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Introduction
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The phase retrieval problem

Far field:

“Given | Ff|, recover f."
Near field:

“Given |R,f|, recover f."
where:
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f(x)dx

Original data Fresnel transform Poisson distributed data with

10° counted photons

Cell image by Giewekemeyer et al.
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Introduction
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The phase retrieval problem in the Fresnel regime

“Given |R,f|, recover f."

a priori information:

> Usually:
object f real, with compact support, positive (non-negative)
» We use structural information:
f is sparse in a suitable function frame enforcing f to be in a
certain function space (“smooth™).
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Shearlets & Sparsity
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Shearlet frame: generalization of wavelet bases

We use a representation

f(x) = Z Cj ko V) kon(X)

j7k7n

where

. 1/2 .
Gikn(x) = (27/21) 77 go(Bl Abx — )
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Here g is the mother shearlet. See [Lim2010, Kittipoom2010].

with
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Shearlets & Sparsity
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Fourier space tiling & support

supp f (By A1,1%)

\[/

L supp 0ff (BjAo.1x)

supp ¥ (B * Ao %)

\ -2 -1 12 3 4

supp 0§ (B34, 2%)

shearlets with compact support

. e h let: ith t t
Fourier space tiling shearlets with compact suppor

> sparse representation of smooth regions
P sparse representation of singularities along smooth curves

» fast and numerically stable transforms available [Lim2010]
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Shearlets & Sparsity
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Sparsity of functions in shearlet frames

shearlets
wavelets

» unlike wavelets, shearlets provide directional information

» curve-like singularities are sparsely represented by shearlets

» shearlets provide sparse representations for images
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Shearlets & Sparsity
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Examples of frame functions in the shearlet frame
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0.0

R —

\

7

Gerlind Plonka Universitat Gottingen

Sparse Encoding Techniques in X-Ray Imaging 9 /24



Shearlets & Sparsity
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Examples of frame functions in shearlet frame
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Projection algorithms
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Feasibility problem: “find g € M N C”

Feasible Solutions
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» Easy, if M, C convex and M N C # (.
» Much harder, if M or C non-convex.
» Be careful, if MN C =0 (e.g. due to noise).
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Projection algorithms
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Feasibility problem

Instead: “find g with minimal distance to M and C”

» infeasible case: nearest point ~ local best approx. point
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Projection algorithms
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Feasibility problem

Always: valid measurements
M = {f: [R-£(&)| = m(€)}
Usually: compact support constraint
C = {f : f(x) = 0 outside B,}
Here: sparse representation in suitable frame: f = 3. ¢;(f)y;

S=A{f:le(f)llo <N}
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Projection algorithms
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Projection algorithm with sparsity constraint

Measurements: projection onto magnitude

~—

m(e) Bg&)
Pug(x) = (R71h) (x), h(€) = (€) |RT§(§)|’ fIR-g(&)| # 0

m(¢), if |R-g(¢)l =0
Sparsity: soft threshold in the shearlet frame

c—v, ¢>9
Ps~&(x) = (STT:Sg) (x), T(e)=Sc+7, c<-—y

0, otherwise
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Projection algorithms
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RAAR algorithm

Relaxed Averaged Alternating Reflections [Luke2005, Luke2008]

gnt1 = [g (RsRm +1)+(1— 5)7’/\//] &n

where:
Rv :=2Py —1, Rs:=2Ps, —I

» convex combination of Py and Douglas-Rachford
» parameter 3 > 0 relaxes/regularizes the solution
» relaxation parameter can avoid local minima

> finds local best approximation points
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Proximity operators
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Soft frame shrinkage operators are proximity operators!

Theorem (Geppert, Plonka (2019))
Let S € RM*N with M > N be a matrix with full rank N. Then
the operator
Ps.:=S*'T,S

with

c—7, ¢c>v

Ty(c)=qc+v c<—y

0, otherwise

is the proximity operator of a convex, proper, lower

semi-continuous function 1. This function is usually not equal to

IS - [l
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Proximity operators
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Soft frame shrinkage operators are proximity operators!
Idea of proof

Consider the set-valued mapping
yeEH(x) <= y=8TT,S(x+y)
and show that H = v for some 1) € [o(R).

Employing the Theorem of Rockafellar, we need to show that H(x)
is maximally cyclically monotone.
We can show:

1. y € H(0) iff [|Sylloe < 7
2. For ming |[(Sx)k| > v the mapping H(x) is single-valued.
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Proximity operators
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Soft frame shrinkage operators

y € H(x) <~ y:S+7'78(x—|—y)

Example
1
Let8<2)andfy>0.Then oy ———
[-7/2,7/2] x=0
H(x) = {7v/2+x/4 x€(0,39]
3v/5 X > %fy. B
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Support vs shearlet constraint
Simulated measurements: A\ = 1A, d = 100mm, dx = 100nm

measurements support constraint shearlet constraint

S. Loock, G. Plonka: Phase retrieval for Fresnel measurements using a shearlet
sparsity constraint. Inverse Problems 30(5) (2014), 055005.
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algorithms roximity operators Numerical results Further
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Support vs shearlet constraint
Poisson distributed data with t = 10°

Poisson distributed data Support and positivity Shearlet and positivity
with 10% photons constraint constraint

S. Loock, G. Plonka: Phase retrieval for Fresnel measurements using a shearlet
sparsity constraint. Inverse Problems 30(5) (2014), 055005.
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Numerical results
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Separate shearlet constraints for amplitude and phase

Py g =S, Slgl - exp(i- ST T,,S¢(g))

phase [rad]

=)

@

&
intensity [a.u.]

=]
3
a

S
®
amplitude [a.u.]

(a), (b) Phase and amplitude of the complex valued exit wave field in the
object plane.
(c) Simulated intensity measurement with Fresnel number 4 - 10~3 and
artificial Poisson noise (50 photons per pixel)
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Numerical results
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Separate shearlet constraints for amplitude and phase
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Exit waves constructed by RAAR with 100 iterations.
Upper row: phase, lower row: amplitude

A. Pein, S. Loock, G. Plonka, T. Salditt: Using sparsity information for iterative phase
retrieval in x-ray propagation imaging Opt. Express 24(8) (2016), 8332-8343.
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Further results
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Other results in this project

» with Robert Beinert: Full characterization of ambiguities of
the one-dimensional discrete phase retrieval problem

» with Katrin Wannenwetsch: Sublinear algorithms for the
discrete sparse FFT

» with Lina Liu: Dictionary learning algorithms for image
denoising
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