In view of [|(|sign A|)|2 < Is and

S 1 S
I(AD]I2 = asl|(|—A )2 < s/
we obtain by v;, = l;u + O(u?) that

lell2 < (as B3/ + (1+ Lyw) mo by w+ O@?) ) I9EV2

= (@82 + my Loyu+ O(?)) [y o,

From ||y~ V|l = a1 ... as_1||x[|2 (where y(*=1) are the exact intermedi-
ate vectors of the algorithm above) and

19Dz < ly* =Vl + Iy~ =y
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it follows for s = 2,...,t that

137D s < (1. agr)[|x]l2 + [[AAETDye=2) - AlsmDgls=2),
+ HA(S—l)y(s—2) o A(s—l)y(s—2)”2

< (o1 .asm) X2 + €TV o + ap_ [[§ET — y BT,

< (ar...as—1)|x[]2 + O(u)|x]|2,

where the last inequality follows by an induction argument. Using tele-
scope summation, we find

Ay =3® — y®

- (y(t) _ A(t)y(t—l)) + A(t)(y(t—l) — y=1)

= et £ AW (g1 _y(t=1))

—e®) £ AWel=) 4 AMAE-D) (5(t=2) _ y(t=2))

—e® L AWelt=D 4 L AW AR

and hence, by |[A®)||y = a, and [['_, s = 1, we obtain
t—1

1Ayl2 < Y IIAG L AED ey + e

s=1
t—1

< (@ agn) (@l +ngl)u+ 0(?)) 50,
s=1

+ (@ + by u+ 0@w?)) 5402

]~

1 3/2 2
(@2 4 m ) ut 0@?) [l

((z§/2+ Z-z) u+(9(u2)> Ix]l2.
1 S

This completes the proof. O

®
Il
—

I
Mﬁ

S

This theorem shows that worst case roundoff error heavily depends
on the precomputation of the entries in the matrix factors, i.e. on ns. A

best possible stability can only be achieved, if the value 22:1 Is ], has at

most the same magnitude as 2221 lg’/ 2,

For the complex case we state the following theorem by Tasche and
Zeuner [22] without a proof.
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Theorem 6. Let A € C™*" be a unitary matrix with a factorization (4),
where A©®) = (a 5?)?k10 e C™"" for s =1,...,t, are almost unitary, i.e.,
A(S)(K(S))T = 21, with ay = a(A®)) > 0, and block diagonal (up to
some permutation) with blocks of size < Ay = M(A(®). Assume that in
each row and each column at least ky = k(A(®)) of the nonzero entries

are in {:I:l :l:i} and that all entries aﬁ) ¢ {0,+1,+i} are precomputed
with |aj,C —a. k| < nsu with n, = U(A(S)) > 0, and dﬁ) _ aﬁ) for

(5) e {0, £1, +i}. Further let A®) = (& (?)” ', fors=1,...,t. Then
for arbitrary x € C", the forward error vector

Ay = f(AVA(... APAADx))) - Ax
satisfies
1AY[l2 < (kpu+ O(u?)) [|x]|2
with

\/ 5 for sequential summation,
Vs for cascade summation,
for Ay = 2.

29 +\/7,uc+—(>\ — Ks)),

64. Fast Fourier transforms

We consider the unitary Fourier matrix

1 jkyn—1
Fp = % (wy, )?,kzo
with w,, := exp(—2mi/n) and n € IN. The discrete Fourier transform is
the linear mapping from C" into C" induced by the matrix F,,.
Let x € C". For a direct computation of the matrix-vector product
F,x with precomputed entries w®, we obtain from Corollary 4 the worst

case estimate
I8(Fx) = Foxlls < ((n— 1+ po)v/nu+nnu+ O(u?)) [x]a,
since for |F,,| and F,, = (I)Z;io we have

I(FaDllz = Vn,  [Fall2 = n.

For the stability constant we hence obtain k, = O(n®/?), i.e., a direct
computation of F,x possesses not only a large arithmetical complexity
but also a bad numerical stability.
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In the literature, there is a wide variety of fast algorithms for com-
puting F,x. An FFT is based on a factorization of the Fourier matrix
into a product of sparse, almost unitary matrices. Let us describe the er-
ror analysis only for the example of Cooley-Tukey algorithm and different
precomputation of twiddle factors.

We need the following notations. The tensor product of two matrices
A = (a;1) 2, € €™ and B € C™*™ is by definition the block matrix

ARB:= (ajk: B)Tk_zlo S Cmnxmn.
The direct sum of A € C™*™ and B € C"*" is defined by
A & B := diag (A, B) e ¢(mtm)x(min),

Let now n = p', where p,t € IN with p,t > 2, and let n; := p'~7 for
g =1,...,t. With Bgf ) we denote the radix-p butterfly matrices

Bg) =T @ (VPFp) @ Lji-a, U=1....1),

where I,. is the identity matrix of order r. Further, we consider the radix-p
twiddle matrices

T =1,

Tg) = Iptfj X (ijfl P (ijfl (pj))l bD...PH (ijfl(pj))p_l)
for j =2,...,t with

. j—1_
W1 (p?) = diag (Wi )i, -
Observe that BY, are sparse, almost unitary matrices with
BY)(BU)T = pI,
and T,(lj ) are unitary diagonal matrices. Then F,, can be factorized into
F,=n"12BOTH  BAOTEABLR, (D),

where R,,(p) is the radix-p digit-reversal permutation matrix, i.e. with &
denoting the Kronecker symbol,

R,.(p) = (3(rev, (k) — )iy

Here, for a p-adic representation k = Zz;é ksp® of k € {0,...,n — 1} the
reversion is given by

t—1
rev, (k) = Z kop'—s1
s=0
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(see e.g. [19, 21]).
We consider the precomputation of twiddle factors

2k 2k ,
w]’;j = COS —= —isin—j, j=2,...,t, k=0,...pP - 1.
p p
The most expensive, but also most accurate computation of w}’;j is the
direct call. If the library routines for sine and cosine are of high quality,

one can obtain an error estimate

" V3

k
W ‘—ij|§7u

for the precomputed value &F; .

A faster method, based on only two calls of trigonometric functions,
is the repeated multiplication

2w 2
/\n — ﬁ - _ .ﬂ . -
w (cos( - )) — ¢ fl(sin( - )
Of =M@, xop),  (k=2,...,n—1)

For the roundoff error, we have then the upper bound

ok k V2. kn
| —ij| < (pc + 7)}9—3%
Hence for high powers of w,, the error is of size O(nu).

Finally we consider the repeated subvector scaling which combines the
above methods. Compute by direct call for j =1,...,tandr=1,...,p—1

27r 27r
r A
Wi = ﬂ(cos(—pj ) zﬂ(sm(—pj )
and then for j=1,...;t—landr=1,...,p—1

~ky(r+1)n;—1 ~ ~k\mi—1
@)Dt = A, x @R,

Hence, for the computation of w¥ with k = Zf;ol ki p' we need at most

A(k) == #{l € {0,...,t — 1} : k; > 0} direct calls and A(k) complex
multiplications such that we arrive at

F — wk| < (A(k) — Dpcu + gA(k:) u+ O(u?)

2
<log,n (uc + g)u — pcu + O(u?).
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By ¢,,; we denote an upper bound of

~k k
Wt — W .
max{M: kzl,...,p]—l}.

u

Then we obtain

@ for direct call,
Cn,j = (ne + @) n for repeated multiplication,

(he + @) j— pc  for repeated subvector scaling.

We want to apply Theorem 6 to the above Cooley-Tukey factorization
of F,,, where

ABY) = AMVpFp) =p.  w(BY) =r(VpF,) =1,
aBY) = b, nBY)=cu1, (s=1,....1),
since the entries of \/pF,, are the roots of unity w]];, k=0,...,p—1. For
the diagonal matrices Tgf) we find
)‘(ngs)) =1, /{(T%S)) =0,
a(ngs)) =1, H(T%s)) = Cn,s; (S =1,... 7t)'

The permutation matrix R,,(p) does not contribute to the roundoff error.
Hence we find the stability constant for sequential summation

t
p—1
kn:t\/ﬁ(p—1+uc+cn,1( - )) +ipc+ Y s
s=1

Especially we have

O(log, n) for direct call,
kn =< O(nlog,n) for repeated multiplication,
O((log,n)?) for repeated subvector scaling.

Remarks. The worst case roundoff errors of the Cooley-Tukey FFT with
accurately precomputed twiddle factors have been already studied by
Ramos [13] and Yalamov [26]. The PhD thesis of Chu [5] contains a
comprehensive worst case study of the Cooley-Tukey and the Gentleman-
Sande FF'T, where numerical errors caused by precomputation of the twid-
dle factors is also especially considered.

Calvetti [4] presented at first an average case analysis of the roundoff
errors for direct DF'T and Cooley-Tukey-FF'T for accurate twiddle factors
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and non-random input data. In Arioli et al. [1], worst case and average
case analysis of roundoff errors for Gentleman-Sande FF'T has been stud-
ied. In an interesting report of Schatzman [14] it has been shown by a
series of numerical tests that all twiddle factors should be precomputed
by the most accurate method, the direct call. These results have been
founded theoretically in [2, 23, 24]. Especially, we want to refer to the
survey paper by Tasche and Zeuner [22] for a comprehensive error analy-
sis of different FF'T’s, covering the worst case as well as the average case
and showing the strong influence of precomputation errors.

§5. Fast cosine transforms

Now we consider discrete cosine transforms (DCT) which are gener-
ated by cosine matrices of type II - IV given by

2/ n i(2k 4+ 1)\ "t
il . \ﬁ (65, >Cosu) |
n 2n k=0

cUl .- (LT

. n—1
CIv . \E (COS (27 +1)(2k + 1)7r>
n 2n k=0

with eén) = 271/2 and egn) =1forj=1,...,n—1. Note that these cosine
matrices are orthogonal.

We first consider a direct computation of the matrix-vector product
Cllx with x € R" and want to apply Theorem 2 and formula (3). We
obtain

I(|sign CZ[)ll2 = n,
IICHDIE < 1C 111G [l
= (% + \/%_n(COt(%> - 1)) N
1 T
=1+ NG (cot(ﬂ) — 1) :

For the equality ||CL!||; = ﬁ + \/%(cot(ﬁ) —1) we refer to [11]. Observe
that by Taylor expansion cot 7~ < 4?" such that

1/2
I 2v/2n 1
||<|cn|>||2s( / “‘%) |

Applying (3) it follows with precomputation of matrix entries with bound
nu

1/2
2v2n 2
\7{ +1_£> nu+nnu+ O0(u?) | ||x|2

I8(C11%)— CLlx2 < ( :
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such that we have k,, = O(n3/?) as for direct computation of the discrete
Fourier transform. This bad numerical stability is also found in numerical
examples, see e.g. [3]. Similar estimates follow for the direct computation
of C1Vx. However, there are a lot of fast algorithms for computing the
DCT with O(nlogn) arithmetical operations.

One idea to compute the DCT efficiently is to use FFT. Let n := 2¢,
t € IN with £ > 1. Observing that

ct =\ 2re, D,
n

with the modified even-odd permutation matrix R, given by

Rnx = (IL’(), L2y yTn—2,Tn—-1,Tn-3,---,T3, xl)T7 X = (xj)?:_(}7
and with
. n—1
o (n)\n—1 = (45 + Dkm
D,, = diag(¢; ") 2, C, = (COS — ey

one obtains

C, =Re (wﬁjﬂ)k):lo = /nRe (F, diag (w},)7Z0)-
k=
Application of the Cooley-Tukey algorithm provides a stability constant
k, = O(logy n), i.e., such an algorithm is perfectly stable (see e.g. [3]).

But, since the cosine matrices are real, one likes to have fast algo-
rithms working in real arithmetic only.

In the remaining part of this section we want to give an orthogonal,
real factorization of C,, into sparse, almost orthogonal matrices and show
that the corresponding fast split-radix algorithm is again excellently stable
with &k, = O(logy n) (see [12]).

In addition to the notations used in Section 4 we need here the
following special matrices. Let J, = (6(j + k — n + 1));{;;0 be the
counteridentity matrix, where ¢ is again the Kronecker symbol. Further,
Y, = diag ((—1)’“)2;3 is the diagonal sign matrix. For even n, R,, denotes
the even-odd permutation matrix defined by

R, X = (20, %2,...,Tn_2,T1,23,...,Tn_1)", X = (xj)?:_ol. (5)

First we observe that the matrices C1! and C!V satisfy the factor-
izations

C.' =R, (C;] ® C.}) Tu(0),
1A% T 11 11
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where ny :=n/2, and with the orthogonal sparse matrices,

1 (L, J.
Tn(o) T ﬁ (In1 _Jnl) )

L 1 Inl—l Enl—l
An(l) - ﬁ (\/5@ (Inl_l Enl—l> “ \/5) (Inl EBJnl)?

T,(1):=(1,, ®X,,) X

diag (cos (%&1)”)21:_01 diag (sin (2’“;1)”)2;5 Iy
—J,, diag (sin W)Z;é diag (Jm (cos W)Z;?)

We consider now the split-radix algorithm for CZI. Let n = 2¢ with ¢ > 1
and ng := n/2°% for s = 0,...,t — 1. In a first factorization step, CL!
is split into C{LII &) C,{X In the second step we split Cﬂ D C{z‘l/ into
Cfé & Cfl‘; & Cfé & Cfé and so on.

For a complete factorization of CZ! we introduce binary vectors 3, :=

(Bs(1),...,8s(2%)) for s = 0,...,t — 1, where we put G4(k) := 0, if after
the s-th factorization step C}! stands at position k, and §,(k) = 1, if CLV
stands at position k. The vectors [, satisfy the recursion relation

Bs+1:(ﬁ87ﬁs)7 (8:07"'7t_2)7

where S, equals to (s with the exception that the last bit position is
reversed. Now, using the matrices

R,(s)=R. @...@R], (s=0,...,t—2),
An(Bs) = An, (Bs(1)) ® ... & Ap (B5(2°)),  (s=0,...,t—2),
Su(Bs) = V2(Th, (Bs(1)) @ ... & Ty (B5(2°)), (s =0,...,t=1)

with A,,_(0) = I, and A,_(1), T,,_(0), T, (1) as before, we obtain a
factorization of CL! of the form

1
NG

which leads to a fast split-radix DCT-II algorithm (see [12]). Note that all
matrix factors are sparse and almost orthogonal. A similar factorization
can be derived for CLY.

Considering the numerical stability, we apply Theorem 5. Here we
have

Cl = — (Ru(0)An(B0)) .- (Ru(t — 2)As(Be—2)) Sn(Bi—1) .- Su(fo)

1(S(8s))
I(A(Bs))

2,  a(S(B))=V2,  (s=0,...,t—1)
2, alAB))=1, (s=0,...,t—2).
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Hence for direct call of all precomputed entries in A((;) and S(8s) (i.e.,

ns = n(A(Bs)) = n(S(Bs)) = @), we obtain the worst case stability

constant
t—1 t—2

kn = (2\/§+2’75)+ (2V2 + 2n;)

= (5v2+ 1)t —3V2.

This estimate does not take into consideration that a lot of entries in the
matrix factors are just +1, but we find already k,, = O(logyn). A more
detailed estimate of the roundoff error in [12] leads to

1 V2
kn = (ﬁ+3+7> (loggn —1) — 1.

Remarks. There are some fast algorithms in the literature which are
based on polynomial arithmetic. These algorithms use the idea that all
components of C,x can be interpreted as values of one polynomial at
n nodes. Reducing the degree of this polynomial by divide-and-conquer
technique, one obtains real and fast DCT-algorithms with low arithmetical
complexity (see e.g. [7, 17, 18]). A polynomial DCT-algorithm generates
a factorization of a cosine matrix with sparse, but non-orthogonal matrix
factors, i.e., the factorization does not preserve the orthogonality of C,,.
For that reason these fast algorithms have a relatively bad numerical sta-
bility with a constant k, = O(n), and this is also attested in numerical
examples (see e.g. [3, 15, 22]).

66. Periodic orthogonal wavelet transforms

Let h = (hg)72 _, be areal, orthogonal low-pass filter of finite length
[ and let g = (gx)_ ., with gx := (—1)*hi_j be the corresponding high-
pass filter. For j € IN and a fixed ng € IN the 2/ng-periodic filter coeffi-
cients h;j and g;; are then given by

0 oo
hj,k = E hk—|—2jnom7 95,k = § 9k+2ingm-
m=—o00 m=—o0

Observe that for n; := 2/ng > [ these two series contain only one nonzero
term. Now, putting

R . nj—l,nj,1—1 . ) nj—l,nj,1—1
H; := (hJﬂ"*Qk’)r,k:O ) G = (g]aT*Qk)r,k:O ’

the discrete periodic wavelet transform (wavelet decomposition) of a vector
s¥ = (sg)gi’o_l of length nj, = 27° ng can be presented in the form

1 _ 1\"jo—-1 __ T .0 1 _ 1\"jp—1 __ T .0
s = (Sr)r:O - Hjos ’ d = (dr)rzo - Gjos ’
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or equivalently, by

njo— 'I’Ljo—

1 1
1_ 0 1_ 0 _
Sy = E Rjok—2r Spy  dp = E Gjok—2r Sppy (r=0,...,n5,-1 —1).
k=0 k=0

The inverse discrete periodic wavelet transform (wavelet reconstruction)
is based on

S0 = HjOS1 —+ Gjodl,
or equivalently on

Njg—1—1

1 1
Sy = (Pjo.r—2k Sk + Gjo.r—2k dy;)-
k=0

The discrete wavelet transform of s through L levels (1 < L < jg) is the
vector y& = (st,dr,dl1, ... d")T, where d’ and s7 are of length nj,_;
and where for

M, = (H,,G)) (6)

we have
+1 __ T j -
y'T = (M @ L —n, ) Y (j=0,...,L—1).
Hence,

yL - (M;{)fLJrl ® I”jo _”jo—L-H) T (ij';*l D Injo_njo—l)MZjo s”.
In particular, we have y! = (s!,d!) with y! = MjTOsO and s = M, y',
since the transform matrices M; are orthogonal. Moreover, since the filters
h and g have at most [ nonzero coefficients, the matrices M; are sparse
and contain at most [ nonzero entries per row and per column.

Using Theorem 2 and formula (3), and assuming that the nonzero
filter coefficients hj are precomputed with

\hye — R < nu,

we obtain an error bound for the forward error of the matrix-vector prod-
uct M};SO (for sequential summation) of the form

I8V %) — M7z < (UVE+n)u + Ou?))°2- (7)

Analogously, for the wavelet decomposition through L levels it follows by
Theorem 5 with the transform matrix

W = (MJT —L+19® Injo—”jo—L+1) T (M;A'Ffl D I”jo_”ﬂ'o—l)MT

0 0 Njo
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the estimate

I8(Ws) = Wrs® |2 < (LU(VI+n)u+Ou?))]s|2.
Hence, for accurate precomputation of the filter coefficients (by direct call)
and for small filter lengths, the periodic orthogonal wavelet transform is
perfectly stable.

But for longer filter length [ one can ask whether by orthogonal fac-
torization of M; the arithmetical complexity as well as the numerical
stability can even be improved. Indeed such factorizations can be found.
In the remaining part of this section, we want to present a new orthogonal
matrix factorization of M; and show its connection with a factorization
of the corresponding polyphase matrix.

First, recall that the orthogonality of the filter A implies that for all
ke

> by o = 6(k). (8)

r=-—00
In particular, it follows that the length [ of the filter h is even. Let now
V,; € R" ™ be the circulant backward shift matrix of order n; given by

—1
V;x = (wl,xg,...,xnj_l,xo)T, X = (xk)Z”:O )

Then Vj_1 = VjT is the forward shift matrix with
V;FX = (xnj—17x07x17 e 7xnj—2)T'
Recall that with Gy € IR?**? the matrix
Inj_l ® Gg = diag (GQ, ceey GQ) € R >
is a block diagonal matrix. Then we find

Theorem 7. Let M; € R"7*" be the matrix of the form (6) determined
by an orthogonal filter h = (hy)?2 __ of length I < nj, where hy # 0,
hi—1 # 0, and hy, = 0 for all k € ZZ\ {0,...,l —1}. Then M; can be
factorized in the form

M; = A VI M (L,,_, ® V1), (9)
where A} :=1,,_, ® G with

1 —h1 h
Gl — 1 0 :
RV ( ho hl)
and where MJ1 is an orthogonal matrix of the form (6) determined by the
orthogonal filter h* = (h},)?2.___ of length | — 2 given by

1
——————(hohar + h1h k=0,...,1/2—2),
o h%( ohok + hihogt1) / )

1
hy | = ————
>

The proof of this theorem will be given later in this section.

1
h2k_

(hohak+1 — hihar) (k=1,...,1/2-1).
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Example. For the Daubechies D2-filter with the nonzero coefficients

1++V3 3++3 3—3 1—+3
hy = ———, hi=—F=—, ha= , h3=—Fr,
4/2 4+/2 4/2 42

which reads for instance for ng = 1

we obtain the transform matrix M,

and j = 3,
ho 0 0 hy hy hy O 0
h1 0 0 h3 —ho _h2 0 0
he hg 0 O 0 hy hy O
M.— |78 i 0 0 0 —hy —hy 0
5710 hy hg 0 0 0 hi  hg
O hs hy O 0 0 —hg —ho
0 0 hy ho hs 0 0 ha
0 0 h3 hl —h2 0 0 _hO
With
_ho 1 V3
VRS+R 2 R+ n 2
we find
1 /-3 1 T nrl
Mj = <Inj_1 & 5 < 1 \/g)) Vj Mj (ITLj—l @Vj—l)a

where M is induced by h' with

L+v3 o 1-43
2\/57 1 — 2\/53

As we shall see in the following, the factorization of the transform
matrix M; for periodic orthogonal wavelet transform given in Theorem 7
can also be interpreted as a factorization of the corresponding polyphase
matrix. Let h(z) := ;;10 hi2* be the z-transform of the orthogonal filter
h of length [ and consider the polynomials

o= hy =0 for kec7\{0,1}.

1/2—1 1/2—1
he(z) := Z howz", ho(z) := Z hok412",
k=0 k=0

such that h(z) = he(22) + zho(2%). Then the Laurent polynomial matrix
Po = () S ceevon o

is called polyphase matriz corresponding to h. The orthogonality (8) of h
is equivalent with
P(2)P(1/2)T =1,.

Now we obtain
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Theorem 8. For a polyphase matrix P(z) determined by an orthogonal
filter h = (hy)?2_., with hg # 0, hy—1 # 0 and hy = 0 for all k €
2\ A{0,...,l — 1}, there exists a factorization of the form

1/2—1

H ck —ck 1 0
P 2z chz 0 7V )

where (k)2 + (§)2 =1 for k = 0,...,1/2 — 1. In particular, for |z| = 1
the matrix factors of P(z) are unitary.

o= (3 1

Proof: We shall give a constructive proof for this factorization. Let P(z)
be of the form (10) and h.(z), ho(z) defined as above. We choose

0 ho 0 hy
0 1

) U VAR

C

VhZ+h?

0 0\ !
H1 — [ G 4 10
Pi(z) = (c(fz 682’> (0 z) P(z)

-(% 3 (6 )

l/2-1 1/2—1
> (hohak + hihogy1)2" > (=hohogt1 + hihog)z ™k
_ 1 k=0 k=0
CV/h2+R2 | 1/2-1 1/2—1
S (=hihok + hohopy1)2" S (hihogy1 + hohog)z™F
k=0 k=0

Putting

_ hohag + hihog i _ —hihog + hohap i1

h‘%k = ) h%k—l = )
Vhg+ bt

V3 + hi

we see that hl; = 0 by definition and h} , = 0 by (8). Further by (8),
ht = (h}) is again an orthogonal filter. With

k=—o0

1/2-1 1/2—1
he(z)= Y hy2® hi(2) = D hy 2t
k=0 k=0

we obtain

) R
P(z>‘<zh;<z> hi(l/z))

Il
VR
O =
n O
~~
)
i
—~
&
VRS
O =
o
~_

1/z
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where P1(z) is the polyphase matrix corresponding to h!'. By construction
is now hy =0 for k € Z\ {0, ...,l — 3}. Hence we have

1 0 A O\ /(1 0\, (1 0
P(z) = (0 l/z) (clz coz) (0 z) P(z) 0 1/z)°
The procedure can now be applied to P!(z) (instead of P(z)) and so on.
Finally we arrive at the wanted factorization of P(z). O

Now we show the connection between the above factorization of the
polyphase matrix P(z) and the factorization of the transform matrix M;
giving the
Proof of Theorem 7: Let R, be the even-odd permutation matrix in
(5). Then we obtain

’I’LJ11

’I’LJ_1—1
]2k 2r k,r=0 (]27’ 2k+1)k7~0
R, M, =

jo1—1 io1—1
(hj2k—2r+1) m o (“hjarar)i

Ehg,%v SRk VE
%

Z h;, 2k+1V — > R VE
%

< (Vi) ho(Vi1) )
ho(VI_1) —he(Vj-1)
P(V -1 (In] 1 D (_Inj71))7

where P(VT_,) is the polyphase matrix in (10) with the argument V7 _,,
i.e., a block matrix with four circulant blocks. From the proof of Theorem
8 it follows that

POV )=, . ®V,_1) oln, s~ (I, , VT )x
j—1) = \Unja Jj—1 OVT 68V-T1 nj—1 Jj—1
J—1 J—

PY (V) (Lo, ® Vo).
Using this relation we find

M; =R, P(Vi,) I, & (-1n,_,))

0 0 T
_RT <Colnj1 —1 Vi

| P VI ) (Tn,—1 @ (= V1))
LG v ) P e (V)

With
]_\/_[]1 = RZJ Pl(V?_1> (Inj_1 D (_Inj—l))
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we obtain
A1, —AVvT
M. :RT_ 0+*nj—1 1 j—1> Ran In @dV._q).
=R (G vy, ) R M Ve
Finally, by

0 _ ovT

7 Coln,;_, iV R. — AlVT

nj COI COVT (L% A A |
1 nj—1 0Yj—-1

the factorization (9) follows. O

We are now ready to apply Theorem 5 to the periodic orthogonal
wavelet transform using the factorized polyphase matrix (or equivalently)
the factorization of M; into /2 orthogonal matrix factors with only two

nonzero entries per row and per column. Assuming that the entries 0’5, ck
for k=0,...,1/2 — 1 in the matrix factors are precomputed with
&6 —cbl <mu,1éy — il <

we obtain with this procedure,
I8(Ms°) = M7 s%[l2 < (1(V2+ 1) u+ O(u?))[|s°]|2.

Comparing this estimate with (7), we observe that an improvement of the
numerical stability by factorization can only be achieved, if the coefficients
ck and ¥ in the matrix factors are computed very accurately.

Remarks. 1. There are other factorizations of the polyphase matrix of an
orthogonal filter bank known in the literature. Ladder structures for the
efficient realization of perfect reconstruction filter banks have been widely
used, see e.g. [6, 20] and references therein. Most such factorizations
are non-orthogonal and can by applied also to the biorthogonal wavelet
transform. The factorizations of paraunitary filter banks by Vaidyanathan
[20], Chapter 14, are non-orthogonal and the number of matrix factors
is not directly related to the filter length. The lifting factorization by
Daubechies and Sweldens [6] greatly reduces the arithmetical complexity of
the wavelet transform. However, this factorization also does not preserve
the orthogonality of M;. An exact investigation of the rounding error
analysis for the lifting factorization has not been done up to now. An
orthogonal matrix factorization of M; R,,; using Pollen products can be
found in [9]. Note that the factorization in [9] strongly differs from ours.

2. One idea to find good factorizations of biorthogonal polyphase
matrices which lead to numerically stable algorithms may be to look for
matrix factorizations, where the product of the spectral norms of the ma-
trix factors is minimal.
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3. The forward error occurring for periodic biorthogonal wavelet
transforms has been estimated by Keinert [10] using spectral norms of
corresponding transform matrices. For a comprehensive roundoff error
analysis of the worst case and the average case for periodic biorthogonal
wavelet transforms (without matrix factorization) we refer to Schumacher

[16].
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