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Abstract

Biorthogonal wavelets are essential tools for numerous practical applications. It is very
important that wavelet transforms work numerically stable in floating point arithmetic.
This paper presents new results on the worst-case analysis of roundoff errors occurring
in floating point computation of periodic biorthogonal wavelet transforms, i.e. multilevel
wavelet decompositions and reconstructions. Both of these wavelet algorithms can be
realized by matrix-vector products with sparse structured matrices. It is shown that
under certain conditions the wavelet algorithms can be remarkably stable. Numerous
tests demonstrate the performance of the results.
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1 Introduction

Biorthogonal wavelet transforms have found important applications especially in signal
and image processing. In particular, biorthogonal wavelets with compact supports, leading
to filter banks with FIR filters, are used very frequently [4, 5, 6, 11]. Essential reasons
for the great success of the discrete wavelet transform are the low arithmetic cost and
the simple implementation. However, besides the arithmetic cost also numerical stability
should be taken into consideration. The numerical stability characterizes the influence
of roundoff errors caused by arithmetic operations and by precomputation of transform
matrices in a binary floating point arithmetic (i.e. IEEE standard), where the real input
data are machine numbers and every intermediate result of the algorithm is rounded to
the next machine number. The main goal of the worst-case error analysis is the qualitative
investigation of the occurring roundoff errors.

For valuation of numerical stability of an algorithm, we use the concept of the backward
error [21]. Here the main idea is that the roundoff error is interpreted to be obtained by
application of the exact algorithm to noisy input data. This concept permits a careful
analysis of the used numerical method in finite precision arithmetic.

The periodic biorthogonal wavelet transforms can be realized by matrix-vector products
with sparse, structured matrices.

Let now A € R™™ be an invertible matrix and let F be the set of machine numbers.
For every input vector x € F" let y := Ax be the exact output vector. Let y = ﬂ(Ax)
be the numerical realization of the matrix-vector product by a given algorithm, where
A € F™*™ consists of precomputed entries. The unit roundoff of the underlying floating
point arithmetic is denoted by w. Then the algorithm for computing of Ax is called
normuwise forward stable (see [8], p. 142), if there exists a constant kK = kKa > 0 with
kau < 1 such that for all x € F™

15 = yl2 < (rau + O@w?)) x|z

Here || - ||2 denotes the Euclidean norm. The numerical algorithm is said to be normuwise
backward stable, if for Ax := A~!(y—y) there exists a constant k = ka > 0 with ka u < 1
such that for all x € F"

1Ax[l2 < (ka w+ O(u?)) x]2-

The constant ka is called worst case (backward) stability constant. Recent investigations
of the roundoff errors for matrix-vector multiplications (see [8, 14, 15, 16, 19]) show the
following:

1. Arithmetic cost and numerical stability are two different properties of a numerical
algorithm being not directly related. In particular, comparing two numerical algorithms
for the same problem, the algorithm with lower arithmetic cost does not automatically
have better numerical behavior in floating point arithmetic.

2. Rounding errors in precomputed entries of the transform matrix can have essential
influence on the numerical stability of the algorithm.

The numerical stability of discrete wavelet transform has been only rarely discussed in
the literature. In [1], a necessary and sufficient condition for Riesz stability of biorthog-
onal wavelet bases in L?(R) has been presented. This condition is especially satisfied for
the CDF wavelets in [3]. However, the Riesz stability property is not longer given for
biorthogonal wavelet packets (see [2]).



A first estimate of the forward error for the discrete periodic biorthogonal wavelet trans-
form can be found in [10]. It has been shown by Keinert [10] that some biorthogonal
wavelet and wavelet packet transforms are forward stable for a small number of decompo-
sition and reconstruction steps while for others a considerable roundoff error is accumu-
lated. For periodic biorthogonal spline wavelets, the condition of the transform matrices
grows exponentially with the spline order (see [18]).

In [14], a detailed analysis of the backward error for orthogonal wavelet transforms shows
“perfect stability” in this case provided that the orthogonal filters have small filter lengths.
For longer (finite) filter lengths, the arithmetic cost as well as the numerical stability of the
wavelet transform matrix can be improved using a suitable orthogonal matrix factorization.
First estimates of the roundoff errors for biorthogonal wavelet transforms in floating point
arithmetic can be found in [16], where the worst case as well as the average case was
considered.

The goal of this paper is an exact worst-case analysis of roundoff errors occurring in
floating point computation of biorthogonal wavelet transforms. The paper is organized
as follows. In Section 2 we introduce the periodic biorthogonal wavelet transform and
show how it can be realized by matrix-vector products. We will provide numerous ex-
amples of special biorthogonal filters which are used for numerical tests. In Section 3 we
give a short introduction to matrix-vector products in floating point arithmetic. Sections
4, 5, and 6 contain the new results on the numerical stability of wavelet decomposition,
wavelet reconstruction, and of the total error, if the decomposition and the reconstruc-
tion are successively applied. We provide worst-case stability constants k, which depend
on the number of decomposition/reconstruction levels p, the lengths of the biorthogonal
FIR filters and the spectral norms of some structured matrices which are given by the
filter coefficients. In particular, these constants k, are independent of the length of the
period of the wavelet transform. Thus these constants are also correct for decomposition
and reconstruction algorithms with non-periodic biorthogonal wavelets. Numerous tests
demonstrate the performance of the results.

2 Periodic biorthogonal wavelet transforms

Let the real sequences h = (hg)? . and h = (hg)?___ be real biorthogonal low-pass
filters with finite filter lengths I, and [}, i.e., the two filters have a finite impulse response.
Note that the filter length of h is explained by

lp :=max{|k —1|+1: k,l € Z with hih; # 0}.

The support of h is given by supph := {k € Z : hy # 0}. In this paper, we assume that
In > 2,1; > 2 and put

diam (supp h) := I, — 1, diam (supp h) := l;, — 1.
Further, let g = (g)% . and § = (G)5>_ with gg := (—=1)* hi_i and G, == (—1)% hy_p

(k € Z) be the corresponding high-pass filters. Note that I, = [; and l5 = [,. It is known
(see [20], pp. 156-158; [5], pp. T74-82; [11], pp. 21-25) that these filters possess the



following properties:

Z hnilnf2k: Z gngnf2k = 5(k) (duahtY)7

n=—00 n=—o00
(o) [o.¢] 5
Z I Gn—2k = Z gnhnor = 0 (independence)7
n=—oo n=—oo
©© ~
Z (hm—2k Pn—2k + Gm—2k gn—2t) = 9d(n—m) (perfect reconstruction),
k=—00
oo o B o oo
Z h, = Z by = V2, Z gn = Z gn =0 (normalization).
n=—o00 n=-—00 n=—00 n=—o00

Here k, m, n are arbitrary integers and ¢ denotes the Kronecker symbol. Note that h, g,
h, and g form a filter bank of perfect reconstruction.
For j € N, let

n; = 2j .

The nj-periodic filter coefficients are given by

oo o0
hjk = Z hk—i—njma hjk = Z hk+njma
m=—00 m=—00
oo o0
Gjk = Z Ghtnyms ik = Z Gktn;m-
m=—0o0 m=—0oQ

Observe that for n; > [ := max{ly, Iy}, these four series contain only one nonzero term.
Now we consider the matrices

Hj = (hj,'r‘—Qk):]];Z](.)_lv I:I] = (hj’r_gk):jc’z%_l,
Gj = (gr—2w)riso » Gj= Gjr—2n)risp |

The above properties of the filter coefficients yield the conditions of duality, independence,
perfect reconstruction and normalization for these non-quadratic matrices:
T T &
G/H; =H]G; = 0,4,
T AT

T T
HI'1, =H]1; = v21;4,
T AT
Gj ]-j = Gj ]-j = 0j_1.
Here we use the notations 1, := (1, 1, ..., )T € R"%, 0; := (0, 0, ..., 0)T € R%, I; for

the identity matrix of order n; and O; for the quadratic zero matrix of order n;.

The 1-level wavelet decomposition or discrete periodic biorthogonal wavelet transform of a
. n;—1 Tos . .

vector ¢; = (¢jk),., €R™ can be written in the form

. —HTe. QT
cj—1 = Hj ¢y, d;j—1 = Gjcj,



-1, . -1
where ¢;_1 = (cj_l’,ﬂ)?iol is the corresponding low-pass part and d;_; = (dj_l’,,):”zol

is the high-pass part of the input signal c;. Equivalently, we have for the components

n;—1 n;—1

Cj—1y = E hjk—orCjgy dj—1,= § Jjk—2r Cjk -
k=0 k=0

The 1-level wavelet reconstruction or inverse discrete periodic biorthogonal wavelet trans-
form is given by

c; = HjCj_l + doj—la
i.e., for a given low-pass signal c¢;_; € R™~! and a given high-pass signal d;_; € R"-!

the original signal c; € R™ can be reconstructed. For the components it follows

nj—1—1
Cjr = E (hjr—2k Ci—1k + Gjr—2k dj—1,1)
k=0

(see e.g. [6, 10, 11, 12]). The decomposition and reconstruction will be iteratively applied.
Let j, p € N with p < j and [ < nj_py1 be given. Generally, the p-level wavelet decompo-
sition of ¢; € R™ is defined as the block vector

T T T \T i
(Cj—p’ dj—p’ ey dj—l) S an 5

where ¢, d, € R™ are recursively computed by

Cj—l/—]. = I:I}lij_V, dj—l/—]. = églycj'_,,, (l/ = O, ey P — 1),
such that
o a vl
Cj_p = H]*erl PN Hj Cj 5
~T vl v
dj_p - Gj—p+1Hj—p+2 PPN H‘7 Cj 5 (21)
~T
dj_l = Gj Cj .
Conversely, the p-level wavelet reconstruction of the block vector (c]T_p, df_p, cee d]T_l)T

with ¢,, d, € R" is given by the recursive computation of the vector c; € R with
c¢=H,c,1+G,dp-1 (v=j5—p+1,...,75).
Finally, c; € R™ is determined in the following form

c; = H]’ cee ijp+1 Cj—p+ Hj . ijp+2ijp+l djfp + ... (22)
+H;G;_1dj_2+G;dj_1.

It can be simply observed that the p-level wavelet decomposition is an invertible endo-
morphism on R"™/ mapping c; to (cf,p, dijp, ceey djrfl)T, and the p-level wavelet recon-
struction is the inverse mapping.

We present numerous examples of special biorthogonal low-pass filters in Table 1 with
the convention that hy = 0 and hy = 0, respectively, for every k € Z not occurring
in Table 1. Our tests in Sections 4, 5, and 6 are based on these filters. Note that the



biorthogonal wavelets are classified by the number of vanishing moments. The CDF (1, m)
filters (see [3]) possess m vanishing moments for decomposition and m vanishing moments
for reconstruction. The binomial-m filters (see [9, 10]) possess m vanishing moments for
both decomposition and reconstruction. The Barlaud filter with m = 2 can be found in
[6], p. 281.

In the literature (see [6], pp. 259-285; [20], pp. 455-462; [12], pp. 271-272; [17]), one can
find many other biorthogonal low-pass filters which generate biorthogonal wavelets with
compact supports.

| wavelet kl-4 -3 —2 -1 0 1 2 3 4 5 6]
CDF(3,1) | 2V2hy 1 1

8v/2 hy, -1 1 8 8 1 -1
CDF(5,1) V2 hy, 1 1

128v2h;, | 3 -3 —22 22 128 128 22 —22 -3 3
CDF(2,2) | 2V2hy 12 1

42 hy, —1 2 6 2 -1
CDF(4,2) | 2V2h 12 1

64v2h,| 3 —6 —16 38 90 38 —16 —6 3
CDF(1,3) | 4v2h 1 3 3 1

2v/2 hy, -1 3 3 -1
CDF(3,3) | 4v2Mhy 1 3 3 1

32v/2 hy, 3 -9 -7 45 45 -7 -9 3
binomial-2 | 2v/2 hy, 3 2 -1

2v/2 hy, 1 2
binomial-3 |  2v/2hy -1 3 3 -1

4/2 by, 1 3 3 1
binomial-4 | 8v/2 hy, -5 20 10 —-12 3

8v/2 hy, 1 4 6 4 1
binomial-5 | 8v/2hy, 3 —-15 20 20 —15 3

162 hy, 1 5 10 10 5 1
binomial-6 | 16v/2 hy, 7 —42 77 28 —63 30 —5

32v/2 hy, 1 6 15 20 15 6 1

Barlaud | 10v/2hy, -1 5 12 5 -1
140v/2 hy, -3 —-15 73 170 73 —-15 -3

Table 1: Low-pass filter coefficients for biorthogonal filters

3 Matrix-vector products in floating point arithmetic

We consider a binary floating point number system F which is characterized by the preci-
sion ¢ and the exponent range epin < € < émax. A nonzero element of F can be expressed
in the form

b==42°(27 #0272+ ... +0,27)



with b; € {0, 1} (i =2,...,t). Then b lies in the range of F, i.e.
2emin_1 S |b‘ S 2emax (1 _ 2_t) .

Each z € R\ {0} in the range of F can be approximated by a floating point number
fi(z) € F with |fi(z) — x| < u|z|, where u := 27! is the unit roundoff.

In order to carry out a rounding error analysis of a wavelet algorithm, we assume that
the following standard model of floating point arithmetic by Wilkinson (see [21] or [8],
pp. 40-45) is true:

For arbitrary floating point numbers z, y € F and any basic arithmetical operation o €
{+, =, X, /}, the exact value z oy € R and the computed value fl(z o y) € F are related
by

fllzoy)=(zoy)(l+e) (le] < w). (3.1)

It is usual to assume that (3.1) holds also for the square root operation, i.e., for all positive
x in the range of F we suppose that

VD) = Va(l+e9 (e <u).
In this model, we disregard underflow and overflow.

The above model is valid for most computers, in particular it holds for IEEE standard
arithmetic. For the IEEE arithmetic of single precision, we have t = 24, e, = —125,
emax = 128, and © = 2724 ~ 5.96 x 108. For the IEEE arithmetic of double precision, we
have t = 53, emin = —1021, emax = 1024, and u = 2773 ~ 1.11 x 1071 (see [8], p. 41).
We are especially interested in a rounding analysis for matrix-vector products. First, we
consider inner products. With the unit roundoff u let now

Yo = 1o (neN, nu<1).
Further, for vectors a = (a;)!-; € R™ and matrices A = (ai7k)znk_:ldn_1 € R™*" et
la| := (Ja;|)7Zy) and |A| := (|ai7k|);nk;10’n71 be the corresponding vectors and matrices of

absolute values. Then we have

Lemma 3.1 Let n € N be given with nu < 1. Then for a recursive computation of the
inner product of arbitrary vectors a, b € F", we have

A(a”b) — a”b] < u [l b] = (nu+ O(u?)[a]"[b].

Proof. The proof follows immediately by induction over n (see e.g. [8], p. 68-69). O

If the vector a € F™ possesses at most [ < n nonzero entries, then we obtain as a trivial
consequence of Lemma 3.1 that for arbitrary b € "

]ﬂ(aTb) — aTb\ < ]a]T]b\.

. . . —1,n—1
Now we consider matrix-vector products. For a matrix A = (a;jx); g’ € R™™ let

sign A := (sign ai,k)?fk;ldnfl be the corresponding sign matrix, where for a € R, signa :=
a/lal for a # 0 and sign0 := 0. Further, for two vectors a = (a;)72), b = (b;)}=) € R”
we write a < b, if a; < b; for all ¢ = 0,... ,n — 1. Analogously, we write A < B for two
matrices A, B of the same size, if this inequality is true for each element. Then we obtain

(see also [14])



m—1n—1

Lemma 3.2 Letm, n,l € Nwith2 <1 <n andlu <1 be given. Let A = (a;1); .—; = €
R™*™ be a matriz containing at most | nonzero entries in each row. Further let each a;
lie in the range of F. Assume that the nonzero entries a; are precomputed by a; € F,
where

|Gk — ajr| <nu (3.2)
with some constant n > 0, and set G, =0 if a;, = 0. Let A= (&iyk)?lk_:ldn_l

Then for arbitrary x € F", the error ﬂ(AX) — Ax satisfies the elementwise estimate
A(Ax) — Ax| < 3 |Al[x] + (7 + 3 7u) [sign Al [x
in the case of recursive summation.
Proof. The assumption (3.2) implies that
|A — Al <nulsignAl.
Hence the error vector ﬂ(Ax) — Ax can be estimated as follows

IA(Ax) — Ax| A(Ax) — Ax| + |(A — A)x]|

<
< [fi(Ax) — Ax| +nu|sign Al [x].

For the first term we obtain by Lemma 3.1

f(Ax) — Ax] v |Allx]
IAl X[+ v ]A = Allx]|

Y |Alx| + v nulsign Al |x],

VAN VANVAN

where we have used that each row contains at most [ nonzero entries. O

Using the spectral norm of the matrix A € R™*™ given by
[A]l2 := /(AT A),

where p(ATA) denotes the spectral radius of AT A, we finally obtain an error estimate in
the Euclidian norm

I18(Ax) — Ax|lz < 5 [ |A] ]2 l1x]l2 + (14 7) nu | [sign A2 |[x]2.

4 Numerical stability of wavelet decomposition

First we introduce the vectors h; := (hjvk)zg)l, h; == (Bj,k)Zi_Ol, g = (gj’k)zg)l
~ ~ n;j—1
8 = (9jk)ilo -

(z1)}2,' € R by

, and

The forward shift matriz S; of order n; is defined for arbitrary x =

— T
SjX = (:Enjfl, TQy L1y o« CEn].,Q) .



Then the matrices H, ﬁj, G;, and éj in Section 2 can be expressed by shifts of the first
columns:

H; = (h;, S?hy, Sthy, ..., S "hy),
A, = (hy, S?hy, Sihy, ..., S7°hy),
G, = (g8 g], gj, cey S?j_ng)»
G, = (g, S%; S, ....5" g,
such that
H]THj = GJTC?:J = circuj_q, I‘:I;‘Fﬂ] = GJTGj = circtij_y (4.1)
are circulant matrices of order n;_; with the characteristic vectors
w1 = ((h,)Thy. (s’%h»)Thj, ey (8177hy) )"
1 = () hy, (SB)hy, ..., (SR TRy)".

Lemma 4.1 If a filter h = (hy)32_., has a finite length 1, and if supph = {a, a +
1,...,a+1,—1} (a € Z), then for all j € N with nj > lj,, we have

BT H =k, [Hll2 < g

with the constant

nj_1—1 7’7,]'—1

pho= D> D bk hykom|
k=0

m=0

a+lp—1 L(n=1)/2] a+lp—1

= Z hi + 2 Z ‘ Z hi hg_om|.
k=a

m=1 k=a+2m
If hi, > 0 for all k € Z, then |[H;||2 = pp.
Proof. (i) From (4.1) it follows immediately that
BT = fleireu; ]l = [l

nj—1—1 n;j—1
= § ‘ E Pk hj,kf2m‘ = W,
m=0 k=0

Without loss of generality we can assume that a = 0. Further, n; > [,. Then we have
hjgx =hi #0for ke {0,...,1, — 1} and h;; = 0 for k € {lp, ..., nj — 1}. Note that
(hjr)e . is nj-periodic. Hence we obtain that

nj_1—1 nj—1 nj_1—1 [,—1
D12 hiwhikeam| = 30 | D hwhyom]
m=0 k=0 m=0 k=0
Ip—1 nj—1—1 [;—1
= Zh2 + 2. }thhy,k m|
m=1
lp—1 [Un=1)/2] 1p-1

Shi+2 Y | hehi—oml
k=0

m=1 k=2m



(ii) Let Fj_; := (wm")Zf;legl be the Fourier matrix of order n;_i, where w := exp(%’?).
I’ J—

Since the circulant matrix H?Hj = circuj_; can be diagonalized by F;_; [7], i.e.
F; 1(H] H;)F !, = diag (F;_1u; 1),
we see that the eigenvalues of HjTHj are the components of the vector F;_ju;_;. Hence
we obtain that
T 2
IH; Hjlla = [|H;l3 = max{|(Fj_1u;_1)| : k=0,...,nj1—1}
= |Fjmruy-1flo < llwj-afl = i
such that [[H;||2 < pp. If all filter coefficients hj, are non-negative, then u;_; > 01 such
that [[Fj1uj1lec = [luj-1lly and [[Hjl[2 = ps. O
Corollary 4.2 Forl, < mnj_1 we have

%ﬂlh if lp, even,

|| |sign H;| ||2 <
| il W2, 2 +1  if Iy, odd.

Proof. (i) For even [}, we obtain

Iy ln =2, —4, ..., 2,0,...,0,2 ..., 0, —4, 1 —2)T e R%~1
as characteristic vector of the circulant matrix |sign H;|*
that

|sign H;|. By Lemma 4.1 we see

|[sign Hj| 3=22+4+...+(n—2) +1n =212

(ii) For odd I, the characteristic vector of the circulant matrix [sign H;|T |sign H| reads
as follows

(o lp =2, 0y —4, ..., 1,0, ...,0,1, ..., 01, —4, 1, —2)T e R¥-1,
Then by Lemma 4.1 it follows that
[ |sign Hj| |3 =2(1+34...4+(Inh—2)) + 1 =22 +1).
This completes the proof. O

Now we consider biorthogonal low-pass filters h and h with finite lengths. The correspond-
ing high-pass filters are denoted by g and §. Let [ = max{l},l,} < n;. By definition of py,
in Lemma 4.1 we see immediately that pg = pp and pg = pj. Further we obtain

Hjlla = [IGjll2, G2 = [[Hyll2,
[H;l 2 = [1Gjlll2. 1G] 2 = [[H;] |2,
| [sign Hj|llz = [l|sign Gjlll2, [ [sign Gy ]2 = | [sign Hy] ||z

Thus we conclude that

IHjllz = IGjll2 < pns (Gl = [[Hjll2 < gy (4.2)
We introduce the following notations

mnp = [1H 2, fgsign n) = | sign Hl[f2,

g = IGjlllzs  Hysign g = Il Isign G| |2

In Table 2 we present the corresponding constants for the special biorthogonal filters of
Table 1.

10



wavelet Hh Kg Hin) Hlg| Hisign h| | Hsign g|
CDF(3,1) 1 V17/4 1 5/4 V2 32
CDF(5,1) 1 V4721 /64 1 89/64 V2 5v2
CDF(2,2) 1 V2 1 V10/2 2 V13
CDF(4,2) 1 V2 1 \V754/16 V5 Va4l
CDF(1,3) 1 2 1 2 2v/2 2v/2
CDF(3,3) 1 2 1 2 2v/2 442
binomial-2 | +/10/2 1 V10/2 1 2 2
binomial-3 2 1 2 1 2v/2 2v/2
binomial-4 | /614/8 1 V674/8 1 V13 V13
binomial-5 4 1 19/4 1 3v2 3v/2
binomial-6 | 1/3291/8 1 \V/4138/8 1 5 5

Barlaud 1 1459/1400 | 37/25 | 1972/1225 | /13 5

Table 2: Constants for biorthogonal filters in Table 1

Let j, p € N with p < j be given. Assume that [ = max {lp, [;} < nj_pt1. In Section 2,
the p-level wavelet decomposition of an input vector c¢; € F"/ has been given by

dj,,j = é?_y+1Cj,V+1 (V = 1, ce (43)

T
Cj—v = Hj_y_t,_lcjfqula ) p)-

Thus the vector c; is decomposed into the vector (CT d” ey d}ll)T € R™. The

J—p> “j-p
corresponding computed vectors have the form

~ A~

éj—l/ = ﬂ(ﬁjfzhkléj—u—i-l)? aj—u = ﬂ(ijquléj—u—H) (V =1,..., p)

with ¢; = c;. First we observe the following estimate of the forward error for 1-level
wavelet decomposition and partial reconstruction.

Lemma 4.3 (i) Let h = (hy)°

k=—o00

be a filter of finite length l; < n;j. Assume that all the
filter coefficients hy, % 0 are precomputed by hy, € F, where

\hi — hi| < nu

~

with some constant n > 0, and set hy, == 0 if hy = 0. Let ﬁj = (hjr—2k)

n;j—ln;_1—1
k=0 be

the precomputed matriz of I~{j. Then for arbitrary c; € F", the error ¢;_1 — cj_1 can be
estimated by

AT
. % o7
1651 — ¢jll2 = [1(H; ¢;) — Hjcjl2 < (lg [y W T B gign ) U 0(u2)) Icjll2-

(i) Let h = (hi)32_ . be a filter of finite length I, < nj_i. Assume that all the filter
coefficients hy, # 0 are precomputed by hy, € F, where

\hi — i < nu

with some constant n > 0, and set hy =0 if hy = 0. Let flj = (ilj,r72]€)77}2;107nj7171 be the

precomputed matriz of H;. Then for arbitrary cj_1 € F" -1, the error ﬂ(I:chj_l) —Hjcj_1
can be estimated by

IA(FLjc;—1) — Hjcj_1[|2 < (Uh/ﬂ [yh| U+ 1) fhisign K| U+ (’)(Uz)) lej—1ll2-

11



Proof. This follows immediately from Lemma 3.2. O
Iterated application of Lemma 4.3 leads to the following estimates for the forward error

of v-level wavelet decomposition (v =1,...,p).

Theorem 4.4 Let h = (h)?__ and h = (h)$2__ be biorthogonal low-pass filters with
finite lengths. Assume that for some n > 0, the precomputed filter coefficients in F satisfy
the conditions

\ﬁk—hk| < nu (k €supph), hy, =0 (k € Z \ supp h),
\hi — hi] < nu (k€ supph), h, =0 (k€ Z\supph).

Let j,p € N with p < j and | = max{ly, l;} < nj_p11 be given. Then forv=1,...,p
we have

IA

lej—v —cjul2 v (lg H)g| U+ 1 Pysign g U + O(U2)> 1y lesllz

A

s = diullz < (Inpng w0 ign ny e+ O)) ™" e o

+ (v —=1) s (lg Mg U+ 1 Pysign g U+ 0(U2)) w2 llejlla -

Proof. We know by (4.3) that forv =1, ..., p

& — (e 17 o 17 Ao .
Cj—v —Cj—v = (CJ—V - iju+1cj—u+1> + ijl/+1(cj—V+1 —Cj_ut1)-

By Lemma 4.3 (i), we can estimate

1&j— —H]_, 1€ i1l

IN

(lg 1)t + 1 Hisign g u+ Ow?) l&j—vt1ll2,
Idj— = Gy 1€ vrills < (I gy v+ 1 pysign e+ OW?)) [1€j-ppall2-

Further we obtain by Lemma 4.3 (i), (4.3), and (4.2) that forv=1,... ,p—1

[€j—vll2 < ||HJT—V+1Cj7u+1H2 +|¢j—v — cj—ul2
(||Hj*1’+1||2 + O(U)) ||ijl/+1H2 < (,Ufg + O(u)) ch*l/+1||2

<
< (ug +0W) liesllz -

Hence we get

&5 = AL 18 virle < (losg v 40 e o w+O@)) iy~ 2.

Idj—y — G 11€j-prlls < (lh LR W+ N Hsign h| U+ 0(U2)> 1y lej 2

such that the results follow immediately by iterative application of this procedure. O

Now we discuss the backward error of the p-level wavelet decomposition. Therefore we
introduce the backward error vector A(p)cj which is defined by

c;+ A(p)Cj = Hj . Hj_p+1éj_p + Hj . Hj_p+2Gj_p+1élj_p + ...
+H,;H; 1G;_2d; 3+ H;G;_1d; 2+ G;d;_;.

12



Thus the backward error vector A(p)cj of the p-level wavelet decomposition is explained
by the p-level wavelet reconstruction of the numerically decomposed vectors. A p-level
wavelet decomposition is called numerically backward stable, if there is a positive constant
kp with k,u < 1 such that

1A e;|l2 < (kyu+ Ow?)) |lejll2

for all input vectors c¢; € F"7. The constant k, measures the numerical backward stability
of the p-level wavelet decomposition.

Theorem 4.5 Under the assumptions of Theorem 4.4, the p-level wavelet decomposition
1s numerically backward stable with the constant
kp = puy, “‘Iq)il
p—1
k k k  k
+ (k pr g (g 1) 11 fysign o)+ Hi g (I 1] 1 Hsign g\))-
k=0

(lg Hig| + 1 K)sign g|)

Proof. The p-level wavelet reconstruction of ¢; in (2.2) and the definition of A®)¢; yield

APe; = Hj...Hjp1(&-p—¢jop) + Hjo . HjpiaGyopin (djop —djp) + ...

+H;H;1Gj—2 (dj-3 — dj-3) + HjGj-1 (dj—2 —dj—2) + Gj(dj-1 —dj-1).
From

~ —1 3
1APejlle < phllej—p = cjmpllz + sy g lldj—p — djpll2 + .
+ kg | dj—s — djsllz + pn g ldj—2 — dj—2ll2 + g lldj—1 — dj1]2

and Theorem 4.4, the assertion follows immediately. O

Biorthogonal low-pass filters of CDF wavelets (see Table 1) possess the property
1|2 = |Gyll2 = pun = 1.

Binomial wavelets (see Table 1) satisfy the condition
I1G;ll2 = | Hjll2 = g = 1.

In these cases, Theorem 4.5 can be simplified.

Corollary 4.6 Under the assumptions of Theorem 4.4, we have in the case up = 1 and
fg > 1 that

2p—1 17+1_3 P+ P*l_;'_ p+1_
ky = Gt ootz 2 (g gl + 1 Wisign o) + B4 (n ja) + 11 Hsign ])-
If g =1 and pp, > 1, then
2p—1) P2 —3ppPt 4 puP 412 p_q
kp = 2= o (g gl + 1 Bysign o) + =1 (U jn) + 1 Hisign n))-

13



Proof. In the case j;, = 1 and pg > 1, Theorem 4.5 implies that
p—1

kp = p/ﬂg*l (lg Hyg| + M Hsign g\) + Z k:u]gg (lg Hyg| + M Hsign g|)
k=1

p—1
) B (U g + 1 Bysign 1))
k=0

p—1 ) p—1 1

Z k1 _ ph T —pg P o VT e T
Hg = pg—1 7 Hg = (ng—1)2

k=0 1

k=

we obtain the above stability constant k,. The case p; = 1 and pj > 1 can be handled
quite similarly such that this proof is omitted. O

Example 4.7 For the biorthogonal low-pass filters of the CDF(1,3) wavelets (see Tables
1 and 2) we obtain the stability constant

k, =2 (12p+3vV2np —8) + 8.

For the biorthogonal low-pass filters of the binomial-3 wavelets (see Tables 1 and 2) we
find
ky = 2P (12p+(6p—4)\/§n—8> +8+6V21.

Note that the stability constants %, depend on the level p, but they do not depend on
the length n; of the input vectors. Hence, these constants are also true for the wavelet
decomposition with non-periodic biorthogonal wavelets.

Now we illustrate the results of Corollary 4.6 by numerical tests. We choose 50 random vec-
tors c1g € F1924. Every component of these vectors is a random number being uniformly
distributed in [0, 1]. For the determination of the backward error vector, we compute
the p-level wavelet decomposition in IEEE arithmetic of single precision and the p—level
wavelet reconstruction in IEEE arithmetic of double precision with p € {1, ..., 8}. To
illustrate the results in the Figures 1 and 2, we plot the relative roundoff error norms for
different levels p. The solid line indicates the worst case error bound k, u from Corollary
4.6. Each “+” corresponds to the numerical error ||[A®P)cyglla/||cioll2 for one of the 50
simulations. Figures 1 and 2 show the numerical stability of the p-level wavelet decom-
position with CDF(3,1) and binomial-6 wavelets, respectively. We see that the numerical
stability for CDF(3,1) wavelets is much better than for binomial-6 wavelets. In [10], this
behavior of binomial-6 wavelets is called “instable”.

Observe that the obtained estimates for the worst case error exceed the indeed errors by
about a factor 10. This can be seen as a rule of thumb. But the qualitative error is
reflected suitably.

5 Numerical stability of wavelet reconstruction

Let h and h be given biorthogonal low-pass filters with finite lengths. Further let g and g be
the corresponding high-pass filters. Let j, p € Nwith p < j and I = max {ls, I3} < nj_pi1.

14
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Figure 1: Relative backward error of the p-level decomposition with CDF(3,1) wavelets
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Figure 2: Relative backward error of the p-level decomposition with binomial-6 wavelets

Now we consider the numerical stability of the p-level wavelet reconstruction which reads
as follows

c, =Hipc,_1+G,d, 1 (l/:j—p—i-l,...,j). (5.1)
Starting with the block vector
(¢ pndl ,....dl_ )T €FY (c,,d, €F™),

Jj—p> “j—p’

15



we reconstruct the vector c; € R™. Assume that for some 7 > 0, the precomputed filter
coefficients hy and g satisfy the conditions

i, —hie] < nu (k€ supph), hiy=0 (k€Z)\supph),

]lszk—izk| < nu (k€supph), h,=0 (ke€Z\supph).

By H; and Gj we denote the matrices with precomputed entries corresponding to Hy,

and Gy,. Instead of c; € R™, we compute the vector cg-p ) € T by the following recursive

procedure:

i . .
Cg'_)p+1 = ﬂ<ﬂ(Hj*p+1 ¢j—p) + 1(Gjpt1 djfp)> )
2 4 1 A
C§~,)p+2 = (ﬂ(Hj—p+2 C§2p+1) + ﬂ(Gj—p+2 dj—p+1)> )
o= (0 V) + (G dy))

First we consider the forward error of the reconstruction algorithm.

Theorem 5.1 Let h = (hy)° and h = (ilk)zoz_oo be biorthogonal low-pass filters with

k=—o00

finite lengths. Assume that for some n > 0, the precomputed filter coefficients in F satisfy
the conditions

e —hi| < nu (k€supph),  hy=0 (k€Z\supph),
\hi —hi] < nu (k€ supph), h, =0 (k€Z\supph).

Let j, p e N with p < j and | = max {lp, l;} < n;_, be given.
Then the forward error of the p-level wavelet reconstruction can be estimated by

—1
le” = ejllz < wut " enu+ Ow?) lles—plo

p
3 (=) g en+ " equ+ O(?)) [[dj (5.2)

n=1
with
en = [In/2] jp) 4 1 tisign w| + tn s €g = [lg/2] tig) + 1 Bisign | + thg -
Proof. We apply induction over p.
(i) Let p = 1. With
¢ = ﬂ<ﬂ(ﬂj0j—1) + ﬂ(éjdj—l))

we denote the computed vector of c; of the 1-level wavelet reconstruction. Using (5.1)
and triangle inequality, we can estimate

1 1 kS A
el — ¢l < el — (A(Fjej_1) + A(Gsdj-1))]l2
+ |(A(Hjcj—1) — Hjcja2 + [(A(Gjdj-1) — Gjdj-a2.  (5.3)

16



From Lemma 4.3 (ii), it follows that

IA(Fjc;—1) — Hjcj_1]|2
11(G;dj-1) — Gydj-12

((en — pn)u+ Ow?)) [lej-1ll2 (5-4)

<
< ((eg = pg) u+ O(u?)) [[dj1]l2. (5.5)

By assumption (3.1) of Wilkinson, we obtain the componentwise estimate
e — (B cj_1) + A(Gydy—1))| < [BFej_1) + A(Gydj_1)|u
and therefore
e = (AL ej1) + (Gd;-0) 2 < IR s 1) ll2w + [18(G 1) 2.
Using (5.4), (5.5), and Lemma 4.1, we find

IA(Fjc;—1)llz < 8(Hjej—1) — Hjejo1]l2 + [Hjcj—1ll2 < (1 + O(w)) llej—1ll2,
(Gdj—1)llz < [[(Gjdj-1) — Gjdj1ll2 + [|Gjdj-1]l2 < (g + O(uw)) [|[dj-1]l2-

Thus we see that

Hcg-l) — (A(Fjcj—1) + A(Gjdj1)) |2 < (un u+ O?)) lejallz + (g u+ O@W?)) [|dj—1 ]2
(5.6)

Finally, (5.3) — (5.6) yield the wanted estimate

el —¢jlla < (enu+O@2)) llej-1ll2 + (egu+ O(u?)) [[dj_1l2. (5.7)

(ii) Let j, p e Nwith p+1 < j and I <mnj_,_1 be given. Assume that the estimate (5.2)
is true for p. The (p + 1)-level wavelet reconstruction starts with the given block vector

T T T \T - mn;
(Cjop1> dj_p_1, ---, dj_y)" €F™

and reads as follows
o=Hyco1+Gydyr (v=37-p,...,J))
such that for v = j — 1 we have
cioi=H; .. Hj_pc;p 1 +H;_1.. Hj ,11Gj_pcjp1+...+G;_1dj_2.
Hence by Lemma 4.1 it follows that

p+1
lejalla < b liej—p-illz + D> w2 pg l|djnll2 - (5.8)

n=2

By our assumption of induction we have

“epu+ Ou?)|cj_ptlla

>

Hcg-p,)l—cj—ﬂb < (pp

M@

> (=D 2y enu+ i~ egu+ O@)) [djni2-(5.9)

1

3
Il
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Introducing the auxiliary vector ¢; := H; c( P) ~1 +Gjd;_1, we can estimate that

[ = cslla < el = &l + 1€ — 5o (5.10)
From (5.7) it follows immediately that
1™ — &2 < (enu+ O@)) |l 2+ (egu + Ow?)) [dj—alla  (5.11)
where
e ll2 < ey = ¢jalla + llej 2 (5.12)

By (5.1) and Lemma 4.1, we obtain that

185 — ¢jll2 = 1H;(c?) —co1)ll2 < o ey —cjalla. (5.13)

Using (5.10) — (5.13), we conclude that

+1
1P — ¢l < (enut O@W) () —ciotlla + llej-tllz) + (egu+ O(u?)) ldj-1]2
+n [l — ejoall2
such that by (5.8) and (5.9) we get the estimate (5.2) in the case p+ 1. O

With this result, we are able to describe the backward error for the p-level wavelet recon-

(»)

struction. Let c; be the numerically reconstructed vector of the p-level wavelet recon-
struction of the input block vector

b:=(cl ,d_, ...,d ) €eFY. (5.14)

]P’]p’

The error vector A® of the p-level wavelet reconstruction is explained by the exact p-
(p)

level decomposition of the numerically reconstructed vector c; i

error block vector

i.e., we have the backward

AP = ((Acj—)T. (Adj—)T. ... (Ad;y)T)T

with
dj p+Ad;_, = GT s ATy ATCW) (5.15)
dj_l + Adj_l = chgp).

We say that a p-level wavelet reconstruction is numerically backward stable, if there exists
a positive constant k with k u < 1 such that

IAP |2 < (kyu + O(u?)) [|bll2

for all input block vectors (5.14). Hence the constant l;:p measures the numerical backward
stability of the p-level wavelet reconstruction.
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Theorem 5.2 Under the assumptions of Theorem 5.1, the p-level wavelet reconstruction
is numerically backward stable with the constant ky,, where

p—1 P 9
2p—2 — _
Ky = (ug? + ujy Y ™) [p2uhp ¢ + ((n* Ven g2 pg + i 169) } :
m=0 n=1

Proof. By (2.1) and (5.15) we get

Acj_p, = I:IJT,pH fI]T(cg-p) -cj),

Adjoy = G, H] . H () ),

Adj_l = é?(c&p)—Cj)

such that by (4.2) the backward error block vector A®) can be estimated as follows
p—1
1AW < (122 + w2 D7 12m) e — <3
m=0
Further by Theorem 5.1 and Cauchy-Schwarz inequality, we see that
(») 2p—2 S 2 2
el = ;13 < [Pk + 3 (0= D 2mgen + i ""eg) + O] w? b3,
n=1

where b is defined in (5.14). This completes the proof. O

Example 5.3 For the biorthogonal low-pass filters of the CDF(1,3) wavelets (see Tables
1 and 2), we obtain e, = 3 4 21/2n and eg =6+ 2v/2n. Thus by Theorem 5.2 it follows
that

k2 = 21 1(36 4 48v/2n + 320%) pP + (81 + 72v/20 + 2402) p® + (18 — 12v2n — 81%) p)] .

Now we illustrate the results of Theorem 5.2 by numerical tests. We choose 50 random
block vectors b € F1024 of the form (5.14). Every component of these vectors is a random
number being uniformly distributed in [0, 1]. For the determination of the backward error
vector AP we compute the p-level wavelet reconstruction in IEEE arithmetic of single
precision and the p-level wavelet decomposition in IEEE arithmetic of double precision
with p € {1, ..., 8}. To illustrate the results in the Figures 3 and 4, we plot the relative
roundoff error norms for different levels p. The solid line indicates the worst case error
bound l;:pu found in Theorem 5.2. For each of the 50 simulations the computed relative
error |[A®)||y/||b||2 is indicated by “4+”. Figures 3 and 4 show the numerical stability
behavior of the p-level wavelet reconstruction with CDF(3,1) and binomial-6 wavelets,
respectively.
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Figure 4: Relative backward error of the p-level reconstruction with binomial-6 wavelets

6 Wavelet decomposition-reconstruction

Finally we consider the worst case error of the p-level wavelet decomposition with enclosed
reconstruction, called p-level wavelet decomposition-reconstruction. This case appears in
many applications of the wavelet theory.

Let h and h be given biorthogonal low-pass filters with finite lengths. Further let g and g be
the corresponding high-pass filters. Let j, p € Nwith p < j and I = max {l3, lg} < nj_pi1.
Then by computation of the p-level wavelet decomposition of an arbitrary input vector
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c; € "7, we obtain the vectors

2T N 2T
éj—u = ﬂ(Hj—y+1Cj—u+1)7 dj—l/ = ﬂ(Gj—V+lcj—V+1) (V = 1, ceey p)
with ¢; = c¢;. Starting with the block vector

(] —p? dJTp""’ajT—l)Tanj

we realize the p-level wavelet reconstruction. Then we obtain the resulting vector c( P) ¢ F
computed recursively by

(1 5 . A A

C§ )p+1 = ﬂ<ﬂ(Hj—p+1 ¢j—p) +A(Gjp11 dj—p)) ,

~(2 N 1 N

C§2p+2 = ﬂ<ﬂ(H3 —p+2 Cg )p+1) + ﬂ(G] —p+2 dj—p—l—l)) )
&= (A0 elY) + (G dy))

By the perfect reconstruction property, the p-level wavelet decomposition-reconstruction
coincides with the identity such that ¢ ( ) should be an approximation of c¢;. We say that a
p-level wavelet decomposition with enclosed reconstruction is numerically backward stable,
if there exists a positive constant k, with k,u < 1 such that

16— ¢jlla < (kpu + O()) lics 2

for all input vectors ¢; € F"/. Hence the constant ]Afp measures the numerical backward
stability of the p-level decomposition-reconstruction.

Theorem 6.1 Under the assumptions of Theorem 5.1, the p-level wavelet decomposition-
reconstruction is numerically stable with the constant

P
- —1
ky =penpl uZ%—Z ((V— l)ehuh Mg+ €g 1 g 1) i
v=1
Proof. Using Theorem 5.1, we can estimate that

~ _1 C
Hcgp) —cillz < (enih u+ O@W?)) ||&j—pl2

+Z(u—1 pgenut iyt egu+ O@W?)) o

By Theorem 4.4, (4. nd (2.1) we conclude that

2), a
[€j—pllz < ll&j—p — cjpll2 +[lcj—pllz < [I€j—p — €j—plla + NZ lejll2
< (ug+O(w))llcjll2-
Analogously we see that forv =1, ..., p
Idj—ull2 < (un pi™ + O(w)) [|cj]2 -
This completes the proof. O

In the cases pj, = 1 and py = 1, respectively, Theorem 6.1 can be simplified:
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Corollary 6.2 Under the assumptions of Theorem 5.1, we have in the case up = 1 and
tg > 1 that

2 1
o oDl Sl o 4oHgmly,
L (1g—1)? h pHg—17-9"

If pg =1 and pp, > 1, then

o= (2p—1)up ' —3puh +pph er & pi —p,
p (un—1)2 h pn—1

eq -
The proof follows immediately from Theorem 6.1 and is omitted here.

Example 6.3 For the biorthogonal low-pass filters of the CDF(1,3) wavelets (see Tables
1 and 2), we obtain e, = 3 + 2v/2n and eg =6+ 2v/2n. Thus by Corollary 6.2 it follows
that

~

k, = (3p2P —2P"2 pdyep, + (2P —1)e,
= 2 9p+6pnV2—670V2—6)+67V2+6.
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Figure 5: Relative backward error of the p-level decomposition-reconstruction with
CDF(3,1) wavelets

Finally we illustrate the results of Corollary 6.2 by numerical tests. We choose 50 ran-
dom vectors cig € F'°?*. Every component of these vectors is uniformly distributed in
[0, 1]. For the determination of the backward error vector, we compute the p—level wavelet
decomposition-reconstruction in IEEE arithmetic of double precision with p € {1, ..., 8}.
To illustrate the results in the Figures 5 and 6, we plot the relative roundoff error norms for
different levels p. The solid line indicates the worst case error bound I%p u found in Corol-
lary 6.2. For each of the 50 simulations the computed relative error Hé%) —cioll2/||cioll2 is
denoted by “+”. Figures 5 and 6 show the numerical stability of the p—level decomposition-
reconstruction with CDF(3,1) and binomial-6 wavelets, respectively. We see again that
CDF(3,1) wavelets have a better numerical stability than binomial-6 wavelets.
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