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Outline

@ Original Prony method: Reconstruction of Sparse Exponential Sums
@ Prony’s Method Based on the Shift Operator

@ Prony’s Method Based on the Differential Operator

@ Generalized Operator Based Prony Method
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Prony Method: Reconstruction of Sparse Exponential Sums
M

Function f(x) =3 cje¥~
j=1

We have M, f(¢),¢=0,...,2M -1

We want ¢, a; € C, where —7 <Imoa; <7, j=1,...,M.
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Prony Method: Reconstruction of Sparse Exponential Sums
M

Function f(x) =3 cje¥~
j=1

We have M, f(¢),¢=0,...,2M -1

We want ¢, a; € C, where —7 <Imoa; <7, j=1,...,M.

Consider the Prony polynomial

M M
P(z) = H (z—e%) = Zpgze
j=1 =0

with unknown parameters «; and ppy = 1.

M M
¢ etjm Z pe et
j=1 {=0

M M M
Y pef(L+m)= 3 pp > gelttm =

M
= > ¢e¥mP(e%) =0, m=0,... M—1
j=1
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Reconstruction Algorithm
Input: f(¢), ¢=0,....2M -1

@ Solve the Hankel system

£(0) f(y ... f(M-1) po f(M)
f(1) f2) ... f(M) po| [ f(M+1)
f(M:— 1) f(;\ﬂ) . f(2M: —-2) pM:q f(2l\/; —1)

o Compute the zeros of the Prony polynomial P(z) = S, psz¢ and
extract the parameters ; from its zeros z; = %, j=1,..., M.

e Compute ¢; solving the linear system
M
F(O)=> ce¥', ¢=0,....,2M—1.
j=1

Output: Parameters oj and ¢j, j=1,..., M.
Wien 2019  4/26



(Almost) Equivalent Models

If we can reconstruct

M
f(x) = Z cj e,
j=1
then we can also reconstruct
M M .
gt)=) ¢go(t—1) = B(x)=) ¢e '
= =
M M L
g)=Y got—1) = &) =(Dge)o(x)
j=1 j=1
Mo . M
g=>0 5 L= g
J=1 J j=1
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Prony’s Method for sparse approximation

Lety = (yx)t_o € CL! be a given.
Goal: Approximate y by f = (fk)kzo e CH1 where

M M
fk:quo‘fk:chzjk, k=0,...,L,
j=1

j=1

with ¢, zi=e% € C, j=1,..., M, such that

L
ly —fl3 =D vk — ful?
k=0

is minimal.

M< L2

Survey: Modification of Prony’'s method (Zhang & Plonka '19)
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Towards a Generalization

of Prony’'s Method
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Revisiting Prony’s Method Using the Shift Operator
Let Spf:=f(-+h), heR\{0}. Then

(Spe®)(x) = eXht¥) — e@h e@x  (eigenfunction).
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Revisiting Prony’s Method Using the Shift Operator
Let Spf:=f(-+h), heR\{0}. Then

(Spe®)(x) = eXht¥) — e@h e@x  (eigenfunction).

For
M
f(x) = Z cje“* with P(z):= H z—e Zpgz
j=1
we have

M M M M M
P(Sp)f = Z Pe (Sﬁf) = Z Pe She Z cje¥ = Z pe Z Cj Shee™
=0 Jj=1 (=0 j=1

=0
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Revisiting Prony’s Method Using the Shift Operator
Let Spf:=f(-+h), heR\{0}. Then

(Spe®)(x) = eXht¥) — e@h e@x  (eigenfunction).

For
M
f(x) = Z cje“* with P(z):= H z—e Zpgz
j=1
we have

M M M M M
P(Sp)f = Z Pe (Sf;f) = Z Pe She Z cje¥ = Z pe Z Cj Shee™
=0 Jj=1 (=0 j=1

/=0
M M M M

S DG = S e S pret =0
=0 j=1 j=1 =0
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Revisiting Prony’s Method Using the Shift Operator

M
Thus, f(x) = Y ¢je“™ solves the difference equation P(S,)f = 0.
j=1

Moreover,

M
SKP(Sh)f = P(Sp)SKfF =D _pe ST fF =0, ke
{=0
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Revisiting Prony’s Method Using the Shift Operator

M
Thus, f(x) = Y ¢je“™ solves the difference equation P(S,)f = 0.

j=1
Moreover,
M
SKP(Sh)f = P(Sp)SKfF =D _pe ST fF =0, ke
£=0

With the point evaluation functional Gf = Gof := f(0),

Go(SKP(Sp)f) = ZngO(SE"'kf Zpgf ((+k)=0, keZ.
=0

We can compute the coefficients p; of the Prony polynomial from M of
these equations, i.e., using f(hk), k=0,...,2M — 1.
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Change the Sampling Scheme

M
Thus, f(x) = Y cje“* solves the difference equation P(S,)f = 0.

j=1
Moreover, for each linear operator T : C*(R) — C*°(R)

M
TEP(Sp)f = TEP(Sp)f = p T"Spf =0, ke Z.
(=0
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Change the Sampling Scheme

M
Thus, f(x) = Y cje“* solves the difference equation P(S,)f = 0.

j=1
Moreover, for each linear operator T : C*(R) — C*°(R)

M
TEP(Sp)f = TEP(Sp)f = p T"Spf =0, ke Z.
(=0

With the linear functional G : C*(R) — C

G(TP(Sh)f) = %p« G(TrSHF) = %PzG(ka(h(é—ir-))) —0, keZ
(=0 =0

We can compute the coefficients p; of the Prony polynomial from M of
these equations, i.e., using G(T*S/f), £=0,....M, k=1,..., M.
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Revisiting Prony’s Method Using the Shift Operator

Example: Choose h =1, T = 5,5 = S1/5, G = Go, then the linear
system reads (for even M))

0 AL o M- [ e (M)
f(3) 3 ... (M2 p1 F(M+1)
i) i) || e | = | FMT)

CURSTINTC IR C ) R Oy L VIt

This matrix ist not longer of Hankel form.
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Revisiting Prony’s Method Using the Differential Operator
Let &L : C®(R) — C®(R), Lf:=f" Then

(L e*)(x) = ae®™ (eigenfunction).

Gerlind Plonka (University of Géttingen)
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Revisiting Prony’s Method Using the Differential Operator
Let &L : C®(R) — C®(R), Lf:=f" Then

(L e*)(x) = ae®™ (eigenfunction).

For
M y M M
f(x) = Z ¢je®* with P(z):= H(z — ) = Zf)gze
j=1 j=1 =0
we have
y M M M M M
P& =D (£ F =2 B () Do =3 By (an) e
=0 =0 j=1 =0 j=1
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Revisiting Prony’s Method Using the Differential Operator
Let &L : C®(R) — C®(R), Lf:=f" Then

(L e*)(x) = ae®™ (eigenfunction).

For
f(x)=> e ™ with P(z):=][(z— ) = p*

we have

M M

M M M
P =S B (L) =S (L)Y e =S B S g (L)e
=0 j=1

¢=0 £=0 j=1
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Revisiting Prony’s Method Using the Differential Operator

M N
Thus, f(x) = Y ¢;e%* solves the differential equation P(-1)f = 0.
j=1

Moreover,

M
() P(L)f = Zﬁg(%)“kf =0, keZ.
=0
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Revisiting Prony’s Method Using the Differential Operator

M N
Thus, f(x) = Y ¢;e%* solves the differential equation P(-1)f = 0.
j=1

Moreover,
) M
(P =B (L) F=0, kel
=0
With the point evaluation functional Gof := £(0),
~ M M
Go((F) PN = 3 P Gol((F) ) = 2 pe F9(0) =0, ke Z.
=0 =0

We can compute the coefficients p, of the Prony polynomial from M of
these equations, i.e., using f(k)(O), k=0,....,2M — 1.
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Switch Between Operators with the Same Eigenfunctions

What is the connection between Prony’s method using the shift operator
or the differential operator?

We have

Cf—xe"" = ae™, Spe® = e*he

Obviously, the spectra are connected by the map exp(h:) : o +— e
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Switch Between Operators with the Same Eigenfunctions

What is the connection between Prony’s method using the shift operator
or the differential operator?
We have

f—xea' = ae®, Spe® = e,

Obviously, the spectra are connected by the map exp(h-) : a — e,

Moreover, for all eigenfunctions e**,

[e%S)
eXp(h%)eax — ZH(%)keax — Zﬂakeax

Thus,
exp(hL) f(x) = Spf(x).
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Generalized Prony method (Peter & Plonka '13)

V. normed vector space
AV — V linear operator
{va: M € o(A)} set of eigenfunctions of A to pairwise different eigen-

values A € o(A) C C,
A V) = A V.

Let

f= Z C) Vi, Ar C o(A) with |Af] = M, ¢, € C.
AENf

Let G: V — C be a linear functional with G(vy) # 0 for all A € o(A).

We have M, G(Af) for £=0,...,2M — 1
We want  Ar C 0(A), c\ € C for A € A¢
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Generalized Prony Method
Theorem (Peter & Plonka '13)

The expansion

f=Y aw, ArCo(A) with |Af]=M,c, eC.
AEAF

of eigenfunctions vy of the linear operator A can be uniquely recovered
by G(A’f), £=0,...,2M — 1, where G : V — C is a linear functional
with G(vy) # 0 for all A € o(A).
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Generalized Prony Method
Theorem (Peter & Plonka '13)

The expansion

f=Y aw, Ar Co(A)  with |Afl=M, cy €C.
AEAF

of eigenfunctions vy of the linear operator A can be uniquely recovered
by G(A’f), £=0,...,2M — 1, where G : V — C is a linear functional
with G(vy) # 0 for all A € o(A).

Example: Let V = C*>, A := S with Spf = f(h+ ), and
f:ZC)\V)\: ZCAG)\',
AEAf AENF

where Af C R+i[—7, 7). Choose the functional Gof := f(0), then f can
be recovered from the samples

Go(A‘f) = SiF(0) = f(ht),  £=0,...,2M —1.
Wien 2010 17/26



Generalized Operator Based Prony Method
(Stampfer & Plonka '19)

Assume, you want to recover a sparse expansion
M
f:chvj, vieV,¢geC.
j=1

Idea:
e Find a linear operator A such that v; are eigenfunctions of A to
pairwise different eigenvalues.
o Check, whether G(Af), £ =0,...,2M — 1 can be computed from
the given information.

e If not, transfer to a different operator B = (.A) and suitable
functionals Gy such that G(B‘f), £=0,...,M, k=1,... M that
can be computed from the given information.

@ Apply the generalized Prony method to recover v; and ¢;,
j=1...,M.
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Differential Operators of First Order and Generalized Shifts

Reconstruct

M
flx) = ¢euc),
j=1

i.e., find ¢, j=1,..., M, where G is differentiable and strictly mono-

tone on [a, b].
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Differential Operators of First Order and Generalized Shifts

Reconstruct "
flx) = ¢euc),
j=1

i.e., find ¢, j=1,..., M, where G is differentiable and strictly mono-
tone on [a, b].

Find a linear operator with eigenfunctions ¢%¢(*):

Let g(x) :=1/G'(x) and
Af(x) = g(x) L ().

Then
AeaG(X) — g(X)diXeaG(x) _ CkeaG(X).
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Differential Operators of First Order and Generalized Shifts

Reconstruct "
flx) = ¢euc),
j=1

i.e., find ¢, j=1,..., M, where G is differentiable and strictly mono-
tone on [a, b].
G(x)

Find a linear operator with eigenfunctions e%
Let g(x) :=1/G'(x) and

Then

Using the generalized Prony method, f can be recovered using
F(g())kr),  k=0,....2M —1.

However, these may be difficult to provide.
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Differential Operators of First Order and Generalized Shifts

Change the operator:

exp(7 A)f(x)

1
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Differential Operators of First Order and Generalized Shifts

Theorem (Stampfer & Plonka '19)
Let

M
f(x) = Z ¢j €6
j=1

where G(x) is continuous and monotone on an interval [a, b]. Let
Tk + G(x0) € G([a, b]) for k =0,...,2M — 1. Then f(x) can be
uniquely reconstructed from the function samples

f(G Y (tk + G(x0))), k=0,...,2M—1.
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Differential Operators of First Order and Generalized Shifts

g(x) G(x) eigenfunctions | sampling values
1/x —1x? exp (—%x?) f (v/xo — kT)

1 X exp(ax) f(Tk + xo)

X log(x) | x© (eTkxo)

—Vv/1—x2 | arccos x | exp(a arccos x)

£
f (cos(kT + arccos(xp)))

V1—x2 | arcsinx | exp(aarcsinx) | f
£
£

( )

(sin(kT + arcsin(xp)))
(arcsin(kT + sin(xp)))
( )

sin x exp(asin x)

Cos X exp (v cos x) arccos(kT + cos(xp)))

Examples of operators A = g(-)<L, corresponding eigenfunctions exp(c G(-))
and sampling values for k = 0,...,2M — 1 with sampling parameter 7 to recover
expansions f.
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Example: Recovery of shifts of Gaussians
(Plonka, Stampfer, Keller "19)

5 .
f(x) = Z C:iel(x_o‘j)2
=1

j=1 j=2 ji=3 j=4 i=5

Rec; —2.37854 —4.55545 2.54933 —2.57214 —0.57597

Imc; 0.75118 —0.56308 0.94536 0.42117 0.73366

a; 0.64103 —0.18125 —1.50929 —0.53137 —0.23778
real part

15 T
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Example: Recovery of shifts of Gaussians

5.
f(x)=> cjel(x—af)2
j=1

j=1 j=2 j=3 j=4 Jj=5

Rec; —2.37854 —4.55545 2.54933 —2.57214 —0.57597
Imec; 0.75118 —0.56308 0.94536 0.42117 0.73366
a; 0.64103 —0.18125 —1.50929 —0.53137 —0.23778

imaginary part
T T T

15
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Summary

@ Prony’s method can be used in many contexts, since sparse
representations can be often transformed to the form of exponential
sums, e.g.,

M
Got—1) = &)= (D ge ™))

M=

g(t) =

@ For noisy samples, one should use the modified Prony method.

@ Prony’s method can be generalized to recover sparse expansions of
eigenfunctions of linear operators.

@ One can use different operators with the same (sub)set of
eigenfunctions.

@ One can employ the generalized Prony method to find new more
general sampling schemes.
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