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Abstract. We present a local projection stabilization (LPS) type finite element
(FE) method for the linearized stationary magnetohydrodynamics (MHD) problem.
In contrast to the residual-based stabilization in [1]-[2], we investigate a symmetric
LPS method comparable to the term-by-term stabilization in [3].

1 Introduction

Following the time discretization and linearization approach in [1]-[2], we
consider the stationary MHD model

—vAu+(a-V)u+Vp—(Vxb)xd=1£f,, V-u=0, (1)
AV % (VX b)+Vr—Vx(uxd)=fy , V-b=0, 2)

in a bounded Lipschitz domain £2 C R?, d € {2,3} with V-a = 0. a and d are
the vector-fields for the velocity and magnetic field at linearization. For the
unknown velocity field u, magnetic field b, pressure p and magnetic pseudo-
pressure r (vanishing in the continuous case), we introduce the function spaces

V= {ve [H' (2)]" s v =0 on@ﬂ} . Q=Lj(2),

C={cecH(curl; 2) :nxc=0ondR} , S=HiN)

where (+,-) and (-, -) are appropriate inner and dual products. The variational
problem reads: Find U := (u,b,p,r) € V x C x @ x S such that

A (U, V) =Fg(V), VV:i=(v,c,q,s) eV xCxQxS (3)
with

Ac (U, V) =v(Vu,Vv)+(a-Vu,v) — (p,V-v) = ((Vxb) xd,v)

+(V-u,q) — (b,Vs) (4)
+A(V x b,V xc)+ (Vr,e) = (Vx (uxd),c),
Fo (V) = {£u,v) + (fp, C). (5)

Let 7T, be the primal grid with FE spaces of Taylor-Hood type

Vi X Qn/Ch x Sp =P x Pt or @ x Q' keN\{1}. (6)
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The pair V}, x @y, is discretely-divergence-free, thus
VA = fvp € Vi (V-va,qn) =0 Vg, € Q) # {0}.

Let My = T, or My = 7o, be the macro grid with discontinuous FE
spaces Dz/b C [L?(£2)]%. The local orthogonal L2-projectors are denoted
as WUM/b C[LA(M)]E — Dg/b\M. The global projections ﬂs/b LA —
Dz/b are given as (FZ/bW)IM = ﬂ%b(w|M). The fluctuation operator Hz/b
[L2(02)]4 — [L2($2)]? with /@Z/bw = ((id — ﬂ';i/b)wi)f:l is assumed to have
the approximation property

162V |lo.ar < Chy v lliar W € [WH2(M)]41=0,....s, s€{0,... k}.
(7)

Let Up = (un, bn, pr,70), Vi = (Vh,Ch, qn, 1) € Vi X Cp x Qp X Sp, C
V x C x @ x S. Then the LPS terms read

Sips(Un, Vi) = > {7 (s} ((am - V)un), wii ((ang - V)Vi))py +72 (V- un, V- vi)
M

+73 (KJZ((V X bh) X dM),KJl;L((V X Ch) X dM))]VI
+T4 (Iil;b((v X (uh X dM)),Hl;L(V X (Vh X dM)))M
+ 75 (Vri, Vsp) o +76 (V-bn, V-cn)y b

where (-,-),, is the L? scalar product on cell M. Here, ap and dy are
elementwise constant approximations of a|ps and d|nm. The LPS problem
consists of finding Uy, € Vj, x C, X Qp X S}, such that for all Vi, € V), x C), X
Qn X Sp:

Astab(Un, Vi) = Ac(Un, Vi) + Sips(Un, Vn) = Fg (Vi) . (8)

2 Stability of the proposed method

For k € Ng and D C {2, we use the notation || p := |- |grp) and || - ||p,p :=
|-l Lr(py With 1 < p < oco. In case of D = {2, we omit index D.

Lemma 1. For U,V € Vx(CxQ xS, it holds for the symmetric LPS terms
1 1
(1) Sips (U, U) 20, (i1) [Spps (U, V)| < (Spps (U, U))> (Sips (V, V)2 .

Let V = (v,c,q,8) € VXCx@QxS. Integration by parts yields (a-Vv,v) =0
and ((V xc) xd,v) =—(V x (vxd),c), hence

Ac (V,V) = v Vv[[5 + AV x .
We define the following expressions

IVIE = vIVVI§+ AV xell§, VI = Sips (V, V). 9)
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Symmetric testing Vi, = Uy, yields
(AG + Sips) (Vi, Vi) = [ Val& + Vil (10)
Using Young’s inequality and the definition

[(fu fb)llG e = sup  Fg (Vn) /[ Vulle,
(Vh,cn)EVRXCh

we get the unique existence of the velocity field via
[OnllE + 21 Unllfps < 1l (Eus )12 (11)

By the discrete Babuska-Brezzi-condition, we have for all p;, € @ the
unique existence of vy, € V;, with

V- -Vvh=—pn, [Vn|; < B Hlpnllo- (12)
Examining the term (Ag + Sips) (Un, (Vh, 0,0,0)), we end up with

[pally < lIfall-1 [Val, + v Vunllo [Val, + [Sips ((un, 0,0,0), (va, 0,0,0))]
— (a . Vuh,vh) + ((V X bh) X d,Vh)

by using that uy € Vhd“’. Based on the inequalities

—(a-Vuy,vp) = (a- Vvy, up) < Gpllalle [unly [Valy, (13)
((V xbn) xd,vn) < Cplld[[c ||V x brllo|vn];, (14)
[(Vh, 0,0,0)][,, < max (rilam|? + 72d + maldy|?) [vul]  (15)

together with (12), we obtain after some calculation the unique existence of
the fluid pressure thanks to

Cpllalle CpHdOO)
+ U
N S A
—|—(max(\/7'1|aM|)+H}»é}X 7'2d+\/7'4|dM|) [[Un|f1ps-

Bullpallo < [[fall1 + (ﬁ+

We define the norms
lelle = VA (Lg llello + IV x cllo) , Isls = (lIsllo + Lol Vsllo) /VA  (16)

on the spaces C' and S with a length-scale Ly ~ diam({2). Using integration
by parts, we define the bilinear form of the Maxwell problem

Cymaz ((b,7),(c,8)) = Ag ((0,b,0,7),(0,¢,0,s)) .
For this problem, the continuous Babuska-Brezzi-condition

inf sup Chtaz (b 1), (¢, 5)) > Bm (17)

(br)eCxS (e syecxs ([Pl +[Irlls) (lello + lslls)
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holds. Let (bp,0) € Cp, x S, C C x S. By (17) there exists a unique (t,3) €
C x S with [[€]|¢ + ||5]|s = 1 such that

Bmlbhllc < Craz (b, 0), (€,5)) (18)
= Citaz ((bn,0), (€,0)) + Chraa ((bn,0), (0,5)) = I+ IT

holds. We get with ||3||s < 1 and ||€||¢ < 1 the estimates

=X (V x by, V x€) < VAV x bh||of||v x¢€llo < |Unlle, (19)

=19 (S 0lV bul ) (Z—n Z)”

|| Ho
< [[Unflips - ((max \/775) =max (/= [Unllps  (20)
by the Cauchy-Schwarz inequality. Putting (19) and (20) into (18) leads to

1 [ A
< — (I + m —|U ,
[bullc < Bin (H nlle A?[‘X o | h”h‘)b) (21)

and this gives the unique existence of the discrete magnetic field.

Finally, from the equation (Ag + Sips) (Un, (0,0,0,71)) = — (bn, Vry) +
ZT5HVT'h||aM = 0, we conclude by using (16) that
M

—1 —1
I¥7llo < (minv7s)  [bullo < Lo (VA miny/75)  bule.  (22)

This implies existence of the unique discrete magnetic pseudo-pressure. As
full control of Vry, is essential to enforce condition V - by, = 0, (22) and (21)
suggest the choices

s~ L2/\, 16> CA. (23)

3 Error analysis for smooth solutions
Subtracting (3) and (8) gives the approximate Galerkin orthogonality.
Lemma 2. Let U and Uy, be the solutions of (3) and (8). Then

(AG + Slps) (U—Uh, Vh) = Slps(U, \711)7 VYV € Vi xCh X Qp X Sh. (24)

Let J = (j“,jb,jp,jr) be appropriate interpolation operators. In particular,
we assume that j%u € Vhd“’. We therefore decompose the error as

U-Up = (U-JU)+(JU - Uy) =e+Ep = (€u, b, Ep, &r)+(€u, €bs €p, €1) .
Set now Vi, = Ey, in (24), thus
IEnll& + |Enlliys = Sips (U, En) —Ag (£, En) — Sips (€, En) - (25)

=I =II =—1III
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We obtain

1< (Sips (U, U))* (Sips (En En))* = U]y B e (26)
[III] = Sips (£, En) < [lel|ips [ Enlips, (27)
—1I < [el[||Enlle + IV (28)

IV = (a-Vey,eq) — ((V xep) xd,eq) — (VX (ey xd),ep) (29)
—(ep,V-eu) + (V- eu,ep) + (Ver,ep) — (b, Ve,.) .

Then we can summarize estimates (25)-(29) as
En & + [ Enllfps < (lellips + 1Ullips) [Bnllips + lelclEnlle + V] (30)

Integration by parts and Cauchy-Schwarz inequality give for the terms in I'V:

HaHgo]W 2 3
(a- Veusew) = —(a- Vew2u) < (3 M leulB ar) I Enla,
M
d 1 3
(e ¥ ea) < (S min (5 = )lenlar) 1Bl
M

1 3
= (0, Ver) < (D —lewlZar) 1Bl (31)
M e
1
2

(7 (e x ) 1) = (2 (V x ) x ) < (3 1ot ”°° lealldar) I Enllc:
M

The term (Ve,, ep) vanishes since r = j"r = 0. Moreover, term —(e,,, V - €y)

vanishes via V- u = 0 and since j%u € V&, Let d € [WH™ (Q)]d. By
formula Vx (exf)=f-Ve—-f(V-e)—e-Vf+e(V-f), the inequalities
of Cauchy, Schwarz and Poincare, it follows

—((Vxep) xdeq) =Y (e, V x (€ x d))
M

(Zu (14 V) (Idlloo.r + 9 loc,00)*ewl3 0r) 1 Bnllc (32)

We then summarize equations (30)-(32). Using Young’s inequality, we obtain
IEnll + |Enllf,s < S7+ 53,

with
1 2 2 3 1 2 2 H
S1i=lelle + (5 lall arllealld ar) " + (D2 Sl arllzally ar)
M M
_ 2 2 2
(Do v 1+ V) (ldlloe.ns + 1Vdloenn) llenlE ar)
M

=
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1

.ord 1 3 1 3
S2 1= llelps + [0llps + (S min (5 —Ylieolar) " + (30 —llewlr) ™
M M

The approximation properties of the FE spaces, see [5], and the local L?2-
projector yield for U € [H*+1(02)]4 x [HF1(2)]4 x H*(£2) x H*(£2) that

2 h2 d 2 h2
st < oY (v 12ty Moty
M
h2
(2 (oo + 19 ,00) ) B 1 | (33)

S3<CY by [(Tzd2 + milam|? + maldml?) [ul2y L,
M

s+1,wnr

_d 1 h3
+ min (7; —) |p\§7wM + (7-3|dM‘2 + 76d® + 7M)|b|2 ] (34)
V' To T5

where wj; denotes an appropriate patch around cell M.
Denote the local fluid and magnetic Reynolds numbers by

ReﬁM = ||a||OO,MhM/1/, Reva = ||d||oo,MhM/>\

respectively. We will call an error estimate to be of order k if the coeflicients
multiplying corresponding Sobolev norms of the solutions are of order h*
uniformly w.r.t. the problem data. In this case, sufficient conditions can be
found by the following (mild) restrictions on the local mesh width hjs

VVResn < C, VARen n < C, by (||dllso,mr + [Vdl|oor) < CVY - (35)
and on the stabilization parameters (by using (7))
0< 7 <ORY ™ /laml? 0<m,m < ChYF ™ /ldml?, Ch3, < 75. (36)

Condition (23) implies the latter condition on 75. Moreover, (34) suggests the
balance 7576 ~ h3,, thus (see also [1],[2])

s~ L3/\, 16~ h3 N LE. (37)

A balance of the terms with the div-div parameter 75 leads to the practi-
cally unfeasible formula 75 ~ max (0;[p|x,a|/[ule+1,m — ). A reasonable
compromise is to set

Tg ~ 1. (38)

Theorem 3. Assume that the solution (u, b, p) of (3) belongs to [HXT1(£2)]4x
[H*+1(2)]1 x H*(2) and that j*u € V,&°. Further, let the LPS parameters
be chosen according to condition (36)-(37) and that the local mesh width hyy
is chosen such that (35) is valid. Then we obtain (using r =0)

[Un = JUJ% + [On —JUI,, < S35 (a0, + bl + 08, )-
M
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Numerical results for the magnetic part, i.e. u = 0,p = 0, show the
relevance of the parameter design (37) for Taylor-Hood type pairs Cj, X Sp,. In
particular, this is valid if the magnetic field b does not belong to [H*(£2)]%.
Such singular solutions can be well approximated on meshes with suitable
macro-element structure, like cross-box elements, see [1]. Our results confirm
this for Taylor-Hood type pairs C} x Sy, as well.

Numerical experiments for the fluid part, i.e. b = 0,7 = 0, see [4], show:
The mesh conditions (35) are much less restrictive than the typical ones
on the local Peclet number Pepr := hallalloo,ar/v < 1 in the Galerkin
method for advection-diffusion problems. The div-div stabilization term is
very important for robust estimates in case of Taylor-Hood elements. Com-
pared to the Galerkin method, much better local mass conservation clearly
improves the H!- and L?-error rates for velocity uy. Increasing values of
Rey := ||a||ooCp/v can lead to order reduction. Nevertheless, the choice of
the div-div parameters 7o is still a question of ongoing discussion. It turns
out that the SUPG-stabilization is much less important than div-div stabi-
lization, thus showing the surprising robustness of the Galerkin-FEM with
div-div stabilization in case of inf-sup stable pairs V}, x Qp.

4 Improved error estimates

The restrictions (35) on the mesh width are not convincing. Let us assume
the following orthogonality conditions

(v—j"v,) =0 YveV and ¥y € [DE(M)], (39)
(c —jbc,nh) =0 Vce(C and Vn, € [D}I’(M)} . (40)

Sufficient conditions on Ty, M}, the FE and projection spaces for (39)-(40)
can be found in [6] or [4]. In particular, for the one-level approach with
Ty, = My, one has to enrich the velocity space by local bubble functions [6].
Another implication is that j"u & V}f’i”, hence the mixed term (e,, V - ey)
has to be considered. Moreover, a careful selection of the pressure spaces @y,
is required. The critical mixed term vanishes for continuous pressure space
Qn = Pr_1. In case of discontinuous space Qn = P_(;_1), one can introduce
additional pressure jump terms across interior edges to handle it, see [4].
(39)-(40) allow modified estimates of the skew-symmetric terms

u 1 B
(a- Vew ew) = — (s} (a- Vew).2u) < (2 —lleullar) Bl
M

1 3
—((V x &) x dyew) = (20,55, (V x (eu x d))) < (% —llewlEar)  IBn e

1 3
(V% (e x d) o) = (zurnh (V< en) x d)) < (30 ~lleullBar) [Bali
M
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Then, a modification of (33) leads to

h2 h2 h2
5t < CZ hai [(V + TIY + Tf) |u|i+1,M + (A + TIZ) Ibli+1,M]- (41)
M

Preserving the choice of div-div parameters according to (38) and of (37), a
calibration of the parameters in (41) and (34) gives

Chi <m <Cflanl?,  Ch3, <msm < C/lduf?, (42)

and allows to omit the restrictions (35). A careful estimation has to consider
the approximation of ang ~ a and dyy ~ d. For simplicity, we assume here
elementwise constant fields a|y = ap and d|y = b

Theorem 4. Let the orthogonality conditions (39)-(40) be wvalid. Assume
that the solution (u,b,p) of (3) belongs to [H*T1(§2)]% x [H*+1(02)]4x H*(12).
Further, let the LPS parameters be chosen according to conditions (38), (37)
and (42). Then we obtain the quasi-optimal error estimate in Theorem 3
without the mesh-width restrictions (35).

Numerical experiments for the fluid part, i.e. b = 0,7 = 0, show: One can
omit restriction (35) if conditions (39)-(40) are valid, see [4]. The experiments
indicate that optimal error estimates for the H'- and L?-error rates for the
velocity uy, are obtained which are robust with respect to Rey.

Corresponding numerical experiments for the magnetic part and the full
MHD problem are in preparation and will be reported elsewhere.
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