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Problem statement

Let

f(t) = Z ekt 1 (e K e 12(0,2q]).

Then f(t) = 2Re f*(t) with

f+(t) = Cogf) + i Ck(f) eikt = i Ck(f+)eikt S H2.

k=1 k=0

Decay of Fourier coefficients related to the smoothness of f.

Problem. Can we find an adaptive Fourier basis {By}3°, of H? such that

o

Fr(t) =Y _(F*, Bu)iz Br,

k=0

where the decay of the adaptive Fourier coefficients is much faster?
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Adaptive Fourier basis

Consider the Takenaka-Malmquist system

1—202 1—2425*1 it _ =
Bo(t)zivH By(t) = ¥ ||He Zkp=1,2,..

1—Zoeit ’ 1—deit k*Ol_zkeiﬂ a

which is determined by the sequence of “zeros” {z,}7°, with |z/| < ¢ < 1.

Then
@ (B, Bi)2 = 0y k.

@ The system is complete in H? if and only if 3,50(1 — |2]) = o0
(AKHIEZER (1965)).

© For zy =0, £ > 0, we obtain the classical Fourier basis By(t) = e/t

© General decay properties (BULTHEEL & CARRETTE (2003)).
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Adaptive Fourier basis

For a given vector of pairwise different values (zp, zi, . . ., zy) with

0< |z <1let

The set of functions {By : ¢ =0,..., N} of the Takenaka-Malmquist
system with the zeros zy, z1, . ..zy in Dy spans the same subspace as

{Py:¢=0,...,N}, respectively.

We will use this simpler basis {P}72,.
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Adaptive Fourier sums and its convergence

Idea.
Approximate the Fourier coefficients c,(f) by exponential sums

N
=Y azf, k=0,1,...
where we take a; € C and z, € D such that
[€™ —e(FH)]7% - Z g — a(f)P <.
Then for £ (t) := Z N(N) ekt we obtain

1+ = fifllie = lle(F+) = €Ml < e
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Adaptive Fourier sums and its convergence

00 i N
Taking the approximation fyf (t) := > E,((N) ekt with 'E,((N) = > agzé‘ we
k=0 (=0
have
00 V) [e's) N
f(t) = Z [ ekt — Z (Zagzé‘) ekt
k—O k=0 Z—O
N
= Z ar Z(Zze Z AT 20) = a Py(t)
=0 k=0 —zet) o
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Infinite Hankel matrices

o) — (Thoazt)

k=01l¢2
to the problem of low-rank approximation of Hankel operators.

We relate the problem min
ag,zy

Approximate

G C O©C
G @ @ 0o
Fery=Te =1 ¢ &g & - |= (Ck+j)k,j:0'

by an infinite Hankel matrix with rank N + 1.

Theorem (KRONECKER)

The infinite Hankel matrix ¢ : €2 — (2 generated by € = (&)52, € ¢* of

N
the form &, = > ajzjk, k € Ny, has finite rank N + 1.
j=0
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Theorem of Adamjan, Arov and Krein

Theorem (ADAMJAN, AROV AND KREIN (1971))

Let c € /1 be a given sequence and let I'¢ be the corresponding infinite
Hankel matrix on £2. Further, let oo(I¢) > 01(Tc) > 02(F¢) > ... denote
the singular values of T'¢ in decreasing order. Then, for each N € Nq there
exists an infinite Hankel matrix I'z of rank N + 1 such that

ITe = Telle—yz = onya(le)-

In particular,
17 = £ lle = lle(FF) = €lle < ITe(rry = Telleiz = onsa(Te(rsy)-

Question: What do we know about the decay of the singular values
O'N(rc(f+)) for N—o00?
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Decay of singular values of Hankel operators

Theorem (PUSHNITSKI & YAFAEV (2015))

Let ¢ = (ck)32, satisfy the decay conditions for k — oo
c = O(k Y(logk)™®), fora >0, (1)
1
ATc = O(k 1 ™(log k)~%), for a > 5 m= 0,....,la]+1. (2)

Then
on(Fe) =O(N™%), N — oc.

Example: For ¢, = (1 + k)~7 with 7 > 1 we even have exponential decay
UN(rc) _ e—ﬂ-(\/2'yN+o(\m))

[Widom (1966)].
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Decay in the adaptive Fourier basis

We arrive at

Theorem (PL. & POTOTSKAIA (2018))

Let fH(t) = ki_%o ck(fT) ekt be a function in H?. If ¢ = (ck(F+))32,

satisfies the deTcay conditions (1) and (2) then for each N € N, there
(N)

exists a vector of zeros z; ’, ... ,z,(\,N) determining a Takenaka-Malmquist
system {Bk}ﬁlzo such that the N-th adaptive partial Fourier sum

N
f,\T = > (f, Bk) 2By satisfies the asymptotic estimate

1£7 = lliz < CN7°

where C does not depend on N.
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Computation of adaptive Fourier sums

Theorem (AAK (1971))

Let (on+1, u(N+1)) be a fixed singular pair of Tc with oni1 & {0k }kztn+1
and ont1 # 0.
@ Then Pu(N+1)(X) - Z u/((N-i—l)Xk
k=0
has exactly N + 1 zeros zéN), . ,z,(\,N) in D.

D
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Computation of adaptive Fourier sums

Theorem (AAK (1971))

Let (on+1, u(N+1)) be a fixed singular pair of Tc with oni1 & {0k }kztn+1
and ON+1 7é 0.

o
@ Then Pu(N+1)(X) o Z u/((N-i—l)Xk
k=0
has exactly N + 1 zeros zéN), e ,z,(\,N) in D.
@ There are coefficients a((JN), e aSVN) € C such that for

N (o]

- - N),_(N)y;

€= (&) = (Z 3", ’y)
k=0 j=0

we have

IFe — Melleez = onya-
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Computation of adaptive Fourier sums

Input: samples ¢, = c(fT), k=0,...,L, for a sufficiently large L.

1. Use a Prony-like method to find a very good approximation of
ck, k=0,...,L, in the form

M
&=>_ %%, keN, M> N.
Jj=0
2. Compute the M + 1 nonzero singular values g > ... > op of [¢ and
the singular vector uN*1) to oy ;.

o0
3. Compute the zeros ZéN), . ,2,(\,N+1) of Pywin(x) = > u,ENH)xk in
k=0
D.
Output: ESN), ey 2,(\,N) determining the adaptive basis.
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Computation of adaptive Fourier sums

Step 2 can be reduced to solve a con-eigenvalue problem of size M + 1,
see

BEYLKIN & MONZON (2005)

PL. & PoroTskala (2016)

Step 3 can be solved using the rational representation of
N+1)
e (3) = z NIk,

since ulN+1) = (y (NH))
sum of length M + 1.

° o can be exactly represented by an exponential
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Numerical example

Consider f(t) = Z ck(f) sin(kt) with cc(f) = 5.

Use 101 classical Fourler coefficients.

N on If — fullL, I = 2,
1 1.1078e-01 1.1057e-01 8.2932e-02
2 2.2710e-02 2.2693e-02 6.0175e-02
3 6.0753e-03 6.0538e-03 1.1511e-02
4 1.6706e-03 1.6635e-03 6.8640e-03
5 3.9237e-04 3.8919e-04 1.5419e-03
6 7.4187e-05 7.3599e-05 1.0114e-03
7 1.1081e-05 1.0949e-05 6.1344e-04
8 1.2559e-06 1.2382e-06 4.5046e-04
9 0.8620e-08 90.6716e-08 2.9683e-04
10 4.2914e-09 9.6368e-09 2.8196e-04
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Numerical example

Error for N=6

Error |£(t) — Sn(f)(t)] (green), |F(t) — £{°)(¢)| (magenta) and |f(t) — fi(t)| (red)
for t € [—m,m].
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