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Abstract

In this paper we present a new fast and deterministic algorithm for the inverse

discrete cosine transform of type II that reconstructs the input vector x € H}N ,

N = 2771, with short support of length m from its discrete cosine transform x!' =

Cix. The resulting algorAithm has a runtime of O (m log m log %) and requires
O (mlog 2Y) samples of x'.

In order to derive this algorithm we also develop a new fast and deterministic
inverse FFT algorithm that constructs the input vector y € R?V with reflected block
support of block length m from ¥ with the same runtime and sampling complexities
as our DCT algorithm.
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1 Introduction

In recent years there has been an increased effort to develop deterministic sparse FFT
algorithms that exploit a priori knowledge of the resulting vector to reduce the overall
complexity. For example, if x € CV is known to possess m significant entries, or a
short support of length m, the derived deterministic sparse FFT has only a sublinear
arithmetical complexity.

There exist several approaches to obtain sublinear-time sparse FFT algorithms, mostly
with different requirements on the supposed structure of the resulting vector. If the sup-
port in Fourier domain consists of n blocks of length at most m, there is a deterministic
S . . . mn2logmlog® N
sparse FFT algorithm with runtime O (T
terministic methods, see, e.g., [1,2,6,10,11,15,16, 18, 20|, there also exist randomized
algorithms, some of which have an even smaller runtime, but whose outputs are only cor-
rect with a certain probability, usually below 90%, see, e.g., [9,12]. For further methods
we refer to the survey [8].

), see [5]. Apart from other de-

*University of Gottingen, Institute for Numerical and Applied Mathematics, Lotzestr. 16-18, 37083
Gottingen, Germany. Email: sina.bittens@mathematik.uni-goettingen.de

TUniversity of Gottingen, Institute for Numerical and Applied Mathematics, Lotzestr. 16-18, 37083
Gottingen, Germany. Email: plonka@math.uni-goettingen.de


http://arxiv.org/abs/1803.05207v1

To the best of our knowledge there exist no sparse fast algorithms for trigonometric
transforms. However, besides the DFT, the discrete cosine transform (DCT) is one
of the most widely used algorithms in mathematics, engineering and data processing.
One reason for the interest in DCT algorithms is their capability to decorrelate signals
governed by Markov processes approaching the statistically optimal Karhunen-Loeve
transform (KLT), see [19]. The DCT is one of the major components in data compression.
As for the DFT there exist many different fast algorithms for the DCT, based either
on FFT in complex arithmetic or directly on real arithmetic, see [14]. One possible
application of the sparse DCT is the fast evaluation of polynomials in monomial form
from sparse expansions of Chebyshev polynomials, see, e.g., [13], Chapter 6.

In this paper we present a first sparse fast algorithm for the inverse DCT-II (or equiva-
lently for the DCT-III), assuming that the resulting vector x € R possesses a one-block
(or short) support of length m < N, where m does not have to be known a priori. This
algorithm has a runtime of O (mlogmlog 2) and requires only O (mlog 2¥) samples.

1.1 Notation and Problem Statement

Let N = 2771 with J > 2. We say that a vector x = (xj)j»v:_ol € RY possesses a one-block
support S* of length m if

rj=0 Vj& S :=1Ip={u" (+1) mod N,...,v*},

for some p* € {0,...,N — 1} and v* = (¥ +m — 1) mod N, where we allow the
support to be periodically wrapped around 0. The interval S* := I x ,x is called the
support interval, p* the first support index and v* the last support index. The support
length m is uniquely determined. If m < N/2, the first support index p* is unique as well,
which does not have to be the case for m > N/2. For example, x = (1,0,0,0,1,0,0,0)”
has support length m = 5, but the first support index p* can be chosen to be 0 or 4.

Further, we consider y = (x?, (Jyx)T)T € R?V and say that y possesses a reflected
block support of block length m if x € RN has a one-block support of length m. Here,
Jn € RVXN denotes the counter identity,

—= O
O =

Iy = (6k,N—1—l>i\{;:10 =

= o o o

so the second half of y is the reflection of x.
For N € N the cosine matriz of type II is defined as

cll = \/% <5N(k)cos (W))jl;

where ey (k) == % for k =0 mod N and ey (k) :=1 for k # 0 mod N. This matrix is

orthogonal, i.e., CE\I, (C%)T = Iy, where Iy denotes the identity matrix of size N x N.
The discrete cosine transform of type II (DCT-II) of x € RY is given by

x = Cclx.



The inverse DCT-II is equal to the discrete cosine transform of type III (DCT-III) with

transformation matrix CH = (C%)T. The Fourier matriz of size N x N is defined as
N-1 =2mi , o . .
Fy = (w%)k 1—o» Where wy := e~ is an Nth primitive root of unity. Then the discrete

Fourier transform (DFT) of x € CV is given by
X = Fpyx.

The purpose of this paper is to derive a sparse fast DCT algorithm for computing x with
(unknown) one-block support of length m < N from its DCT-transformed vector x! in
sublinear time O (m log mlog %) In particular, if m approaches the vector length N,
the proposed algorithm still has a runtime complexity of O(N log V) that is also achieved
by fast DCT algorithms for vectors with full support. Our algorithm is truly deterministic
and returns the correct vector x if we assume that the vector y = (x7, (Jyx)T)T € RV
satisfies the condition that for each nonzero entry y; # 0 of y we also have that

27-7 1

yl(cj)mod 2 = Z Yrronn 70 Vj€e{0,...,J} (1)
1=0

This assumption is for example satisfied if all nonzero entries of x are positive or all
nonzero entries are negative, i.e., X € Rgo or x € ]R]<V0. In practice, for noisy data, one
has to ensure that, for a threshold € > 0 depending on the noise level,

o | > 2 Vi€{0,.., )

1.2 Outline of the Paper

The algorithm presented in this paper is based on the fact that the DCT-II and the DFT
are closely related. In Section 2 we recall that the DCT-II can be computed by applying
the DFT to the vector y := (x7, (Jyx)T)T € R2V of double length. We then derive a
sparse fast DFT algorithm for vectors y with reflected block support, generalizing ideas
in [15] and [16]. This sparse FFT does not require a priori knowledge of the length m of
the two support blocks of y.

The vector y is computed using an iterative procedure. As in [15,16] we use the
27-length periodizations yU) of y € R? for j €{0,...,J — 1} and efficiently compute
yUtD) exploiting that y) is known. This approach requires a detailed investigation of
the support properties of y(j+1), depending on the support of y(j ). The corresponding
observations are summarized in Section 3. We have to distinguish two different cases
for the reconstruction of y+1) from y), namely that y(@) possesses either a one-block
support of length m) < 2m or a two-block support, where each block already has length
m and the second block is the reflection of the first. We present two numerical procedures
to treat these cases in Section 4. Using these methods we develop the complete sparse
FFT algorithm for computing y and prove its arithmetical complexity in Section 5.1.
Section 5.2 is devoted to the stable, efficient detection of the support of the periodized
vectors yUt1 . The sparse DCT algorithm, presented in Section 5.3, can now simply be
derived from this special sparse FFT. Finally, we extensively test the new sparse FFT
and the sparse DCT algorithm with respect to runtime and stability for noisy input data
in Section 6.



2 DCT-II via DFT

A fast DCT algorithm can be obtained by employlng fast DFT algorithms. Recall that
for x = (a:k)kN:_Ol € RY we defined y = (yk)k o ERM asy = (xI, (Iyx)T)T in Section
1.1, so y can be written as

k o, N—1
o= €0, V=1, 2)
TN_1—k, ]{?E{N,...,2N—l}.

The following lemma shows the close relation between <1 and y, namely that xI1 can be
computed from ¥ and vice versa, see [19].

-~ N-1
Lemma 2.1 Let x € RN andy = (x7,(Inx)")T. Then x" = ( E) = Clx is

k=0
given by
i_en(k) v
Ly = —7055Wan ~ Yk, ke{0,...,N -1}, 3
€T AN ¢ } 3)
where y = (yk)kNo = Fony. Conversely, ¥ is completely determined by x! via
5\1/\,(:) wik - all, ked0,...,N—1},
Uk =0, k=N, (4)

-k

Proof. 1. Let k € {0,...,N — 1}. We find that

N-1 N-1
= 2 2-k(20+ 1) _en(k) @U+1) | —k(2+2-1)
fi Z
Xy, = \/igN(k) cos <7) +w Wan x
N s 2.-2N V2N = ( )
N—1
_en(k) & ki k(2N—-1-1)
= mww 2 (W2N + Wy )

= €N(k) Wk wakl x] + 2§1 Wkll TN —-1-1U = 8N(k)u)k . gk"
\/W 4N 2N 2N —1- \/W 4N

=0 U'=N

2. For k € {0,..., N —1} the claim in (4) follows directly from (3). For k € {N,...,2N —
1} note that by construction y is symmetric,

X X
Jony = Jon <JNX) = <JNX) =Y, (5)
which implies that
2N-1 BNL 2N-1
. 2N—-1—
Y = (JQNY) Z szyQN - = Z 21(\7 ) fng Z wQN v (6)
1=0



If k= N, we obtain from (6) that

2N—-1 2N—1
-~ —N —NI N1 -~
I =wyn Y wan =Y whvy = —Tn,

sogn =0. f ke {N+1,...,2N — 1}, then 2N —k € {1,...,N — 1}, and (6) yields

2aN—1 2N—1 ( :
~ -k —kl 2N— kl
Yk = Won Z Won YI = WzN Z
1=0
V2N ki
—WzN Yan—k = 7(‘04N LIN—k-
N(2N — k)

3 Support Properties of the Periodized Vectors

We want to develop a deterministic sublinear-time DCT algorithm for reconstructing
x € RY with one-block support from xII. Using the close relation between the DFT
and the DCT-II shown in Lemma 2.1, this problem can be transformed into deriving
a sparse FFT algorithm for reconstructing y = (x7, (Jyx)?)”, which has a reflected
block support, from y. For this purpose we extend recent approaches in [15,16] for FFT
reconstruction of vectors with one-block support to our setting.

We assume that y satisfies (1) in order to avoid cancellation of nonzero entries in the
iterative algorithm. Similarly as in [15,16] we employ a divide-and-conquer technique to
efficiently compute y from y. A

Let N := 27~ for some J > 2. For j € {0,...,J} let the periodization y9) € R of

y= (yk)Zial be given as in (1), i.e.,

_ 91 27 -1
27 -1
]) = < (j))k—o = Z Yk+271 : (7)
- 1=0 k=0
2N-1
In particular, we observe that y(/) =y, y(© = > yr and
k=0
1) 1 j
(j)—y,(gﬁ +yl(cj:2a)’ kelo,...,2 1}, (8)

—

for j € {0,...,J — 1}. The following lemma shows that the Fourier transform y() of
y@) is obtained by equidistantly sampling 27 entries of ¥, and that the periodization y()
possesses a symmetry property analogous to the one of y in (5).

Lemma 3.1 Let N =2'"1 y cR?N and j € {0,...,J}. Then ;(J\) satisfies

y0) = Foy¥) = (i)t ©)

Further, y(j) 18 symmetric, i.€e., . 4
y 9 = 3oy, (10)



Proof. In [15], Lemma 2.1, (9) was already shown. By (5) we have that yr = y9s_q_;, for
k€ {0, o520 - 1}. It follows for the entries of y(/=1) that

J-1
=Ykt Ypgo/-1 = Yol 1t Yol 1 (k201 = yéJfl),l,k

J-1
i
for all k € {0,...,2/7t —1}; thus y/=Y = Jp,1y/=D. For j < J — 1 (10) can be
proven inductively with the same argument. O

Lemma 2.2 in [15] shows how the Fourier transform of a vector u € R¥", j > 0,
changes if its entries are cyclically shifted by 27.

. j+1_ ;
Lemma 3.2 Letu € szﬂ, j >0, and let the shifted vector u' = (ui)ilo e r¥H
be given by A
u,lf = U(k429) mod 29+15 ke {0, e ,2]+1 — 1} .

Then ul satisfies

o~

uly = (-, Vke{0,...,27 —1}.

Our goal is to reconstruct y from y by successively computing its periodizations y(©),
y, ';’L(J) = y. In the jth iteration step of the procedure we have to determine yU+1)
from y(+1) efficiently, which can be done by employing the vector yU) known from the
previous step. In order for this approach to work we need to investigate how the support
blocks of yU*D can look like if the support of y@) is given.

We start by inspecting the support properties of y(/) = (XT, (JNX)T)T € R?V,

Lemma 3.3 Let x € RY with N = 271 have the one-block support S* = wxx of
length m < N. Sety =y = (xT, (Inx)T)T € R?N and assume that y satisfies (1).

1) If p* < v*, y has the (reflected) two-block support S = < UToN 1 _px aN—1—
with two blocks of the same length m = v* — p* 4+ 1. In the special cases p* = 0
or v* = N — 1, these two support blocks are adjacent and form a (reflected) one-
block support, namely S = IoN_1—yx yx for p* =0 and S = IixoN—1—yx for
v*=N-—1.

i) If p* > X, then y has the (reflected) two-block support SU) = Ix on—1—px U
Ion_1_yx x, where the two separated support blocks have the possibly different
lengths 2(N — p*) and 2(v* + 1), which sum up to 2m = 2 (N — p* +v* 4+ 1).

The proof of Lemma 3.3 follows directly from the definition of y. Note that since
m < N, p* = v* + 1 is not possible in ii). Therefore, the two support blocks in ii) are
always separated. For algorithmic purposes we then denote the first index of the block
centered around the middle of the vector by u/) and the first index of the block centered
around the boundary of the vector by 77(‘]). See Figure 2 (left) for a visualization.

Let us now consider the support properties of the periodization y(j) e R? for j < J.

Lemma 3.4 Let N = 2771 and x € RY have a one-block support of length m < N. Set
y = (xT, (Inx)")T and assume that y satisfies (1). For j € {0,...,J—1} let y9) be the
27 -length periodization of y according to (7). Then y9) possesses either

A) the (reflected) one-block support SU) = L, ,6) of length mU) < 2m for some
u(j) € {o,... 20— 1} with ) =927 —1— u(j), which is centered around the middle
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Figure 1: Illustration of the two possibilities for the support of yU*! for given y(@)
according to Theorem 3.5 in case A; (left) and case Az (right).
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Figure 2: Mllustration of the two possibilities for the support of yUtD for given y()
according to Theorem 3.5 in case Ay (left) and case B (right).

of the vector, i.e., 2271 — 1 and 2971, or around the boundary, i.e., 2/ — 1 and 0.
or

B) the (reflected) two-block support SU) = w0 w0 Y5 _1_yG) 2i—1— ) for p@) ) e
{0,...,27 — 1}, where the two blocks have length nY) =m and are separated.

Proof. By definition of the periodization y@) in (7) the number of support indices k with
y,(f ) # 0 can never exceed the number of nonzero elements of ytD) also called sparsity.
If yU+D has a two-block support, then y{) possesses at most two support blocks, as the
two blocks of yUt1) are either mapped to two blocks of the same length in y@) or to one
block consisting of the two partially overlapping blocks of yU*1 by (8). Thus, if y@) has
a one-block support, its length m() is at most 2m. Moreover, by the symmetry property
(10), the block has to be centered around the middle of the vector or around its boundary.
It also follows from (10) that the blocks are reflections of each other in the two-block
case. If we have obtained y*) with a one-block support, all shorter periodizations y ),
j €{0,...,1—1}, possess a one-block support of length m) < 2m as well. Figure 1 and
Figure 2 (right) depict cases A and B, respectively. |

We always denote by u(j) and vU) the first and last support index of yU) if y) has
a one-block support, or the first index of the first support block and the last index of
the first support block if y\9) has a two-block support. In the one-block case the support
length of yU) is mU), and in the two-block case we denote the length of the two support
blocks by n) for algorithmic purposes, even though nl) = m for exact data.

7



If y¥) has a one-block support of length 2/~1 < m() < 27, the first support index
may not be uniquely determined. For example, for y® = (0,1,1,0,0,1,1,0), which by
definition can be considered to have a one-block support of length 6, the support interval
can be either $®) = I 6 or SB) = I5 2. Note that by Lemma 3.4 the support of y) is
symmetric, i.e., SU) = w25 —1— 0> which can be used to exclude some possible first
support indices. If the first support index is still not unique, we choose 0 < ,u(j S |
such that SU) is centered around the middle of the vector, i.e., around 2/~1 —1 and 2/~1,
In the example above we choose ) := 1. If m = 27, we just fix pl) := 0.

Example 1. Let x = (0,21, 22,0,0,0,0,0)” € R® with nonzero entries x1, x, i.e., with
one-block support S* = I; 9 of length m = 2. Then y and its periodizations are

@ = (0,21,22,0,0,0,0,0,0,0,0,0,0, 2, z1,0)",
= (0,z1,22,0,0 xg,xl,O)T,
= (0,21 + 29,21 + 2,0)7,
= (z1 + 22,21 + 22)7,

O) = (2(x1 + 22))"

Here, y has the reflected block support SH = I 2 U I13,14 of length n® =m = 2, as
in case i) of Lemma 3.3, and y®) has the two-block support S®) = I 2 U I5 6 of length
n®) = m = 2. The periodization y® has the one-block support S = I 2 of length
m® = 2 < 2m, centered around the middle of the vector, i.e., 1 and 2, with ,u(Q) =1.
The vectors y(l) and y(o) both have full support, which can be interpreted as a one-block
support centered around the middle with ,u(l) = u(o) =0, m®M =2and m® =1.

2. Let x = (z0,71,0,0,0,0,0,27)T with nonzero entries xg, z; and z7, i.e., with
one-block support S* = I7; of length m = 3. Then we obtain

y =yW = (20,21,0,0,0,0,0, 7, 27,0,0,0,0,0, 21, 20)",

y(3) = (o + 1'7,931,0, 0703 nylax() + x7)T7

y W = (w0 + 21 + w7, 30 + 71 + 77)",

(
(

y? = (xo + 27,21, 71,20 + 27)7
(

y O =(2

(o + 21 + J77))T

Here, y has the reflected block support S(*) = I7 .8 U I141 with block lengths 2 and 4, as
in case i) of Lemma 3.3. The vector y(3) has the one-block support S©) = 1141 of length
m®) = 4 with u(3) = 6, centered around 15 and 0. All shorter periodizations have a one-
block support as well, but centered around the middle with x® = ;M = ;0 =0. ¢

In our algorithm we want to reconstruct yU+1) iteratively for j € {0,...,.J — 1}, using
in each step that yU) is already known. In the following theorem we summarize the
observations about the support properties of y@*1) given the support of y().

Theorem 3.5 Let N = 271 and x € RN have a one-block support of length m < N.
Sety = (x7, (Inx)")T and assume that y satisfies (1). For j € {0,...,J — 1} let y\)
be the 27 -length periodization of y according to (7).

Ay If y9) possesses the one-block support SU) = w0 2i—1—p) of length ml) < 2m

8



with m\Y) < 29 centered around the middle of the vector, i.e., around 2271 — 1 and
291 then yUt1) possesses the two-block support

SO+ = 10 G0 Udginn 1G4 git1 1,641
with two blocks of length nUTY = m, where either pUtY) = @) or 2041 — 1 —
vt = 0) 427 see Figure 1 (left).

Ay) If vy possesses the one-block support SU) = Iyoj_1 of length m) = 27 and
j < J—1, then yUtY) has a one-block support of length mUtY) > mU) . In the
special case j = J —1,y =y) has a two-block support with two blocks of possibly
different lengths or a one-block support of length m(?) > m(J=1)

Ag) Ifj<J—1 and y9) possesses the one-block support IL(LJ(;),QLP
21 centered around the boundary of the vector, i.e., around 29 —1 and 0, then yUt1)
possesses the one-block support

) of length m\¥) <

SUHY = pO+D) 20411 G+1)

of length mU+Y) =m0 centered around the middle or the boundary of the vector,
i.e., around 29 — 1 and 27 or around 29t* — 1 and 0. Here, pUth) = p@) or
plt) = ) 427 see Figure 1 (right).

Ay) Ifj=J-1 and vy~ has the one-block support S¢/—1) = Lyo-n 914 p-n with
mI=Y < 2771 centered around the boundary of the vector, i.e., around 271 — 1
and 0, then 'y = y) possesses the two-block support

S =1y po 1y ULyn g1y with D <2770 <y, (11)

where the two blocks may have different lengths. In the boundary cases p* = 0 or
v* = 27711 one of these blocks is empty. We always have that either () = (/=1
orn™) =271 4 U= bt 1) and nD) are not both known, see Figure 2 (left).

B) If yU) possesses the two-block support SU) = 1) ) YU doi 16 05 1) with
block length n) =m, then yUtY has the two-block support

SUTD = 1D G0 U dgivn g yG+1) 2i+1_1— G+ (12)

with block length nUtY = m, where pU+tY) = 40 or pUFD = 27 —m — 40) | see

Figure 2 (right). If /LUH) = ,u(j), the first blocks of y\9) and yUTY are identical,

with the same support, and the second block of yUtV) is the second block of y\9),

shifted by 2. Otherwise the first block of yU+1) is the second block of yW), with the
same support, and the second block of yUTY is the first block of y\9), shifted by 27.

Proof. Cases Aq to Ay, henceforth subsumed to Case A, summarize the support properties
of yUt1) if y() possesses a one-block support. Assertion B covers the case that y@) has
a two-block support.

All observations about the possible support blocks of yt1) follow immediately from
the known support SU) of y(j) and (7), using the results from Lemma 3.3 and Lemma
3.4. Figures 1 and 2 illustrate the described cases. O



4 Iterative Sparse DFT Procedures

There is an important difference between cases A to A4 of Theorem 3.5 on the one hand
and case B on the other hand. In cases A; to Ay yU) has a one-block support that
usually contains overlapping entries of the original vector y, i.e., some entries of y) are
obtained as sums of nonzero entries of y. In case B, however, both support blocks of
y@) are of length nY) = m and they are separated. Thus, the nonzero entries of y¥)
and y(j"'l) are the same and we only have to find the first support indices of the blocks
in yUt1) to obtain it from y(). In the following two sections we therefore derive two
different strategies for computing yU+b: the first one has to be employed in case A, and
the second one in case B.

4.1 A DFT Procedure for Case A: One-block Support

We assume that y() possesses the one-block support
SU) = w25 1) = Iu<j>,(u<j>+m<j>_1) mod 27 (13)

of length mU) < 2m. Then it follows from (8) and Theorem 3.5, case A that the support
SUFY of y(+1) satisfies

J+1 ) ) )
S( ) C IH(J)7M(J)+m(J)71 U IQJ.I,_M(j)’(2j+u(j)+m(j)—1) mod 2i+1*

The procedure developed hereafter utilizes that yU+Y is symmetric and thus determined

by its first half. We define the two partial vectors
(G+1) . <y(j+1))2j’1 and  yUtD (y(j+1>>
k 0 k

27+1_1

Y (0) (1) k2

of yUtD ., Both halves of yU*1 have a one-block support, as can be seen in Figure 1 and
Figure 2 (left). Hence, also the following inclusion holds for the support of yth),

SUHD {(u(j) +7") mod 2/ : r e {0, e ,m(j) — 1}}
U{2j+(,u(j)+r> mod 2j:r6{07...,m(j)—1}}, (14)
(+1) (+1)

where the support of Y(0) is contained in the first set and the support of Y1) is

contained in the second set. In particular, y(j +1) has at most 2mU) nonzero entries. The
periodization property (8) implies that

j j+1 j+1
i.e., yUTD is already determined by y¥) and y(()jH). Moreover, we can use the symmetry
property (5) to find yg;rl) =Jy y%;rl) via a permutation instead of solving (15).
Since the support of y(()jﬂ) is a subset of the support of y) by (14), we have to recover
at most m{) nonzero entries of yéﬁ D In order to efficiently compute these entries we

consider restrictions of y) and ygé)ﬂ) to vectors of length ZL(j), where 271 < (@) <

2Lm, taking into account all nonzero entries. We then show that y(()j 1 and thus yth)

10



can be computed using essentially one DFT of length 2EY and some further operations of

complexity O (m(j )). For this purpose we need to employ the known vector y/) from the

—

previous iteration step and oLV suitably chosen oddly indexed entries of y(U+1)  which
can be obtained from y by Lemma 3.1.
The efficient computation of y+1) will be based on the following theorem.

Theorem 4.1 Let N = 277! and x € RN have a one-block support of length m < N.
Sety = (x7, (Inx)")T and assume that y satisfies (1). For j € {0,...,J — 1} let y\9)
be the 27-length periodization of y according to (7) and suppose that y9) has the one-

block support SU) of length m\9) as in (13). Assume that we have access to all entries of
J

y= @k)i:ol- Further, let L) = ﬂog2 m(j)] < j and define the restrictions of y9) and

ygé)ﬂ) to 2L(j)-length vectors,

L)
N G) (G+1) ._ (G+D)
2 = (y(u(jm) mod 2j>r_0 and 2z "= <y(“(j)+r) mod Qj)

Then

21,(1) _1

r=0

Gy _ L (o w5 2o ) 16
Z(O) = 5 (1) . L) . (0) (yQJfL(j)erQJ—j—l)p:O +z y ( )
G) e (221 G) (19 +r) mod 2 21
where W(O) = diag <w2L(j))p:O and W(l) = diag ((,‘)2]-+1 ) o and the
periodization yUTY is completely determined by
j+1 (3)
(y(j-i-l)) — (Z(((j)) ))k7 ke {07"'a2L] _1}, (17>
O ) (u9+k) mod 27 0, else,
j+1 €]
) [ sk
M /91— (9 +k) mod 27 0 else.

)

—_—

Proof. 1t suffices to consider the oddly indexed entries yUtly  ; of yU+) for k €
{o0,...,29 —1}. With (15) we obtain

Y ()

(e ) v ()Y (90 i)
()

(8™)

(2k+1)1
Woj+1

2-\T . 2 1\T .
(j+1) - (2k+1)1 G) _ (G+1)
l_0> Yo <(°"2f+1 )l_o> (y Y(0) )

e 2N o 6 _ )
Woj+1 ( Yo Y )

11



Using Lemma 3.1 we find that

<§2J—j—1(2k+1))i;1 = (W%H)i:)l = (wéiifl)l) jl_lo (2}’%;1) - yU)) . (19)

SO ygi_l) can be computed from y@) and the oddly indexed entries of y(+1).

By definition of LY we have that ZL(J_.Ll <m0 < 2Lm, and the m) nonzero entries
of y\9) are taken into account by the 2L<])—length restriction zU) of yU). Similarly, by (8),

zgg;_l) takes into account the at most mU) nonzero entries of ygg;_l). We can therefore
restrict (19) to the vectors zU) and zgé)ﬂ), which yields
e 2711 (2k+1)((u(j>+r) mod 2-7) 2j_1’2L(j)_1 (+1) G)
(yg.lfj—1(2k+1)>k:0 = (LquJrl )k - <2Z(0) —zV ) . (20)

As z%;rl) and z) have length 2L(j), it suffices to consider the 2= equations correspond-

ing to k := 2j_L(j)p for p € {0, . ,2L(j) — 1} in (20). We obtain the factorization

QL(j) _1

@\J,',l i+1—10) )
<2 J <23+ p+1) p=0
2L<j)—1

23+1=LD 1Y (D) 47) mod 29 j j

p,r=0
) L) . N2t
] M\ 2EY =1 2L¥ -1 (Mmﬂ) mod 27 (j+1) .
=diag (w;”;(”)p:() . (W;)Z(j))p,r:o - diag <w2j+1 . (22(0) — ZU))
_wW () (9,0+D) j
=W Fouo Wi <2z(0) — z(])> : (21)
Since all matrices occurring in (21) are invertible, we derive z%;'l) as in (16). Then

yU*tD is given as in (17) and (18) by definition of zgé;rl) and symmetry (5). Note that if

LU =27, then z9) = y() and Z%;rl) — yE(J);H)' -

4.2 A DFT Procedure for Case B: Two-block Support

We still have to devise a procedure for reconstructing yU+? from y@ in Case B of
Theorem 3.5, i.e., if y(9) has a two-block support of the form

§9 = u@ @ Y Toi 1y 2i1p) = L@y pm—1 Y Lo ) 271 (22)

with two blocks of length n'9) = m, and v() = u(j) 4+ m — 1. We recall that by Theorem
3.5, Case B, the length n9) of both blocks in y@) is the same as the length nU+1) of both
blocks in y+1) and also the same as the support length m of x. Furthermore, all entries
of yUt1) are already determined; we just have to find out whether the first support block
of y¥) remains at the same position in y @t or whether its support is shifted by 2. The
other support block is obtained as the reflection of this block, according to the symmetry
property (5), see Figure 2 (right). In order to decide which of these possibilities for yU+1)

12



—

is true, we employ one oddly indexed nonzero entry of yU+1) . In a first step we show
that such a nonzero entry can be found efficiently.

Lemma 4.2 Let N = 2771 and x € RY have a one-block support of length m < N. Set
y = (X7, Inx)")T and assume that y satisfies (1). For j € {0,...,J — 1} let y\9) be
the 27 -length periodization of y according to (7) and suppose that y9) has the two-block

support SU) as in (22). Assume that we have access to all entries of § = @k)iigl Then
— 2m—1
(y(j+1)2k+1>k . has at least one nonzero entry.

Proof. Theorem 3.5, case B yields that y(j+1) has a two-block support as in (12), which

—

we denote by SUH1). Considering the first 2m oddly indexed entries of y(i+1), we find

2m—1

— 2m—1 .
1 . (2k+1)1 (5+1)
(y(]+ )2k+1>k:0 = E : Wojt1 Y
1eS(+1) k=0

_ (k)2 (G+1)
= \Wojt1 . Y; )
k=0,1eS8(+1) 1eSG+1)

2m—1 .
- <(wéj>k) diag ((wlyﬂ)les(ﬁl)) (yl(j+1)>les(j+1) ’

k=0,1eS+1)
(23)

— 2m—1

2m—1
Assume that (y(j+1)2k+1> = 09,,. The Vandermonde matrix ((wly)k) "

k=0 k=0,1€5G+1)
is invertible if and only if the wéj are pairwise distinct for all [ € SUTYD  or equivalently,
if the [ mod 27 are pairwise distinct for all [ € SUTD . Since y() already has a two-block
support with separated blocks, this holds true. Hence, as (yl(j+1)>l o # 09, by
definition of y and the matrices occurring in (23) are invertible, we obtaien a contradiction.

For the implementation of this procedure set

ko = argmax {’§2J—j—1(2k+1)’}.
k€{0,....2m—1}
Then y+hy, 1 # 0 and it is likely that this entry is not too close to zero, which is
supported empirically by the numerical experiments in Section 6. O

Now we can show how the support of yU+1) can be determined from y@) and one

oddly indexed nonzero entry of y(i+1).

Theorem 4.3 Let N = 2771 and x € RN have a one-block support of length m < N.
Sety = (xT, (Inx)")T and assume that y satisfies (1). For j € {0,...,J —1} let y\9) be
the 27 -length periodization of y according to (7) and suppose that y9) has the two-block

support SU) as in (22). Assume that we have access to all entries of y = @k)zi_ol Then
. . 2m—1
yUtD can be uniquely recovered from y\9) and one nonzero entry of <§217j71(2k+1))k
=0

Proof. If y9) is known and has a two-block support, there are two possibilities for the
periodized vector yU*1, one of which is obtained by shifting the other by 2/ by Theorem
0\ 2 t-1

3.5, case B, see Figure 2 (right). We denote these two vectors by u® = (uk)k:0 and

13



j+1_
u' = (u,lc)2J 1, and obtain that

k=0
y,(j), ke {pW, .. ul)+m—1},

uf) = y](j_)zj, ke {QJH—m—,u(j),...,ZjH—1—u(j)}, and
0, else

U = u?2j+k) T ()

Lemma 3.2 implies that

—

U12k+1 = _;62]6-"—17 ke {07 s 72j - 1} ) (24)

for all oddly indexed entries of w0 and ul. In order to decide whether yUth = 0

—

or yUtD = u' we compare a nonzero entry y(ﬁ'l)%oﬂ = @217]-71(2%“) # 0 with the

corresponding entry of w0, Tt follows from Lemma 4.2 that y(j*l)%o_ﬂ can be found by

o —

examining 2m entries. If ;5%0“ = yltly. 11, we conclude that yU+t) = u’, and if
ZLBQk;OJ,_l = —yUtDy 1y, then yU*th = u! by (24). Numerically, we set yU+1) = u® if

— —

) i1 ) i1
wopyt1 — YUt )2k0+1‘ < ‘u oko+1 + Y9I Vop 1

and yUt1) = u! otherwise. The required entry of w0 can be computed from y{) using
O(m) operations,

2i+1_1q p@ 4m—1 29+l _1— (@)
w0 — (2Ro+1)l 0 _ (2ko+1)1 (4) (2ko+1)0, (7)
U"2ko+1 = Z Wojt1 ~ U = Wojpr Y+ Woitt Yj_gi-
=0 I=p() 1=27+1—m—p(9)

5 The Sparse FFT and the Sparse Fast DCT

In Section 4 we have presented all procedures necessary to derive the new sparse FFT
for vectors y € R?Y that have a reflected block support and satisfy (1). Using Lemma
2.1 we also obtain a new sparse fast DCT algorithm for vectors with one-block support.
Note that neither of the procedures for reconstructing yU*Y from y) and y introduced
above requires a priori knowledge of the length of the blocks in y.

5.1 A Sparse FFT for Vectors with Reflected Block Support

Let us assume that N = 277! and y € R*" has a reflected block support of unknown
block length m < N and satisfies (1), i.e., there is no cancellation of nonzero entries in
any of the periodization steps. We suppose that we have access to all entries of § € C2V.

The algorithm starts with the initial vector y(©) = ?ﬁ)_l Y1 = Yo, which has a one-

block support. For j € {0,...J — 1} we perform the following steps.

la) If y) possesses a one-block support, apply the DFT procedure given in Theorem
4.1 to recover y(t1),

14



1b) If y@) possesses a two-block support, apply the DFT procedure given in Theorem
4.3 to recover yt1),

2) Detect the support structure of yUth,

A stable method to detect the support structure of y@+1) using O (m(j)) operations is
given in Section 5.2. Having reconstructed a vector y") with two-block support, it follows
from Theorem 3.5 that all longer periodizations y¥), j € {l+1,...,J —1}, also possess
a two-block support with the same block length, so for 5 > | we always have to apply
step 1b.

If a lower bound 2°=! < m on the block length of y is known, we can begin the
algorithm with the computation of y(® by applying a 2°-length IFFT algorithm to

b

y® = (Gar-o)i=o -

and detect its support. Then we execute the above iteration steps for j € {b,...,J —1}.
The complete procedure is summarized in Algorithm 1.

We show that the runtime and sampling complexity of Algorithm 1 are sublinear in
the vector length 2N.

Theorem 5.1 Let N = 277! and x € RN have a one-block support of length m < N.
Sety = (xI',(Inx)T)T and assume that y satisfies (1). Further, assume that there is
no a priori knowledge of the support length m of x. Then Algorithm 1 has a runtime of
O (m log mlog %) and uses O (m log %) samples of y.

Proof. 1. Note that the support S of y = y()) has at most cardinality 2m. Let
2l=1 < 2m <28 <27/ For j € {0,...,L — 1} the vector y @) has necessarily a one-block
support of length 27~1 < m() < 27 and we have to apply the procedure of Theorem 4.1,

where the computation of y%;_l) = z%jl) requires an IFFT of length 2/ with © (2j log 27 )

operations according to line 5 of Algorithm 1. To determine the nonzero entries of yU+1)
in lines 6 and 7, and to detect its support structure in line 22, only O (2j ) operations are
needed, as we will show in Section 5.2. Thus, the iteration steps for j € {0,...,L — 1}
have a runtime complexity of

L-1
O 2log2 | =0 (2L ~-2).
=0

For j € {L,...,J — 1} we have to apply either the recovery step for periodizations with
one-block support or the recovery step for periodizations with two-block support. If y(f )
has a one-block support of length m), then m < m@) < 2m and 281 < ml) < 2L,

The computation of z%;_l) in lines 11 and 12 requires an IFFT of length at most 2

and further operations of complexity O (2L ) In order to detect the support structure
in line 22 at most O (ZL) operations are necessary. Altogether, we require O (2L log 2L)
operations for such an iteration step.

If y) has a two-block support with block length n@) = m, executing lines 17 to 20
requires O(m) operations, and the support structure of yU+Y is already completely deter-
mined. However, in the worst case, we have to apply the recovery step for periodizations
with one-block support for every j € {L,...,J— 1}, and thus need O ((J — L)2% log 2L)
operations for these steps. Adding the arithmetical complexities for both cases yields an
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Algorithm 1 Sparse FFT for Vectors with Reflected Block Support

Input: ¥, where the sought-after vector y € R*N, N = 2/~1 has a reflected block
support of (unknown) length m and satisfies (1), and noise threshold . If a lower
bound on m is known a priori, let b € Ny such that 20=! < m, otherwise b = 0.

1. y® « IFFT [(§2J—bk)z};_01:| and, if b > 0, detect its support structure.
2: for j from b to J —1 do

RECOVERY STEP FOR PERIODIZATIONS WITH ONE-BLOCK SUPPORT
3: if yU) has a one-block support then

4: if mW) > 2/-1 then _
5. — di ( — )2]_1 IFFT (A - )2]_1
: a ¢« diag | (wyni) Ypr-i-i(ken) ), o

‘ 1 ) 1 ()

R 5 R > ) ]
6: (y%fl)) — {2 ey +a), Q‘e(y ta),>e k=0,...,27—1
k 0, else,

+1 +1

C e

else if m\Y) < 29-! then
Set LU) = [logQ m(j)—|.
2L(j>_1

" . R GL0) 4
10: Set zV) = y(u(j)-&-r) od 2 . and v = (yQJfL(j)erQij*l =0
=
. ) 2L(j)_1 ()
. —(pD+ d 27 . —pu@\Z L
11: a «+ diag <w2j(ﬁ r) mo ) IFFT |diag (wQﬁ?)J ) Y v
r=0 P
1 j 1 j
, else,
; ()
13: (y(ﬂ'+1)) — GO {0’ o277 = 1}
: (0) (1) +k) mod 2i 0, else
y ( (j+1)) - (z0+D), | ke {0,...,2”” - 1}
: YO )y (uo4k) moa 2 g, else
15: end if

RECOVERY STEP FOR PERIODIZATIONS WITH TWO-BLOCK SUPPORT
16: else if y() has a two-block support with block length n(/) then

17: Find §217j71(2k0+1) #0.
. 49 +nG)—1 , 9311 0) '
2ko+1)1 2ko+1)1
18: Wy 41 > wéjﬁ ) yl(]) + > ngﬁ : yl(i)Zj
I=) 1=25+1 20 () — )
19: )\(]+1) - M(])a ‘U02k0+1 - @\2J_j_1(2k0+1)‘ < u02k0+1 + §2J_j_1(2k0+1)’
20 4+ 1) else
yl(j)mod o k€ AU L AGHD @) 1)
w0y e O e (2t ) AGH 9t 1 AU},
0, else
21: end if
22: Detect the support structure of yU+1) ie., find U+ and mU+Y or n@).
23: end for
Output: y

16



overall runtime of
L I 2N
O(2"(L-2)+((J-L)2"L)=0 mlogmlogﬁ ,

where we have used that 2m < 2F < 4m. In particular, if m approaches N, the algorithm
has a runtime of O(N log N), which is the same as the runtime of a full length FFT.
2. For j € {0,...,L — 1} it follows from 2F~1 < 2m < 2 that the computation

. . — 2i—1_1
of y(]+1) requires all 27—1 samples of (y(]+1)2k+1)k . This implies that we need
=0

the entire vector y(X) to recover y") iteratively. The remaining iteration steps with
je{L,...,J —1} need ot — 0 (m(j)) samples if y() has a one-block support. In the
case of a two-block support it suffices to examine 2m samples of ¥ to find a nonzero one
by Lemma 4.2. Hence, the algorithm has a sampling complexity of

L)

-1
; 2N
(@] ]E_O 2+ (J—L)2 O@R2"+((J-L)2") =0 (mlog - ) .

5.2 Detecting the Support Sets

Algorithm 1 relies heavily on an efficient detection of the support structure of the pe-
riodized vector y\9). Let us assume that yU) and its support are known, and that we
computed yUt1) with the appropriate method in Algorithm 1. In order to detect the
support of yUTY in line 22 of Algorithm 1 we have to distinguish the five cases already
considered in Theorem 3.5. Note that for noisy data the found block lengths n+1 for
yUtD) with two-block support might not be the same as the exact block length m of x.

Case A;) y@) has the one-block support SU) = 1) 25 —1— 1 5) of length m) < 27 cen-
tered around the middle of the vector, i.e., around 2/~1 — 1 and 2771,

Then yUTD has a two-block support of length nU*Y < mU) and the support of the
first block is a subset of SU) by Theorem 3.5, case A;. We define

T((Oj)H) = {k € {u(j),u(j) +1,...,27 —1— u(j)} : y,(CjH) > s} ={t1,...,tx},

where t; < -+ < tg, and € > 0 depends on the noise level. We have to check m) entries
of yUtY) in order to determine SU*Y . Then we choose

pUt) =4 and nUtY =t — ¢ + 1.

Case Ay) If j < J — 1, 1) =0 and m) = 27, Theorem 3.5, case A, yields that y(@+1)
has a one-block support whose location and length are unknown. As y+1) is symmetric,
the indices of its significantly large entries are

TUMD = Lty e, 270 =1 =ty 2 1) = ()

where txr < 2/ — 1 and tg 1 > 29, If togr —t; +1 > 27, we set ,u(j“) = 0 and
mUFD = 27+l Otherwise we need to detect whether the support block is centered
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around the middle or the boundary of yU*1D. We define
dy =tgq1—tx and dy = (t1 - tQK) mod 27t1,

If dy < di, then yUTY has a one-block support centered around 2/ —1 and 27. If dy > dj,
the support block is centered around 0 and 2711 — 1. If dy = dy, yUtY) must have full
support of length m+1) = 211 5o we can conclude

t1, do < dy, tok —t1 +1, do < du,
JPCARR = tk41, do>di, and mUt) = ¢ 9i+! — tk1+t+ 1, do>di,
0, dy = dl, 2j+17 do = dy.

In the case that j = J — 1 and m/=Y = 2771 et

T(((;])) ={ke {0,...,2J72 —1} iy > e} ={t1,...,tx} and

T((l‘])) = {k: € {2‘]72,...,2‘]*1 — 1} S YR > 5} = {uy,...,ur}.

If T(((;])) = (), then y has a one-block support centered around the middle with

M(J) ‘=wu; and m\) =2 (2']_1 - ul) = 2m.

If T((l“;) = (0, then y has a one-block support centered around the boundary with

p =27 —1 -t and mY) =2 (tg + 1) = 2m.

Otherwise there are three possibilities for the support of y, where we do not know the
correct one a priori:

(1) S(J) = It172‘]—1—t17
(ll) S(J) = IQJflfuL,’LLL’
(iii) y has a two-block support with two blocks of possibly different lengths and unknown
positions.
Case A3) j < J—1 and y@) has the one-block support SU) = 1) 29— 1— ) of length
mU) < 27 centered around the boundary of the vector, i.c., around 2/ — 1 and 0.

It follows from Theorem 3.5, case A that yUtD has a one-block support of length
mUTY = ml) with u(jﬂ) = u(j) or ,u(j“) =2 4+ ,u(j). We compare the entries at the
possible locations of the support block and set

1@ pm) 1 (29450 +m) —1) mod 27+1
. J+1 . J+1
eg = Z ‘y,(c )‘ and e = Z ‘y,g )‘ .
k=pu() k=27 + ()

Since for exact data one of the sums has only vanishing summands, we choose

M(j+1) — M(J')’ ey > eq
27 +M(j), ep < e1.
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Case Ay) j = J—1and y/=Y has the one-block support S/~ = L) 91124y
of length m/~1) < 27-1 centered around the boundary, i.e., around 27! — 1 and 0.

Theorem 3.5, case Ay implies that y(/) = y has either a two-block support with two
separated blocks of possibly different lengths or, as a boundary case, a one-block support,
where one of the two blocks in (11) vanishes. In case of two blocks, one is centered around
the middle of the vector, i.e., around 2771 — 1 and 277!, and its support is a subset of
Ly 001y, and the other is centered around the boundary of the vector, i.e.,
around 27 — 1 and 0, and its support is a subset of Iys1y -1 9011 p-1)- If y has a
one-block support, its support is a subset of one of the two index sets above. Since the
support blocks have even length, set

T((dj)) = {k € {M(J*1)7...,2J*1 — 1} Dy > 5} =:{t1,...,tg} and

T((lj)) = {k c {2J71 + M(Jfl)’ .. .,2‘] — 1} LY > 5} = {ul’ L 7uL}-
If T(((;])) = (), then y has a one-block support centered around the boundary, and we set

u(‘]) '=wu1 and m) =2. (2‘] — ul) =2m
to obtain the support set S(/) = I#(J)72J_1_#<J) ofy. If T((l‘]) = (), then y has a one-block
support centered around the middle of the vector, and we %et

M(J) =1t; and m) =2. (2‘]71 — tl) = 2m,

implying that the support set of y is S(/) == IN(JW(,})JFWU)A. If neither set is empty,
y has a two-block support with two separated blocks of possibly different lengths, see
Figure 2 (left). We denote the first index of the block centered around the middle by
1) and the first index of the block centered around the boundary by n(/) and set

,u(‘]) =1t and 77(‘]) = uq,

We obtain the support set S/) := 1) 27 —1— () UL 90 gy, where the block cen-
tered around the middle of the vector has length ngg)) = 2 (2‘]_1 — tl) and the block
centered around the boundary has length nElJ)) = (2‘] — ul).

Case B) ‘y(j) has the two-block support SU) = 1) ) Ydoi 160 25 —1-p0) with block
length nl9) = m.

Let AUTD be the support index computed in line 19 of Algorithm 1. We obtain

G+1) ._ p9), G+ = )
" T Y —m— @), AGHD =97 4 ()

according to Theorem 3.5, case B and Figure 2 (right).

5.3 A Sparse Fast DCT for Vectors with One-block Support

We now apply the sparse FFT algorithm for vectors y € R*" with reflected block support
presented in Section 5.1 to derive a sparse fast DCT algorithm for vectors with one-
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block support. Recall that by Lemma 2.1 the Fourier transform of the vector y =

(xT, (Inx)T)T is completely determined by x'I. Hence, we can compute y from y with
the help of Algorithm 1 if x'T is known. By construction, x is then given as the first half
of y. Since Algorithm 1 is adaptive, no a priori knowledge of the support length of x is
required. The resulting sparse fast DCT procedure is summarized in Algorithm 2.

Algorithm 2 Sparse Fast DCT for Vectors with One-block Support

Input: x| where the sought-after vector x € RY, N = 2771 has a one-block support
of (unknown) length m and y = (x, (Jyx)T)? satisfies (1), and noise threshold e.
If a lower bound on m is known a priori, let b € Ny such that 2°~1 < m, otherwise
b=0.

oN , —k 0l
m\/(:)%w'fvﬂ ke{0,...,N —1},
1: Compute g = ¢ 0, k=N,

—k 11
— s el RE{N 41, 2N -1}
if the sample ¥, is needed in Algorithm 1.
2: y «+ Algorithm 1 [y, b]
N—
3 X<y = (Uk)ho
Output: x

Theorem 5.2 Let N = 277! and x € RN have a one-block support of length m < N.
Sety = (xI', (Inx)T)T and assume that y satisfies (1). Further, assume that there is
no a priori knowledge of the support length m of x. Then Algorithm 2 has a runtime of

O (m log m log %) and uses O (m log %) samples of x1.

Proof. As shown in Theorem 5.1, Algorithm 1 requires O (m log %) samples of y in

lines 1, 5, 10 and 17, so we also need O (m log %) samples of x!I in order to compute
the necessary samples of y in line 1 of Algorithm 2 by Lemma 2.1. Line 1 requires
@) (m log %) operations; hence the runtime of Algorithm 2 is governed by the runtime
of Algorithm 1. O

6 Numerical results

6.1 Numerical Results for the Reflected Block Support FFT

In the following section we present some test results regarding the runtime of Algorithm
1 and its robustness to noise. We compare our method to Algorithm 2.3 in [18] and to
MATLAB’s ifft routine, which is a fast and highly optimized implementation of the fast
inverse Fourier transform, based on the FFTW library, see [7,21,23]. The former two
algorithms have been implemented in MATLAB, and the code is freely available in [4,17].
The sparse FFT algorithm in [18] is suitable for the fast reconstruction of an m-sparse
vector y from its DFT ¥ for small m. Note that neither of the algorithms requires a
priori knowledge of the length of the support blocks or the sparsity, but Algorithm 1
needs that y satisfies (1).

Figure 3 shows the average runtimes of Algorithm 1 with threshold e = 10~4, Algorithm
2.3 in [18], in the variant using Algorithm 4.5, and ifft applied to ¥ for 100 randomly
generated vectors y of length 2N = 22! with reflected block support of lengths varying
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between 5 and 50000. The nonzero entries of the vectors are chosen between 0 and 10.
For each vector at most |[(m — 2)/2| entries in the first support block, excluding the
first and last one, are randomly set to 0, and the second half of y is determined by its
symmetry y = Joyy. Algorithm 2.3 in [18] is very unstable for greater sparsities 2m,

10°

Algorithm 1 —=—
Algorithm 2.3 in [18] - N

ifft

Runtime [s]

103

10t 102 103 10
Block Length m

Figure 3: Average runtimes of Algorithm 1 with ¢ = 107, Algorithm 2.3 (using Al-
gorithm 4.5) in [18] and MATLAB’s ifft for 100 random input vectors with
reflected block support of length m and vector length 2N = 221

as it often has to solve a close to singular equation system. Hence, we decided to only
measure its runtime for block lengths up to m = 30. Obviously, any comparison to the
highly optimized ifft routine must be flawed; however, we can see that both Algorithm
1 and Algorithm 2.3 in [18] are much faster than ifft for sufficiently small block lengths.
The former algorithm achieves faster runtimes for block lengths up to m = 10000, while
the latter does so at least for block lengths up to m = 30. Note that by setting at most
[(m—2)/2]-2 entries inside the support blocks randomly to 0, the actual sparsity of y can
be almost as low as m. This barely affects the runtime of Algorithm 1, but it decreases
the average runtime of Algorithm 2.3 in [18]. As can be seen from Table 1 presenting
the average reconstruction errors for exact data, Algorithm 2.3 in [18] is not accurate for
block lengths of m = 20 or greater, and, as we found out during the experiments, not
even consistently accurate for block lengths up to m = 10. Still, for block lengths up to
m = 10, this procedure is faster than Algorithm 1. For block lengths up to m = 100
Algorithm 1 achieves an accuracy close to that of ifft, and even for m = 50000 its
reconstruction error is small.

Next we examine the robustness of the algorithms for noisy data. Since Algorithm 2.3
in [18] is not suitable for noisy data due to ill-conditioned equation systems having to
be solved, we will only consider Algorithm 1 and MATLAB’s ifft hereafter. Disturbed
Fourier data z € C?V is created by adding uniform noise 7 € C?V to the given data y,

zZ=y+mn.
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m  Algorithm 1  Algorithm 2.3 in [18] ifft

5 4.2-10720 3.4-1078 3.8-1072

10 8.0-10720 1.4-109 4.8-10721

20 2.2-10719 3.1-107 7.0-10721

30 6.6-1071° 3.9.108 83-107%
100 1.5-10"!8 - 1.5-10~20
1000  7.7-10714 - 4.7-10~20
10000 3.6-10712 - 1.5-10~19
50000 1.3-10~1 - 3.5-10719

Table 1: Reconstruction errors for the three DFT algorithms for exact data.
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ifft ifft
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(a) Reconstruction error for m = 100. (b) Reconstruction error for m = 1000.

Figure 4: Average reconstruction errors ||y —y’[|2/(2N) of Algorithm 1 and ifft for 100
random input vectors with support length m and vector length 2N = 221
We measure the noise with the SNR value,

¥l
[l

SNR = 20 N loglo

Figures 4a and 4b depict the average reconstruction errors ||y — y’||2/(2V) for block
lengths m = 100 and m = 1000, where y denotes the original vector and y’ the re-
construction by the corresponding algorithm applied to z. Note that for noisy data the
resulting vector y’ does no longer have an exact reflected block support, but the support
blocks have entries that are significantly greater than the noise and can thus be found by
the support detection procedures presented in Section 5.2. The threshold & for Algorithm
1 is chosen according to Table 2. These values were found via an attempt to minimize

SNR 0 10 20 30 40 50
€ 1.7 12 04 019 0.05 0.02

Table 2: Threshold ¢ for Algorithm 1.
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the approximation error and maximize the rate of correct recovery. Both for m = 100
and m = 1000 we see that the reconstruction by Algorithm 1 yields a smaller error than
the one by ifft for all considered noise levels.

Since for vectors with reflected block support the structure is especially important,
we also examine whether Algorithm 1 can correctly identify the support blocks of y for
noisy input data. Especially for high noise levels, Algorithm 1 tends to overestimate the
true length of the support blocks. Table 3 shows the rates of correct recovery of the
support. In the second and fourth column we present the rate of correct recovery where

Rate of Correct Recovery in % Using Algorithm 1 for
m = 100 m = 100 m = 1000 m = 1000

SNR m’ < 3m = 300 m’ < 3m = 3000
0 70 49 69 47
10 70 70 74 68
20 86 83 93 85
30 98 98 94 93
40 99 98 97 93
50 100 100 99 98

Table 3: Rate of correct recovery of the support of y in percent for Algorithm 1, without
bounding m’ and with m’ < 3m, for the 100 random input vectors with block
length m = 100 and m = 1000 from Figures 4a and 4b.

we consider y to be correctly recovered by y’ if the support of the two blocks of the
original vector y is contained in the support blocks found by the algorithm. In the third
and fifth column we additionally require that the block length m’ found by Algorithm 1
satisfies m' < 3m.

For SNR values of 20 or more the algorithm has a very high rate of correct recovery
in the sense that the original support is contained in the reconstructed one. For these
noise levels the block length of y’ is almost always at most 3m.

6.2 Numerical Results for the Fast One-block Support DCT

In this section we present the results of numerical experiments regarding runtime and
the robustness to noise of Algorithm 2. As, to the best of our knowledge, there exist no
other sparse DCT algorithms, we only compare our method to MATLAB’s idct routine,
which is contained in the Signal Processing Toolbox, see [22]. idct is a fast and highly
optimized implementation of the fast inverse cosine transform of type II. Our algorithm
has been implemented in MATLAB, and the code is freely available in [3]. Note that
Algorithm 2 also does not require any a priori knowledge of the support length but needs
that y = (x, (Jyx)T)T satisfies (1).

In Figure 5 one can see the average runtimes of Algorithm 2 with threshold € = 1074
and idct applied to x for 100 randomly generated 22°-length vectors x with one-block
support of lengths varying between 10 and 50000. As in Section 6.1, the entries of the
input vectors are between 0 and 10, and at most |(m — 2)/2| entries are randomly set to
0. Again, comparing Algorithm 2 to the highly optimized idct routine is flawed, but, at
least for block lengths up to m = 10000, our method is faster than idct and, as shown
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Figure 5: Average runtimes of Algorithm 2 with ¢ = 107* and MATLAB’s idct for 100
random input vectors with support of length m and vector length N = 220,

in Table 4, achieves reconstruction errors comparable to those of idct for block lengths
up m = 100 and still a very high accuracy for greater block lengths.

m  Algorithm 2 idct

10 9.6-10720 7.1.107%
100 4.7-10718 22.10720
1000 14-10"'% 6.9.10720
10000 2.5-10712  2.2.10719
50000 1.7-107''  4.9.10°19

Table 4: Reconstruction errors for Algorithm 2 and idct for exact data.

We also investigate the robustness of Algorithm 2 for noisy data. As before we create
disturbed cosine data z'" € RV by adding uniform noise n € RY to the given data x',

zII = XH +n.

Then the SNR is given by

HXH

Imlly

In Figures 6a and 6b one can see the average reconstruction errors ||x — x'||, /N, where
x denotes the original vector and x’ the reconstruction by the corresponding algorithm

SNR := 20 - 10g10

applied to z' for block lengths m = 100 and m = 1000. The threshold parameter ¢ for
Algorithm 2 is chosen according to Table 5. Note that we have to increase the threshold

24



104 1073

Algorithm 2 —=— Algorithm 2 —a—
idct idct

6 l\ 5
! \I\' | \“\
1077 S 1076 —
= \'\
0% 107
0 10 20 30 10 50 0 10 20 30 10 50
SNR SNR

Error

Error

(a) Reconstruction error for m = 100. (b) Reconstruction error for m = 1000.

Figure 6: Average reconstruction errors ||x — x'||2/N of Algorithm 2 and idct for 100
random input vectors with support length m and vector length N = 220,

SNR 0 10 20 30 40 50
€ 25 18 1 03 0.15 0.05

Table 5: Threshold ¢ for Algorithm 2.

parameters slightly compared to those from Table 2 for Algorithm 1 in order to achieve
similar rates of correct recovery, due to the instability caused by the computation of
y from the given noisy data z!!. For both support lengths Algorithm 2 reconstructs
the original vector better than idct for all considered noise levels. Further, we also
investigate the rate of correct recovery of the support block; these results can be found

in Table 6. In the second and fourth column we consider x to be correctly reconstructed

Rate of Correct Recovery in % Using Algorithm 2 for
m = 100 m = 100 m = 1000 m = 1000

SNR m’ < 3m = 300 m’ < 3m = 3000
0 48 45 48 41
10 57 57 67 66
20 79 79 81 81
30 93 93 94 94
40 96 96 97 97
50 99 99 99 99

Table 6: Rate of correct recovery of the support of x in percent for Algorithm 2, without
bounding m' and with m’ < 3m, for the 100 random input vectors with support
length m = 100 and m = 1000 from Figures 6a and 6b.

by x’ if the support of the original vector x is contained in the m’-length support of x’
found by Algorithm 2, and in the third and fifth column we additionally require that
m’ < 3m. Algorithm 2 has a very high rate of correct recovery for SNR values of 20 and
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greater, and, at least in our experiments for those noise levels, the support length of x’
is always at most 3m.

Acknowledgement

The authors gratefully acknowledge partial support for this work by the DFG in the
framework of the GRK 2088.

References

[1]
2]
3]

4]

[5]
(6]
[7]
8]

9]

[10]
[11]

[12]

[13]
[14]
[15]

[16]

A. Akavia. Deterministic sparse Fourier approximation via approximating arithmetic pro-
gressions. IEEE Trans. Inform. Theory, 60(3):1733-1741, 2014.

S. Bittens. Sparse FFT for Functions with Short Frequency Support. Dolomites Res. Notes
Approzx., 10:43-55, 2017.

S. Bittens and G. Plonka. Sparse Fast DCT for Vectors with One-block Support.
http://na.math.uni-goettingen.de/index.php?section=gruppe&subsection=software,
2018.

S. Bittens and G. Plonka. Sparse FFT for Vectors with Reflected Block Support.
http://namath.uni-goettingen.de/index.php?section=gruppe&subsection=software,
2018.

S. Bittens, R. Zhang, and M. A. Iwen. A Deterministic Sparse FFT for Functions with
Structured Fourier Sparsity. http://arxiv.org/abs/1705.05256, 2017.

A. Christlieb, D. Lawlor, and Y. Wang. A multiscale sub-linear time Fourier algorithm for
noisy data. Appl. Comput. Harmon. Anal., 40(3):553-574, 2016.

M. Frigo and S. G. Johnson. FFTW 3.3.6. http://www.fftw.org/, 2017.

A. Gilbert, P. Indyk, M. Iwen, and L. Schmidt. Recent Developments in the Sparse Fourier
Transform: A compressed Fourier transform for big data. IEEE Signal Process. Mag.,
31(5):91-100, 2014.

H. Hassanieh, P. Indyk, D. Katabi, and E. Price. Simple and Practical Algorithm for Sparse

Fourier Transform. In Proceedings of the Twenty-third Annual ACM-SIAM Symposium on
Discrete Algorithms, SODA 12, pages 1183-1194. STAM, 2012.

M. A. Twen. Combinatorial Sublinear-Time Fourier Algorithms. Found. Comput. Math.,
10(3):303-338, June 2010.

M. A. Iwen. Improved Approximation Guarantees for Sublinear-Time Fourier Algorithms.
Appl. Comput. Harmon. Anal., 34(1):57-82, 1 2013.

S. Pawar and K. Ramchandran. Computing a k-sparse n-length discrete Fourier transform
using at most 4k samples and O(klogk) complexity. IEEE International Symposium on
Information Theory, pages 464-468, 2013.

G. Plonka, D. Potts, G. Steidl, and M. Tasche. Numerical Fourier Analysis: Theory and
Applications. Book manuscript, 2018.

G. Plonka and M. Tasche. Fast and numerically stable algorithms for discrete cosine trans-
forms. Linear Algebra Appl., 394:309 — 345, 2005.

G. Plonka and K. Wannenwetsch. A deterministic sparse FFT algorithm for vectors with
small support. Numer. Algorithms, 71(4):889-905, 2016.

G. Plonka and K. Wannenwetsch. A sparse fast Fourier algorithm for real non-negative
vectors. J. Comput. Appl. Math., 321:532 — 539, 2017.

26


http://na.math.uni-goettingen.de/index.php?section=gruppe&subsection=software
http://na.math.uni-goettingen.de/index.php?section=gruppe&subsection=software
http://arxiv.org/abs/1705.05256
http://www.fftw.org/

[17]

18]
19]
[20]
[21]
[22]

23]

G. Plonka and K. Wannenwetsch. Deterministic Sparse  FFT.
http://na.math.uni-goettingen.de/index.php?section=gruppe&subsection=software,
2017.

G. Plonka, K. Wannenwetsch, A. Cuyt, and W.-s. Lee. Deterministic sparse FFT for M-
sparse vectors. Numer. Algorithms, https://doi.org/10.1007/s11075-017-0370-5, 2017.

K. Rao and P. Yip. Discrete Cosine Transform: Algorithms, Advantages, Applications.
Academic Press, 1990.

B. Segal and M. Iwen. Improved sparse Fourier approximation results: faster implementa-
tions and stronger guarantees. Numer. Algorithms, 63(2):239-263, 2013.

The MathWorks. MATLAB’S documentation of fft.
https://www.mathworks.com/help/matlab/ref/fft.html, 2017.

The MathWorks. MATLAB’s documentation of idct.
https://www.mathworks.com/help/signal/ref/idct.html, 2017.

The MathWorks. MATLAB’S documentation of ifft.

https://www.mathworks.com/help/matlab/ref/ifft.html, 2017.

27


http://na.math.uni-goettingen.de/index.php?section=gruppe&subsection=software
https://doi.org/10.1007/s11075-017-0370-5
https://www.mathworks.com/help/matlab/ref/fft.html
https://www.mathworks.com/help/signal/ref/idct.html
https://www.mathworks.com/help/matlab/ref/ifft.html

