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Optimal approximation with exponential sums by a
maximum likelihood modification of Prony’s method

Ran Zhang* Gerlind Plonkal
February 5, 2019

Abstract

We consider a modification of Prony’s method to solve the problem of best approx-
imation of a given data vector by a vector of equidistant samples of an exponential
sum in the 2-norm. We survey the derivation of the corresponding non-convex min-
imization problem that needs to be solved and give its interpretation as a maximum
likelihood method. We investigate numerical iteration schemes to solve this problem
and give a summary of different numerical approaches. With the help of an explicitly
derived Jacobian matrix, we review the Levenberg-Marquardt algorithm which is a
regularized Gauss-Newton method and a new iterated gradient method (IGRA). We
compare this approach with the Iterative Quadratic Maximum Likelihood (IQML).
We propose two further iteration schemes based on simultaneous minimization (SIMI)
approach. While being derived from a different model, the scheme SIMI-I appears to
be equivalent to the Gradient Condition Reweighted Algorithm (GRA) by Osborne
and Smyth. The second scheme SIMI-2 is more stable with regard to the choice of the
initial vector. For parameter identification, we recommend a pre-filtering method to
reduce the noise variance. We show that all considered iteration methods converge in
numerical experiments.

Key words. Prony method, nonlinear eigenvalue problem, nonconvex optimization,
structured matrices, nonlinear structured least squares problem
AMS Subject classifications. 65F15, 62J02, 15A18, 41A30

1 Introduction

In this paper, we are interested in the following problem. For a given vector of data
y = (yp)E_, with L > 2M we want to compute all parameters d;, z; € C such that

M
= (), (L)
j=1
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is minimized. Problem (1.1) occurs in two different scenarios. For parameter estimation
problems, we assume that the given data are of the form y = f(kh) + €k, where the
signal f(z) is an exponential sum

M
f(z) = Zdj eli® (1.2)
=1

with unknown d; € C\ {0}, z; := 5" and T; € C, ImTj € [-7/h,7/h), j =
1,..., M. Further, we assume that ¢, are i.i.d. random variables with mean value
zero and variance o2. In this case a statistical interpretation as a maximum likelihood
method is possible. In the second scenario for sparse signal approximation problems, we
want to approximate the vector y by a new vector whose components are exponential
sums such that the error is minimized in the Euclidean norm.

One reason for the strong interest in signal approximation by exponential sums is
the wide field of applications. Examples are synchrophasor estimation [36], estimation
of mean curve lightning impulses [13], parameter estimation in electrical power systems
[23], the localization of particles in inverse scattering [15] and sparse deconvolution
methods in ultrasonic nondestructive testing [8]. The great importance of the topic
can also be observed from the many reconstruction approaches related to the subject,
as e.g. the reconstruction of signals with finite rate of innovation [12]. For a survey
on relations of exponential analysis to annihilating filters, rational approximation and
linear prediction we refer to our paper [30]. A further important application is the use
of exponential sums in quadrature formulas for higher-dimensional integrals, see [9].

If f(x) indeed possesses the exact structure in (1.2), then the parameters d;, z; can
be computed by a Prony-like method from equidistant samples f(kh), k =0,...,2M —
1. However, the classical Prony method is not numerically stable. Therefore, different
numerical methods have been (partially independently) developed to recover the pa-
rameters in model (1), see e.g. multiple signal classification (MUSIC) by Schmidt [35],
estimation of signal parameters via rotational invariance techniques (ESPRIT) by Roy
and Kailath [34], the matrix pencil method by Hua and Sakar [16] and the approximate
Prony method (APM) by Potts and Tasche [32]. The paper [33] contains a summary
of all these algorithms and also studies their close relations.

However, these numerical schemes do not solve the minimization problem (1.1) but
assume that the given data are exactly of the form y;, = f(kh) with f in (1.2). In the
noisy case, these methods are not consistent for L — oo, see [18].

Contributions of the paper and related work

In this paper, we will employ a direct approach to tackle problem (1.1) based on
former ideas on maximum likelihood modifications of Prony’s method, see [10, 24, 25,
26]. First, we derive an equivalent formulation of (1.1) as a non-convex minimization
problem, similarly as in [10, 24]. For that purpose we use variable projection in a
first step in order to transfer (1.1) to a minimization problem with regard to the

parameter vector z = (z1,...,2y)7. In a second step, we rewrite the problem as a
minimization problem with regard to p, where p = (po,...,pn)7 is related to z by
Hj]\/il(z —zj) = Z]k;w:o pr2®, see also [10, 24].

In Section 3, we survey some numerical algorithms to solve the obtained minimiza-
tion problem. For this purpose, we derive an explicit form of the Jacobian matrix and
of the gradient of the functional. These observations lead to simple presentations of
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Gaufl-Newton and Levenberg-Marquardt iteration schemes on the one hand and al-
gorithms for the representation as a nonlinear eigenvalue problem on the other hand.
Using the necessary condition for the gradient of the functional, we propose an iterative
algorithm IGRA that is close in nature (but not equivalent) to the Gradient Condi-
tion Reweighting Algorithms (GRA) by Osborne and Smyth [26]. We also review the
iterative quadratic maximum likelihood (IQML) algorithm in [10, 20, 11].

In Section 4, we derive a new iteration functional based on the minimization prob-
lem considered in Section 2. We can show that the desired solution vector is a fixed
point of the obtained iteration scheme and that the corresponding iteration functional
value always converges. The corresponding necessary condition for the gradient of the
functional leads to the iteration scheme SIMI-1 which appears to be exactly equivalent
to GRA for the so-called recurrence model in [25, 26]. We refer to [25, 26] for further
results on asymptotic stability and local convergence of this iteration under special con-
ditions. The second iteration scheme SIMI-2 uses a slightly different approximation,
which results in the problem of finding an eigenvector to the smallest eigenvalue of a
positive definite matrix at each iteration. We finally give a factorization of the matrices
that are involved in the iteration schemes in order to ensure efficient calculation of the
iteration matrices using the fast Fourier transform.

Our numerical experiments in Section 5 show for different examples that all com-
pared iteration methods converge very fast and provide similar errors, while the found
parameter vectors can be quite different. For parameter estimation, our numerical
experiments show that the pre-filtering step is crucial for higher noise levels in order to
obtain good parameter estimates. Furthermore, the pre-filtering step strongly reduces
the computational effort for all considered iteration methods.

Finally, we would like to mention some further related work. For the special case
when d; € R and |z;| =1 for j = 1,..., M, iterative approaches have been proposed to
solve (1.1) that try to improve the estimate of z; directly at each iteration step, [4, 7).
For an approach where in (1.1) the 2-norm is replaced by the 1-norm we refer to [37].

The considered problem (1.1) can also be rewritten as a nonlinear structured least
squares problem (NSLRA), [21, 39], see our remarks at the end of Section 2.

Further, (1.1) is related to the problem of low-rank approximation of Hankel matri-
ces. Taking fi = Z]Ail djzé€ for k=0,..., L, one may consider instead of ||y — f||2 the
spectral norm ||Hy — Hg||, where Hy and H¢ are Hankel matrices generated by y and
f. The special structure of f then implies that Hf has only rank M. Thus we arrive
at the problem of best low-rank approximation with Hankel structure, see [17, 3] and
references therein. Several papers considered the connection between low-rank approx-
imation of Hankel matrices and AAK theory [1] being related with the approximation
by exponential sums, see [5, 6, 2, 29]. However, we emphasize that these methods do
not exactly solve the problem (1.1) but only a related approximation problem.

2 Maximum likelihood modification of Prony’s method

Let y = (yk)’,;;o € CIt! be a given sequence. Our goal is to approximate y by a
sequence f = ( fk)£:0 € CLH! generated by an exponential sum with M < % terms of
the form

M
fo=> dizf, k=0,... L, (2.1)
7j=1

3
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with d;,2; € C, j =1,..., M, such that

L
ly = €115 =D lyx — fil?
k=0

is minimal. Withd := (dy,...,dy)T, 2 := (21,...,2m)7, and the Vandermonde matrix
1 1 ... 1
Al 29 ... ZM
v, =| 2t % ... 2 | ecErxM (2.2)
Lo L

we can write

f=V,d. (2.3)

Thus, the problem can be formulated as follows. For given y € CIt! we want to solve
the nonlinear least squares problem

L M
argmin [ly — V,d|[|3 = argminz ly — Z d;=F|2. (2.4)
Z,dE(C]W Z,dE(C]W k=0 j=1

Throughout the paper we will assume that V, has full rank M, i.e., we assume that z;
are pairwise distinct, and y cannot be exactly recovered by an exponential sum with
less than M terms. In particular, we assume that all coefficients d; are nonzero. If some
further a priori knowledge is known about z and d as e.g. |zj| < 1 or d; € R, we can
restrict the range CM for the parameter vectors to suitable subsets in the minimization
process.

Following the arguments in [10, 24, 25, 26], we observe that for given z, the mini-
mization problem turns into a linear least squares problem

argmin ||y — V,d|3
deCM

with the solution
d=VSy=[V,V,] "V}y, (2.5)

where V} denotes the Moore-Penrose inverse of V, with full rank M. We introduce
the projection matrix
P, =V,V,/

satisfying the properties
P,=P;, P:=P, P,V,=V,

Then (2.4) can be rewritten as

argmin [[y — V, V7 y|j3 argmin [|(I - P,) I3

zeCM zcCM
= argminy”(I-P,)"(I-P,)y
zeCM
= argmin(y*y — y*P,y).
zeCM
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Thus, we need to solve
z := argmax (y*P,y) (2.6)
zeCM

in order to find the optimal parameter vector z. Afterwards, we can compute d simply
by (2.5).

We want to rephrase this nonlinear least squares problem for z = (z1,. .., 2y)" by
means of the coefficients of the Prony polynomial p(z) = chAil(z —zj) = Z,]y:o 2,
where the constant c¢ is chosen such that the arising vector p := (po,...,pa)" of

coefficients satisfies ||p|l2 = 1. For this purpose we introduce the two matrices Xp €
CEFDX(E=M+1) and Hy, € CUE-MFTDXM+D) of the form

Po
b1 Do
T2 Yo Y1 oYM
E Po Y1 Y2 cee YMt1
X, = , H, := . ) . 2.7
P bm b1 Y ( )
DM : Yyr-M YrL-mM+1 --- YL
by
Then we have
Hyp =Xy € CF" M+, (2.8)

Moreover, let
Py = XpX, = X,[XI X, 1XD

be the corresponding projection matrix.

Theorem 2.1 For given data'y = (Yo, - . ,yL)T the parameter vectors z and d mini-
mizing the nonlinear least squares problem

L M
min —V,d|? = min — d; k2
z,deCM Hy ? ”2 z,deCM Z ’yk Z 7
k=0 j=1
can be obtained by the following procedure:
1. Solve
p = argmin y*Ppy = argmin p*H} [X]Xp] 'Hyp. (2.9)
pecl\/f+l pecl\/f-l—l
lIpll2=1 lIpll2=1
B B B M
2. Compute the vector of zeros z = (Z1,...,2u)° of the polynomial p(z) = > ppz"
k=0

obtained from p = (o, ..., pm)" -
3. Compute B
d=V}y=[ViVsi] 'Viy.
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Proof: We follow the ideas in [10, 24, 25, 26] and give a short proof for the convenience

of the reader. For a given vector z = (z1,...,21) € CM of pairwise distinct knots let
p = (po,...,pm)T be the coefﬁcient vector of the corresponding Prony polynomial
p(z) = CH] 1z —2) = Zopkz where ¢ is taken such that ||p|l2 = 1. Now, we

observe that the matrices X in (2.7) and V in (2.2) satisfy
XIV,=0

and thus PP, = 0. Note that rank(X,) = rank(Pp) = L + 1 — M and rank(V,) =
rank(P,) = M. Thus, we conclude

P,=(1-Py) (2.10)

i.e., solving the maximization problem in (2.6) is equivalent with solving the minimiza-
tion problem

p ;= argminy*Ppy,
pecl\/f-l—l
lIpllz=1

and extracting the vector z of zeros of ny o Prz¥. The second representation in (2.9)
is due to XTy Hyp. The remaining computation of d is the same as in (2.5). m

In many applications, particularly for parameter identification, it is assumed that
the given data satisfy the model (2.1), and the measurements yy, are noisy, i.e., yp = fx+
€r, k=0,..., L. Let us assume that ¢ are i.i.d. random variables with ¢, € N(0,0?)
and L is large. If we have L + 1 = (2M + 1) K measurement values yi, where K > 1 is
an integer, then we can apply a local low-pass filter to y in a preprocessing step and
obtain a filtered signal y with a measurement error € possessing zero expectation and
smaller variance. Taking e.g.

K(k+1)—1 K(k+1 K(k+1)—
Z v =7 > fT—s-— > eT:fH'gh, E=0,...,2M, (2.11)
r=Kk r=Kk r=Kk

the new variables € are linearly independent with mean value zero, and the noise
variance is reduced to 02/ K. The filtered sequence ( fk)szo still satisfies the exponential

model (2.1) , but this time with the parameters 2 instead of zj, j=1,..., M, since

J

1 K(k+1)—1 K—-1 M M 1 K M
Fo_ +Kk _ J Kk _ 7 K\k
g 3 b =Y (T ) Y

r=Kk r=0 j=1 j=1 J j=1
where in the last computation we have assumed that z; 7& 1. We need to ensure
here that z; is not a power of e2™/K and that the values z , 7 =1,..., M, are still
pairwise distinct. Moreover, ambiguities occur if we want to recover z; from ZJK . In
practice, these ambiguities are resolved using a priori knowledge on the phase range of

z;j. Instead of the filter (2.11), we can also use the following filter to find y of length
9M + 1, with

=

N 1 .
e =K Z Jer@my1yr + K 2 Ckr@eM+1)r = fet+ & k=0,...,2M,

r

I
o
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where the new noise variables € also possess the reduced variance o?/K. Here, the
filtered sequence ( fk) o satisfies the exponential model (2.1) with the same parameters
zj, 7 =1,..., M, since

1 el k+(2M+1)r
SR Z > diz; = (
r=0

1“0]1 7=1

=&

Kzzl (2M+1) >
2\ T

r=0

dj(l_z(_ZA{Jrl)K

. 2M+1)K
W does not vanish, we assume that z( * = 1 for
—_C

7 =1,...,M. Then, we can use y instead of y to evaluate the parameter vector z,
while still applying (2.5) to compute the parameter vector d in a second step.

To ensure that cij =

Remarks 2.2

1. If the given data 'y can be exactly represented by a sum of exponentials, i.e., y =f in
(2.1), or if the errors € = yr — fr have very small modulus, then a Prony-like method
can be employed to identify the parameter vectors z and d. In the exact data case
it can be shown that the Hankel matrizc Hy in (2.7) has rank M and that the vector
of coefficients p = (po,...,pam)’ of the Prony polynomial p(z) = ch]Vil(z —zj) =
Zé\iopkzk is the eigenvector of Hy to the eigenvalue 0. To construct the parameter
vectors z and d we need to solve the eigenvector problem Hyp = 0 to find p, extract
the zeros zj of the obtained Prony polynomial p(z) and find d by (2.5). However, this
procedure is not numerically stable. Already for small inaccuracies in the data, Hy has
full rank M + 1. A first simple idea for stabilization is to solve

p := argmin p"H Hy p. (2.12)
peCM+1
lIlpll2=1

This approach is also known as the Pisarenko method [28]. To improve the numerical
stability of Prony’s method, one can e.g. employ ESPRIT [34] or the approzimate Prony
method (AMP), see [32]. For a survey on Prony methods we refer to [30].

2. Compared to the Pisarenko method in (2.12), the minimization problem in (2.9)
contains the further term [Xgip]_l that makes it non-convex. Theorem 2.1 shows that
similarly as for the Prony-like methods, the determination of the parameter vectors z
and d is separated. Formula (2.9) can be understood as the variable projection formula-
tion of the Hankel structured low-rank approximation, see e.g. [14, 21]. We emphasize
that Theorem 2.1 can be applied to an arbitrary vector y. In many applications, one
assumes that yr = fr+e€p with fi in (1.2) with some prior knowledge on the distribution
of the error €.

3. Similar ideas for fitting exponential models have been also given by Kumaresan et
al. [19] and by Hua and Sakar [16], where it has been called whitened TLS-LP method.

4. We note that the normalization of p in (2.9) does not effect the objective function
n (2.9), see e.g. [24]. Indeed we have X.p = cXp and therefore

Pep = Xep X Xop) ' XT, = X [XI X, 'XT = P,

for all ¢ £ 0. The classical Prony method often uses the normalization pyr = 1 instead
of Ipll2 = 1.



179

180

181

182

183

184

185

186

187

188

189

190

191

5. The minimization problem in (2.4) can also be written as the NSLRA problem

n%/l?) ly —¥lle subject to y = V(z)d and rank V(z) = M
Yy, z

with y, y € CELand V(z) in (2.2), or with the parameter vector p instead of z, as

;n)i(n |y = ¥yII3  subject to XIT)SI =0andrankXp=L+1—-M
Y, Ap
with Xy, in (2.7), see e.g. [39].

6. While the procedure derived in Theorem 2.1 works for arbitrary data 'y, it can be
interpreted also statistically, see [18]. Assume that yy = fi,+ex where ¢, € N(0,0?) are
i.i.d. Gaussian random variables. Introducing the residual vector r := Hyp = Xg y,
where p is the (unknown) vector of the exact Prony polynomial coefficients satisfying
H¢p = ng = 0, we observe that

r= (rk)i’;é‘/[ = ng = ng + XIT,G = Xg €,

where € = (ek),%zo. Thus, while the components r of r have still mean value zero, we
obtain for the covariance matrix of r,

E(rr*) = E(XLyy'Xp) = E(X[ee'Xy) = X[ E(e€)Xp = 0°X[ X, (2.13)

i.e., the errors ry are not longer independent. Therefore, we employ the reweighted

residual vector
¥ = (XX, r

such that E(t*) = o?1. Minimization of
||F||% =1’ [Xgip]_lr = y*ip [Xgip]_ngy = y*ﬁpy

leads to the Prony modification that we derived in (2.9).
7. Using the method of Lagrangian multipliers, the model in (2.9) has been derived
in [11] from the following reformulated problem: For given noisy data 'y, solve

min y —s||3 subjectto Hgp = 0 and ||p|j3 = 1.

sc€CL+1 peRM

3 Numerical algorithms for the ML-Prony method

In this section we will survey some numerical approaches to solve the nonlinear mini-
mization problem in (2.9). We start with deriving a new representation of the necessary
condition for the vector p in (2.9). Similar conditions have been also found in differ-
ent forms in earlier papers in the case of real data y € RE*!, see e.g. [24, 25, 26],
without giving direct matrix representations of the Jacobian and the gradient. Let for
p € CM*! with |pl2 =1,

G(p) =y Ppy =y Xp[X; Xp] ' Xpy = [r(p)[3 (3.1)
with r(p) := Ppy, where Pp, = (X;;)TXZ; = XPX; € CUADXIAD  Then (2.9) takes

the form min G(p). We can derive now the Jacobian of r(p) as follows.
peCM+1 ||p|l2=1
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Theorem 3.1 Let p = a+ib with a, b € RM*L and let for p = (aT,bT)T ¢ R2M+2

3B) = Jab) = <<37‘j(p)>L’M (87"j(p)>L’M > c CLADx2M 1)

Oa /j=0k=0" \ b, /j=0,k=0

be the Jacobian of the vector r(p) = (r; (p))fzo = (X§ )TXTy Then we have
J(a,b) = (Irs1 — Pp)Xy(p) Tartts —ilar1) + (XP)  Hy rp) Tars1, i)

where Ir11 and Ipr4q denote the identity matrices of given size, v(p) := X;y €
CL=M+1 gnd Hy_.p) = Hy — Hy(p) with Hyp,) being the Hankel matriz of size (L +
1 —M) x (M +1) generated by r(p). The gradient of G(p) := G(p) in (3.1) reads

oy « _ | SYas} " T 1-1
VG(p) =2J(a,b)r(p) = 2( iy > HY ) XpXp] Hyp. (3.2)

Further, we obtain

N I X = :
JB)J(MPB) = ( iIﬁi ) XSy Iz+1 = Pp)Xy(p) (Tar41, —ilaria)

I]\/[Jrl * T~ 1—1 .
+< —ilpr41 > Hy (o) XpXpl  Hy—x(p) M1, ilar41) - (3:3)

Proof: First, we observe that 8Xp = Xy for k = 0,...,M, where the matrix X; €
CEADX(L=M+1) g of the form

0 ... 0
1 Orx(L—nm+1)
X = = | Le-mrvyx@e-—m+1) |
1 O —k)yx(L—M+1)
0 --- 0

and where 0 and I denote zero matrices and the identity matrix of given size. With
v(p) = ng we obtain

0 0 — pe
ar®) = 5 (KX K] 'X]y)

= Xp[XIXp] ' XDy + Xp [ XX TN (XX + XX [XE X Xy
+Xp[X€Xp] "Xy
= Xpv(p) - (X)) Xir(p) — (XP) XpXpv(p) + (X)) Xy y

= Xyper — (X)) Hyper — (X5) XXy per + (X)) Hyey,
= (I- (X)) Xp)Xyper + (Xp) Hy_r(p)er;
where e denotes the k-th unit vector of length M + 1 for £k = 0,1,..., M, i.e.,

1
e, == ((53-7;6)]-1‘10. Here we have used that Xv(p) = Xy(per for v(p) € cl+i-M

9
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and X]r(p) = H,pyer as well as XTy = Hyey, for the two vectors r(p) and y of
length L + 1. The partial derivatives with respect to by are obtained similarly using
%%: = iXy. Taking these derivatives for all £k = 0,..., M we arrive at J(p). For the

gradient it now follows by X;XPX; = X; that
VG(p) = 2J(p)'r(p)
= = 1— I vt \v ¥+
* T 1T *
X(p) (I—Xp[XpXp]™ Xp) + < il > Hyr(p)Xp> XpXpy

I
I
o I * ~t.. I * T~ 1—1
= 2 < i > Hy_r(p)Xpy =2 < _iI ) y_r(p)[Xpo] Hyp

The representation for J(p)*J(p) follows similarly. m

(CM+1

Corollary 3.2 A normalized vector p € that minimizes G(p) in (3.1) neces-

sarily satisfies the eigenvector equation

H, ) [X5X,) ' Hyp :<H;[ngp]’1Hy ~Hj, [Xgip]*lﬂr(p))p 0. (34)

Proof: If p with ||p|2 = 1 minimizes G(p), then VG(p) = 0. The assertion directly
follows from (3.2) and Hyp)p = XIT)r(p) since we observe that

* T~ 1— * TN 1— T * TN 1— T
H; ) (X5 X 1Hr(p)p:Hr(p)[Xpo] 1Xpr(p):Hr(p)[Xpo] 'X]y.

Let us now review the algorithms to solve min G(p) with G(p) = |Ir(p||2
pECM 1 ||plla=1

in (3.1). All considered algorithms are iterative and aim at successive improvement of
the coefficient vector p. As a suitable initial vector one can use

po := argmin p"Hj Hyp. (3.5)
peCM+1
lIpll2=1

Obviously, pg is the eigenvector corresponding to the smallest eigenvalue of the positive
semidefinite Hermitian matrix Hj Hy obtained by the Pisarenko method (2.12). Since
y is noisy, the obtained smallest singular value is usually nonzero.

All iteration algorithms that we investigate in this section and in the next section
can also be applied using the pre-smoothed data vector y € C2M+1 in (2.11) instead
of y.

3.1 Gauf-Newton and Levenberg-Marquardt iteration

We approximate r(p + d) with r(p) = Ppy in (3.1) by using its first order Taylor
expansion. Here again we map p = a+ib to p := (a’,b")T € R2M+1) and § = §,+id;
to & := (87,817 € R2M+D) Then r(p) + J(P)d is the first order approximation of
r(p+ 5), where J(p) = J(a,b) and r(p) = r(p). We compute

GB+90) ~ (x(B)+I(DB)O) (x(B) +I(D)).

10
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Minimization of this expression with regard to the vector b gives
2Re (J(p)"r(p)) + 2J(p)"J(P)d = 0.

The corresponding Gauss-Newton iteration leads in our case at the jth step to the
System

J(B;)"J(B;)9; = —Re (J(B;)"r(D;))
to get the improved vector pj11 = P; + 5]-, where the needed expressions can be taken

from Theorem 3.1. However, while the coefficient matrix J(p;)*J(p;) is obviously
positive semidefinite, it is not always positive definite. Particularly, if p; is a real

vector, i.e. p; = (pgﬂ7 07)T, then with v(p;) = X;j y= X;;j y, we have from (3.3)
J(;)"I(B;)B; = I(p;,0)" I (D, 0)b;
- (( illj\;;l ) Xy e+t = Pp)) Xy (p))
+ ( R ) ;—I‘(pj)[ngxpg’]_lHy—r(p]’)> p;j =0 (3.6)
since
Xi(pj)(IL+1 - PPJ‘)XV(p]‘)pj = Xfx(pj)(ILH - ij)ijV(Pj) =0

and similarly Hy o (XE Xp )" Hy 5 )pj = 0.

Levenberg-Marquardt iteration. The Levenberg-Marquardt algorithm introduces a
regularization changing the coefficient matrix at each iteration step to J(p;)*J (p;)+A;1I
which is always positive definite for A\; > 0. The iteration then reads

v

(J(B;)"I(B5) + A1) 05 = —Re(I(B5)"r(Dy)),
Pj+1 = P;j+9;
In this algorithm, we need to fix the parameter )\; which is usually taken very small.

If we arrive at a (local) minimum of G(p), then the right-hand side in the Levenberg-
Marquardt iteration vanishes, and we obtain d,; = 0.

The optimization algorithm is very fast and tends to converge to the next local
minimum. Therefore, the solution strongly depends on the initial vector pg that we
take as given in (3.5). For existing software packages to implement this method we
refer to [22].

3.2 Algorithms for the nonlinear eigenvector problem

We consider the necessary condition (3.4) of the form
* T~ 1-1
Hyfr(p) [Xp XP] Hyp =0

as a nonlinear eigenvalue problem.
Iterative Gradient Algorithm (IGRA). We denote

Cp:=H} . (XIXp'Hy = H} (XX, 'Hy — 13 (XD Xp] ' Hyp),

11
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then (3.4) can be written as Cpp = 0. Using this new representation of the gradient
VG(p) in (3.2) we propose the iteration scheme

(Cp, = 15) Pyt = () (Xp X, " Hy — p151) pji1 = 0,

Pj4+1Pj+1 = L.

(3.7)

Here, at each iteration step the matrix Cp is approximated by Cp,, where the vector
p; is found from the previous iteration. An initial vector pg can be taken as in (3.5).
At the j-th step, inverse iteration is applied to compute the eigenvector p;1 of Cp,
corresponding to the smallest eigenvalue by modulus p;. The algorithm stops if p; is
small enough compared to ||Cy,|. The complete algorithm reads as follows.

Algorithm 3.3 (IGRA)
Input: M, yi, k=0,...,L, with L > 2M.

1. Initialization
e Optional: Computey in (2.11) and replace in all further stepsy byy.
e Compute pg in (3.5).

2. Iteration: For j =0... till convergence

e Compute pj11 according to (3.7), i.e., compute the eigenvector pji1 of Cp,
corresponding to its smallest eigenvalue by modulus.

3. Denote by p the vector obtained by that iteration.

4. Compute the vector z of zeros z;, j =1,..., M, of the Prony polynomial p(z) =

Zé\/lzopkzk by solving an eigenvalue problem for the corresponding companion
matriz.

5. Compute the coefficients dj, j = 1,..., M by solving the least squares problem
V.d=y.

Output: Parameter vectors z, d.

Remark 3.4 1. It can be simply observed that the desired solution vector p in (2.9)
is a fized point of the iteration (3.7), i.e., from p; = p if follows pj+1 = P, where in
particular p; =0 by (3.4).

2. In the scheme (3.7), Cyp, is the difference of the two Hermitian positive defi-
nite matrices Hy, [ngipj]_lHy and Hﬁ(pj)[ngij]_lHr(pj). The eigenvalues of this
matriz difference are all real and lie in an interval bounded by minx,—1 X*Cp,x and
max||x|,—1 X Cp,x. This interval always contains the value 0 since we have

p?H;k-(pj)[ngxpj]ilHr(pJ’)pj = r(pj)*xpj [ngxpj]ilxgjr(pj)
= 1(p;)*Pp;r(p;) = y'Pp,y = pjH; X}, X;,, ] 'Hypj,

and thus p;Cp,;p; = 0.
3. Osborne and Smyth [24, 25, 26| considered a similar algorithm called Gradient
Condition Reweighting Algorithm (GRA) for real data. They employed the assumption

12
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that the given data are of the form yi = fi + €1, where the errors € are independent
and with mean zero and variance 0. The algorithm considered in [24] for exponential
data is close to the algorithm above in spirit but slightly differs with regard to the second
matrizc H:(pj)[ngij]_lHr(pj). Instead, for GRA the second matriz is of the form

ngivi with vj = X;jy, see also Algorithm SIMI-1 in the next section.

Iterative Quadratic Maximum Likelihood (IQML). Further, we present the it-
erative quadratic maximum likelihood (IQML) algorithm in [10, 11] and the algorithm
ORA (Objective function Reweighting Algorithm) in [18]. In both methods the itera-
tion
Pj+1 = argmin p*H;[ngij]leyp, (3.8)
"ot

is proposed. Compared to the representation of the gradient in Theorem 3.1 and to
the IGRA iteration in (3.7) the IQML iteration just does not take the second term

H, ) [XTXp]'Hyp into account.
This iteration works well in practice, see Algorithm 3.5. However, it is not obvious

whether the solution vector p; is indeed a fixed point of the IQML iteration. We can
apply this scheme also to the filtered data y.

Algorithm 3.5 (IQML)
Input: M, yg, k=0,...,L, with L > 2M.
1. Initialization
e Optional: Compute'y in (2.11) and replace in all further stepsy byy.
e Compute pg in (3.5).
2. Iteration: For j =0... till convergence

e Compute pj41 according to (3.8), i.e., compute the right-singular vector pji1
of [ngij]_l/QHy corresponding to its smallest singular value.

3. Denote by p the vector obtained by that iteration and compute the vector z of
zeros zj, j =1,..., M, of the Prony polynomial p(z) = Zgio prz® by solving an
etgenvalue problem for the corresponding companion matriz.

4. Compute the coefficients dj, j = 1,..., M by solving the least squares problem
V.d=y.

Output: Parameter vectors z, d.

4 New iteration schemes based on simultaneous mini-
mization

Based on the ideas of Osborne and Smyth, we want to consider an extended iteration
scheme in order to relax the problem of getting stuck at the next local minimum. For
two normalized vectors p and q in CM*! we introduce the matrix

A(p,q) := Xp[XqTXq]_ler,.
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Then, (2.9) can be written as p = argminy*A(p, p)y. Our goal is now to improve p
pe(c]\/[+l
Ipll2=1

during an iteration by simultaneously minimizing y*A(p;, p)y and y*A(p, p;)y with
respect to p to obtain pj;yi. Therefore, we consider the new iteration scheme

pj+1 = argmin (y"A(p;, p)y + Y A(P, P))y) , (4.1)
peCM+1
lIlpllg=1
and denote by
F(pj+1,p;) ==Y A(P), Pj+1)y + Y A(Pj+1,P))y (4.2)
= (pj)*H;[XngijJrl]ilHypj + (pj+1)*H;{ngxpj]ilHypj-ﬁ-l

the obtained functional value. The iteration schemes based on (4.1) will be shortly
called simultaneous minimization schemes (SIMI). We start with the following Theorem
that gives us a necessary condition for the sequence of vectors (pj)Jo.’;O similarly as in
Corollary 3.2.

Theorem 4.1 Lety = (yk)£:0 be given with 2M < L. Then, the vector pj41 com-
puted in (4.1) necessarily satisfies the eigenvector equation

(3 [XF, Xp,) " Hy — X7, Xu, ) Bjt1 =0, (4.3)

bj

where Xy, is generated as in (2.7) with w;, where w; := [ngﬂfpjﬂ]_lxgj y.

Proof: The proof is similar to that of Theorem 3.1 and Corollary 3.2. With p =
a+ib = (ay)M ,+i(bp)M, and p = (aT,bT)T € R?M*2 it follows from (4.1) necessarily
that Vg F(p,pj) = 0 for p = pj+1. As before, we employ the conditions

OF (p,p;) OF (p,pj)
T, 0 ad

With w := [Xgip]_lxgjy, Xy = Hyeg, and Xpw = Xyey, where e, € CMF!
denotes again the kth unit vector for £k =0,..., M, we obtain

=0, k=0,...,M.

OF (p,p;) 9 17+ v T -1 17+ ~vT % 1—1
e D7 H (X Xp| " Hyp; + p X}, X, ]~ Hyp|
I e
= [y Xp, [XIXp] XD y + v Xp[XE X ] 1ng}

=y X, XX (X[ X + XEXG XX, Xy
+y* Xi[ X} Xp, | XDy + y* Xp[Xp Xp ] Xy
= WX X,w— W*Xngw
Tyy* T ~ —1 *LT* T~ —1
+e;, Hy[ijXp].] Hyp+p Hy[ijij] Hye;
= 2Re <—e;‘5XVTVXWp + e;‘gH; [ngipj]*lHyp> .
Similar results are obtained for the imaginary part. We conclude that p;41 necessarily
satisfies the eigenvector equation
H; [ngipj]leyij - ngXWj pPj+1 =0.

Thus the assertion follows. m
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Remark 4.2 Observe that the eigenvector equation in (4.3) is still an implicit equation
since w; contains pj+1 in its definition. In particular, (4.3) implies by multiplication
with (pj4+1)* that

T N —1 T X — 2
p;—i—lH;[ijXPj] Hypj+1 = p;—l—lXWjXijj-l-l = HXijj+1H2
_ T X .
- W;XPjHXPjHWJ
~ T ~N —1~T
= y*ij [ij+1XPJ’+1] ijy
T ~ —1
= p;H;[XPj-s-lXPjH] Hypj
and thus
Y*A(pPj+1,P;)y =Y A(Pj; Pj+1)y- (4.4)

This result is remarkable since A(pj+1,P;) is similar to the pseudo inverse of
A(p]7 pj+1) .

Let us now study the convergence of the iteration (4.3).

Theorem 4.3 Lety = (yk)ﬁzo be given with 2M < L. Suppose that the normalized
vector pjy1 obtained by the iteration (4.1) or by the condition (4.3) respectively, is al-
ways uniquely defined. Then the sequence (F(pj, ij))JO-‘;O obtained by (4.2) converges
to a limit F*. Moreover, the desired vector

p = argmin y*X,, [X;";Xp]_lxg y (4.5)
pGCM+1
Ipllz=1

is a fixed point of the iteration (4.1).

Proof: 1. First we observe that A(p;,pj+1) and A(p;+1,p;) are Hermitian and
positive semidefinite, therefore F(p;, pj+1) is for all j € N bounded from below by 0.
By definition of the functional in (4.2) we have

F(pj,pjt1) < F(pj,pj) = 2y Xp, (X}, Xp, 7' XLy = 2y* Py < 2|ly 5.

Thus, the sequence (F(pj, pj+1));i0 is bounded from above. Further, the sequence is
monotonically decreasing since by (4.1)

F(pj,pj+1) < F(pj,pj-1) = F(pj-1,Pj)-

Therefore, this sequence converges to a limit F* = limj_o F(pj, Pj+1)-
2. We show now that p in (4.5) is indeed a fixed point of the iteration (4.1). By
definition, p satisfies the necessary condition (3.4) that takes here the form

(B3 [XIX5] " Hy - X5 Xg) b =0

with w = v(p) = X;{y, since

* 'YL o~ * I 1-1%xT (5 x wrx_x7t
Ho o) Xp X5l Hepp = Hyp) X Xp] X5r(p) = Hyp) X5 X5 X5 y
. =t - T =y _ xT v
= XGXpw=XXgp. (4.6)
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Thus, for p; = p in (4.3), it follows that pj11 = p, i.e.,, Vo F'(p,p) =0forp=p. =

In the following we want to propose two different iteration schemes that both ap-
proximate the iteration (4.1) to solve the nonlinear problem (2.9), where we successively
update the vector p. We start with the initial vector pg in (3.5).

First iteration scheme (SIMI-1 or GRA).
Employing the necessary condition in (4.3) we define for a fixed normalized vector p;
the matrix

Bp, := Hy [ngipj]ilHy - ngxvj
with v; := X;;jy = [ngfpj]*ngjy and propose the scheme

(Bp; = i) Pj+1 =0,

" (4.7)
Pj1Pj+1 = 1.

This iteration scheme is obtained from (4.3), when we approximate [Xg Xp 1 Xp,

j+1 j+1 J
by [ngij]_lij. The iteration scheme (4.7) is slightly different from the IGRA-
iteration in (3.7). We observe that By, is again a difference of two positive defi-
nite matrices. While the first matrix Hy [ngfpj]*lHy coincides with the first ma-

trix in the IGRA iteration, the second matrix X%jXVj is different from the matrix
Hj(pj)[ngij]_lHr(pj) in IGRA. However, when applied to the fixed point p, the
two matrices give the same result, see (4.6).

Remark 4.4 It appears that SIMI-1 is equivalent to the GRA-algorithm proposed in
[24] despite being derived in a different way. In [25, 26], a similar method is considered,
which is called difference version. The GRA algorithm in [25, 26] does not search for
the vector p but for a different vector v of parameters that is obtained by using a
modification of Prony’s algorithm based on the difference operator instead of the shift
operator. This is possible since the exponential functions zj are eigenfunctions of
the shift operator as well as of the difference operator, see also [27]. There exists an
invertible linear map that transfers ~y to p, [25]. A detailed study of the matriz By in
[25, 26] led to some remarkable asymptotic results. In particular, Osborne and Smyth
showed that for a fized point 4 of the iteration (4.7), the matriz IJ%LB;Y has a positive
semidefinite limit for L — oo and that with probability one, the zero eigenvalue of
B, is asymptotically isolated, see [26], Section 9. Their considerations about the local
convergence of the iteration scheme employ the strong assumption that the functional
F' with v; 1, = F(7;) has a Frechet derivative with spectral radius smaller than 1, and
that the fixed point of the iteration (4.7) is unique. The uniqueness of the fixed point
can however be only shown asymptotically.

Second iteration scheme (SIMI-2).
We recall that

y'A(p;,p)y = p;Hy[XpXp] ' Hyp;
= P;‘ H; [ngp]_l [XgXp] [ngp]_l Hyp;. (4.8)
Approximating [X]X] ™! by [ngfpj]*l in (4.8), we obtain
Y'A(p;,p)y = pPjH[X] Xy |7 [XpXp] [X] Xp, ] Hyp;

= V; [Xg Xp]Vj
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with v; = [XIT,J, ij]_l Hyp; = X;jy. Using this approximation we arrive at the
second iteration scheme
pPj+1 = argmin (y*A(p, p;)y +y A(pj, p)y)

pE(C]M"'l
lIpll2=1

= argmin (p* H;, [ng Xp, ] 'Hyp+v; X7 X, vj> ,

peCM+1 p
lpll2=1
= argmin (p* H;, [XIT,jij]_l Hyp+p” [Xz:] Xy, p) . (4.9)
peclvf+1 -
lIpllo=1

In the last equation, we have used that v (X Xplv; = VIXE X, vj and Xpv; =

ijp hold. Now each iteration step breaks down to finding the eigenvector to the

smallest eigenvalue of the positive semidefinite matrix Hy, [ngfpj]*l Hy, + X‘T,]_ Xy,
We summarize the procedure with one of the two iteration schemes in Algorithm 4.5.

Algorithm 4.5 (SIMI)
Input: M, zo, h, yx, k=0,...,L, with L+1=(2M + 1)K.

1. Initialization
e (Optional): Computey in (2.11) and replace in all further stepsy byy.
e Compute pg in (3.5).
2. Iteration: For j =0... till convergence
o Compute pjq1 according to (4.7) or (4.9).
3. Denote by p the vector obtained by that iteration and compute the vector z of

zeros zj, j =1,..., M, of the Prony polynomial p(z) = Z,JCVIZO prz* by solving an
etgenvalue problem for the corresponding companion matriz.

4. Compute the coefficients d;, j = 1,..., M by solving the least squares problem
V,d=y.

Output: Parameter vectors z, d.

In Algorithm 4.5, convergence is achieved if ||p; — pj+1]|2 < € for some predefined
positive value e. In our numerical results, we have employed € = 1078, Concerning
the convergence properties of the proposed iteration scheme SIMI-2 we observe the
following. Similarly as in the proof of Theorem 4.3 the achieved functional values
in the iteration scheme are bounded from below and from above. Therefore the se-
quence of functional values possesses accumulation points. Since the functional values
continuously depend on the iteration vectors, there can be only finitely many accumu-
lation points and the Cesaro mean of the sequence of functional values as well as the
corresponding mean of the iteration vectors always converges.

Finally we study the question, how to compute the inverse matrix [Xgip]_l as

well as the Moore-Penrose X;r for given p € CM*! in an efficient way. For that

purpose, let Fri4 = (W%Iil)ﬁk:o be the Fourier matrix of size (L 4+ 1) x (L + 1),
where w1 = e~ 2m/(L+1) " Observe that the Fouriermatrix is almost unitary with

-1 _ 1%
Fro =l
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Lemma 4.6 For a given vector p = (pg)iL, € CM*L the matriz Xp in (2.7) can be
factorized as

Xp = mFL—H Dp FL+1,L—M+1 (4'10)

where Dy denotes the diagonal matriz Dy := diag(p(wfﬂ))ﬁ:o with

M

k ik
(p(WLH)ﬁ:o = (ij W]L+1)£=0 =Fri1m11p,
=0

and where Fry1.1—nv41 and Fro1 py1 denote truncated Fourier matrices containing
only the first L— M + 1 and M + 1 columns, respectively. Further, we have

— 1 . .
(XL Xp] ! = sz+1,L—M+1[Dpr]+FL+1,L—M+1~

If the vector Fr 11 p41P only has nonzero components, then we also have

1 _
X} = mF*LH’L,MHDplFLH.

Proof: We consider the circulant matrix Xp that is obtained by extension of X, in
(2.7) to a square matrix of size (L + 1) x (L +1). Then X, can be diagonalized by the
Fourier matrix, i.e., B

Xp = FZ-lH DpFri1

with the diagonal matrix Dy, as defined in Lemma 4.6, see e.g. [31], Section 3.3. Now,
the factorization (4.10) is obtained by suitable truncation of the last Fourier matrix
in the factorization of Xp. The formula for [Xgip]_l directly follows from (4.10)
using that FJLFH’LiM+1 = %HF2+1’L_M+1. If moreover Dy, is invertible, then the
factorization of X ™ directly follows. m

5 Numerical results

We want to compare the different iteration methods and show that they all converge
in practice. We will consider the results of the least squares Prony method (Pisarenko
method) (PM), the approximate Prony method (APM) in [32], the SIMI-1 iteration
(GRA) in (4.7), the IQML iteration in Algorithm 3.5, the VARPRO method based on
Levenberg-Marquardt iteration using the software package of [22], and the two new
iterations SIMI-2 in (4.9) and IGRA in Algorithm 3.3. For all algorithms we will also
employ the smoothed data y in (2.11) alongside the original data vector y. Besides
achieving a much smaller error variance in the smoothed data y, a further advantage is
that the obtained Hermitian Toeplitz matrix ngipj is only of size (M +1) x (M +1)
at each iteration step in IGRA, IQML and SIMI-iterations.

In all examples, we want to recover the parameters T} = %log(zj) and d; of the
signal f(x) = Zj\il djeTj’” from noisy measurements yr = f(kh) + €,. With the

Tjh

previous notation we have z; = e*" where h is some fixed step size. The recovered

~

signal is denoted by f(z) = Z]]Vi 1 c@-efj’”. The recovery of d; is done in the same way
for all algorithms, therefore we present only the results for 7). For the first and second
example we employ the right singular vector to the smallest singular value of Hy or of
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Hy as initial vector, respectively. In Example 5.1 we particularly test the dependence
of the results from the number of measurements L for fixed noise level. In Example
5.2 we consider different noise distributions and noise levels. In the third example we
test different initial vectors for different levels of Gaussian noise. The last example
contains complex parameters z; and T}, respectively. We will study the number of the
iterations (Nol), the relative error e(f) given by

~

maxc [f(kh) — F(kh)

k=0,...,
V=T s TR

and the normalized 2-error

1 L . 1/2
Lﬂ(kzo g — FUkh)2)

that measures the distance of the recovered signal to the measured signal y.

In the first, the second and the last example, we present the mean values ZIA} the
mean relative error e(f) and the mean 2-error obtained from 100 simulated data sets.
In the third example, we have considered single data vectors y.

Example 5.1 In this example from [18] we use h = 1/L and consider the data
yr = exp(—4k/L) + €, k=0,1,...,L,

where €, ~ N(0,0.01), i.e. the deviation is o = 0.1. We use either the full data vectory
with L = 11,32,128, 512 or the filtered datay € R3 in (2.11). The bound for the highest
number of iterations is set to 10. We compare the results for each algorithm in Table 1.
1/2
2)

The mean values of the normalized 2-error %ﬂ (Zé:o |f(k/L) — yi) achieved by

the exact parameters are 0.0291 (L = 11), 0.0174 (L = 32), 0.0088 (L = 128), 0.0062
(L = 254) and 0.0044 (L = 512).

We observe in Table 1 that the direct methods PM and APM do not profit from
a higher number L of samples. Particularly PM obtains even worse results. These
results verify that the non-iterative Prony methods are not consistent, [18]. All iterative
methods achieve with their estimated parameters mean errors in the same range as the
optimal parameters, and the errors decreases for growing L. For filtered data, all
methods work equivalently well. For larger L, we have a stronger reduction of noise
variance in'y, see the remarks below (2.11).

Example 5.2 We consider the example in [26] with M =2 and h = 1/L of the form
yr = 2exp(—4k/L) — 1.5exp(—=Tk/L) + €, k=0,1,...,L.

Here, we are interested in the performance of the algorithms for e, € N(0,0?) with dif-
ferent deviations, o € {0.001,0.01,0.05}. We show the results in Table 2 for a fized L =
49. In addition to normal distribution, we show the results for e; ~ Lognormal(0, o?)
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with different deviations o and L = 254 in Table 3. Again we compare the 2-errors pro-
vided by the algorithms to the errors obtained by taking the exact parameters Ty = —4
and Ty = —7. The mean values of the normed 2-error for the measured samples with
normal distribution noise are 1.39e — 04 (o = 0.001), 0.0014 (¢ = 0.01) and 0.0071
(o = 0.05). Those with Lognormal distribution are 6.29¢ — 05 (¢ = 0.001), 0.0006
(0 =0.01) and 0.0022 (o = 0.005). For smaller noise levels, all iterative methods work
well and achieve even better 2-errors than the correct parameter vector. However, for
o = 0.05 completely different parameters are provided, while the obtained errors are
very small. This shows, that many different parameter vectors allow an approximation
of the given data with a similar 2-error.

The results of Table 3 show that the iterative methods can also cope with different
noise distributions. For o = 0.05, the methods IQML, VARPRO, as well as the new
iterations SIMI-2 and IGRA find parameter vectors which are quite away from the
original parameter vector T = (—4,—7) but achieve a much smaller error of about
3.4e — 04 instead of 0.0022. SIMI-1 (GRA) does not work as well in this case. These
results show however the strong ill-posedness of the parameter estimation problem, while
very good approximation results are achieved.

Example 5.3 Now we investigate a three-term model with h = 5/L of the form
yr = exp(0.95 kh) + exp(0.5 kh) + exp(0.2 kh) + €, k=0,1,...,L,

where ¢, ~ N(0,02) with o € {0.0001,0.001,0.01}. Observe that in this case the
exponentials exp(0.95), exp(0.5) and exp(0.2) are larger than 1 such that the sequence
exponentially increases. Again, the filtered data yi,k = 0,...,6, is also considered.
We employed a fixed number of L = 69 samples. We have computed here only the the
parameters of one noisy measured vector'y (without any averaging of results). With the
correct parameters, we obtain the normed 2-error for the measured samples 1.3371e—05,
1.0789¢ — 04 and 0.0013 for o = 0.0001, 0.001 and 0.01, respectively.

In this example we have investigated the influence of the initial vector pg and re-
placed it by the singular vectors of H,Hy (and H;Hy, respectively) to the second or
third smallest singular value. The bound for the highest number of iterations has been
set to 20. The results are given in Table 4. As one can see, the SIMI-1 (GRA) itera-
tion depends more strongly on the starting vector than the other iterative algorithms.
Further, for strong noise all algorithms provide in the last part of the table parameters
for the frequencies T that are completely different from the original parameter vector
(0.95,0.5,0.2)T. But the 2-error shows that the found parameters indeed admit an ap-
proximation of the noisy data vector by a three-term exponential sum being equally good
as the original parameter vector. Thus, from approrimation point of view all algorithms
work well.

Example 5.4 At last, a frequency estimation example in [18] will be studied,

i —i
yr = cos(0.1k + 1) + ¢ = %elk/w + %e_lk/lo + € k=0,1,...,L,

where €, ~ N(0,0.01). We use either the full data vector y with L = 14,49,254,514,
or the filtered data'y in (2.11). The bound for the highest number of iterations is set to
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10. We compare the results for these two data sets for each algorithm in Table 5. The
mean values of the normalized 2-error for the measured samples are 0.0255 (L = 14),
0.0139 (L = 49), 0.0063 (L = 254) and 0.0044 (L = 514). Convergence results can
be obtained from the iteration algorithms with the full data. However, for the filtered
data we suffer from aliasing effects caused by periodicity of €. Here, we reconstruct
2 and 25 = 275 instead of 21 = /10 and z = ¢7V/10. For L = 254 we have K = 51
and for L = 514 we have K = 103, see (2.11). While 25 and 25 can be still well
reconstructed, we cannot extract T1 and To = =T uniquely by restricting the phase to

[—7, 7], since KTy = K/10 and KTy = —K/10 are not longer in [—m, 7).

6 Conclusion

In this paper, we have surveyed different numerical methods to solve the problem of
optimal recovery of signal vectors by vectors constructed with short exponential sums.
This problem appears in many applications, where one needs to estimate exponential
decays or requires a sparse approximation of the data using exponential sums. If the
exponential function model is known beforehand and the measurements contain i.i.d
random noise, then the considered model is consistent for L — oo, while the non-
iterative methods PM and APM are not consistent, see [18]. Usually, the results of
non-iterative methods can be strongly improved by employing a filtering in a pre-
processing step. Pre-filtering may however cause aliasing effects.

One main goal was to present a uniform framework to solve the nonlinear mini-
mization problem and to recover optimal parameters with respect to the 2-norm error.
In particular, we are interested in iteration algorithms that are robust with regard to
the choice of initial vectors and converge quickly. Using an explicit representation of
the Jacobian matrix, we proposed the algorithm IGRA in Section 3, which is close in
nature but not equivalent to the GRA algorithm by Osborne and Smyth [26]. Further,
we proposed a new iteration scheme based on simultaneous minimization in Section 4.
This approach leads to two schemes SIMI-1 and SIMI-2. SIMI-1 appears to be equiv-
alent to GRA for the recurrence case in [25, 26]. The numerical experiments show
that the two new schemes IGRA and SIMI-2 converge fast and are more robust with
regard to the choice of starting vectors than VARPRO, see Example 5.3 and Table 4.
Moreover, it can be seen from the numerical examples that the problem of parameter
identification is ill-posed. We are able to find very good approximations of the given
measurements using exponential sums with different parameter vectors.
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PM APM IGRA

SIML-I
(GRA)

VARPRO SIMI-2
(4.9)

IQML

with filter

Nol \ \ 7 6 3 4 7

T -3.9933  -3.9765  -4.0136  -4.2473  -3.9966  -4.0324  -3.9905
rel. error  0.0914  0.0918  0.0900  0.0899  0.0929  0.0897  0.0921
2-error 0.0262  0.0228  0.0262  0.0262 00277  0.0262  0.0265

with filter

Nol \ \ 7 6 2 4 6

T -4 -3.9931  -4.004  -4.0386  -4.0838  -4.0113  -4.0147
rel. error  0.0676  0.0677  0.0670  0.0670  0.0762  0.0670  0.0690

2-error 0.0171  0.0180 00171  0.0171 00172  0.0171  0.0179

with filter

NoI \ \ 5 5 2 4 5

T -3.9893  -3.9871  -3.9887  -4.0123  -3.9948  -3.991 -3.9848
rel. error  0.0438  0.0439  0.0424  0.0424  0.0329  0.0423  0.0376

2-error 0.0088  0.0087  0.0088  0.0088  0.0088  0.0088  0.0087

with filter

Nol \ \ 5 5 2 4 5

T -3.9918  -3.9908  -3.9964  -4.0261  -4.0165  -3.9975  4.0555
relerror  0.0239  0.0239  0.0243  0.0243  0.0245  0.0243  0.0243
2-error 0.0062  0.0062  0.0062  0.0062  0.0062  0.0062  0.0062

with filter | Nol \ \ 4 4 2 3 4
T -3.9958 -3.9952 -4.0006 -4.0339 -3.9755 -4.0013 -4.0075
rel. error  0.0178 0.0178 0.0172 0.0172 0.0178 0.0172 0.0172
2-error 0.0044 0.0044 0.0044 0.0044 0.0044 0.0044 0.0044
Table 1:

Simulation results for perturbed signal values yy = exp(—4xy) + €k, € ~ N(0,0.01),
k=0,1,...,L, and the low-pass filtered data 3,k = 0, 1,2, in Example 5.1.
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VARPRO

with filter

Nol \ \ 4 3 4 3 4

T -3.9949 -3.9951 -3.9963 -3.9997 -4.0180 -3.9962 -3.9906
-7.0203 -7.0195 -7.0148 -6.9967 -6.9335 -7.0152 -7.0420

rel. error 0.0027 0.0027 0.0025 0.0025 0.0025 0.0025 0.0025

2-error 1.52e-04 1.52e-04 1.50e-04 1.50e-04 1.46e-04 1.50e-04 1.50e-04

with filter \
T -4.0232 -4.0496 -4.0561 -4.4972 -4.1783 -4.0453 -3.9047
-6.8825 -6.7948 -6.7756 -5.7285 -6.4773 -6.8130 -7.2656
rel. error 0.0250 0.0252 0.0248 0.0249 0.0219 0.0249 0.0249

2-error 0.0015

with filter | Nol \ \ 9 7 6 7 9
T -3.5519 -3.7656 -3.7250 -1.5973 -3.353 -3.5876 -3.4144
-10.0998 -8.2865 -8.7870 +1.5356i1 +2.14i -9.9987 -12.1183
rel. error 0.1467 0.1449 0.1394 0.1408 0.1362 0.1446 0.1394
2-error 0.0081 0.0080 0.0079 0.0079 0.0076 0.0080 0.0079
Table 2:

Simulation results for perturbed signal values y; = 2exp(—4xy) — exp(—Tzy) + €, € ~ N(0,02),
k=0,1,...,L, with L = 49 and the low-pass filtered data y, k = 0,1,2, 3,4, in Example 5.2.
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VARPRO

with filter

\ \ 3 3 1 3 3

T -3.9261 -3.9262 -3.9224 -3.9224 -3.9258 -3.9224 -3.9224
-7.1888 -7.1888 -7.2052 -7.2052 -7.1903 -7.2052 -7.2050

rel.error 0.0025 0.0025 0.0026 0.0026 0.0025 0.0026 0.0026
1.44e-05 1.44e-05 1.68e-05 1.68e-05 1.46e-05 1.68e-05 1.68e-05

2-error

with filter \ \ 4 4 2 4 4
T -3.4646 -3.4655 -3.4475 -3.4473 -3.4605 -3.4471 -3.4498
-8.8142 -8.8064 -8.9900 -8.9919 -8.8554 -8.9939 -8.9622
rel.error  0.0259 0.0258 0.0275 0.0275 0.0262 0.0275 0.0275

1.58e-04

1.57e-04

1.85e-04

1.85e-04

1.64e-04

1.86e-04

1.85e-04

2-error

with filter \ \ 8 6 9 6 8
T -2.5766 -2.5821 -2.5596 -2.5594 -2.5671 -2.5564 -2.5691
-20.7415.71  -22.6+15.61 -17.0+15.6i -17.04+15.6i 18.9 +15.61  -16.5+15.6i -18.24+15.61
rel.error 0.2486 0.2448 0.2662 0.2678 0.2554 0.2695 0.2663
2-error 0.0021 0.0021 0.0020 0.0020 0.0020 0.0020 0.0020
Table 3:

Simulation results for perturbed signal values y;, = 2 exp(—4xy) — exp(—7xy) + €k,
ex ~ Lognormal(0,0?%), k =0,1,..., L, with L = 254 and the low-pass filtered data 7,
k=0,1,2,3,4, in Example 5.2.
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IQML VARPRO  SIMI-2 IGRA
(4.9)

with filter 20 3 1 20 20

\

T 0.9498 0.9497 0.9497 0.9506 0.9497 0.9497
0.4943 0.4928 0.4928 0.5148 0.4928 0.4928
0.1947 0.1942 0.1942 0.2109 0.1942 0.1942

rel. error 8.36e-07 7.17e-07 7.17e-07 7.49e-07 7.16.e-07 7.17e-07

2-error 1.07e-05 1.09e-05 1.09e-05 1.09e-05 1.09e-05 1.09e-05

with filter \ 12 5 20 20 4
T 0.9503 0.8412 0.9511 0.9510 0.9511 0.9511
0.5113 -0.124-3.61 0.5223 0.5220 0.5225 0.5220
0.2118 -0.12-3.61 0.2146 0.2146 0.2148 0.2145
rel. error 3.82e-06 0.0158 2.89e-06 2.44e-06 2.90e-06 2.88e-06

2-error 1.16e-04 0.1008 1.14e-04 1.41e-04 1.14e-04 1.14e-04

with filter \ 20 5 8 20 18
T 0.9431 0.9372 0.9443 0.9443 0.9442 0.9372
0.3681 0.3325 0.3733 0.3738 0.3728 0.3325
-0.3735 0.14+4.3i -0.4417 -0.4324 -0.4516 0.1+4.31
rel. error 4.84e-05 1.88e-04 3.41e-05 3.38e-05 3.43e-05 1.88e-04
2-error 0.0013 0.0015 0.0013 0.0013 0.0013 0.0015
Table 4:

Simulation results for perturbed signal values yi = exp(0.95 xy) + exp(0.5 z )+ exp(0.2 zx) + €,
k=0,1,..., L, with L = 69 and the low-pass filtered data 35, Kk =0,...,6, in Example 5.3.
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VARPRO SIMI-2

(4.9)

PM APM

SIMI-1
(GRA)

IQML

IGRA

with filter Nol \ \ 7 5 5 7
T -0.01-0.12i -5e-4-0.10i 2e-3-0.1i 0.3143 0.0165 6e-4-0.11i
-0.014-0.12i  -5e-4+4-0.10i  2e-3+0.1i -1.1243 -0.0492 6e-4+0.11i
rel.error  0.1876 0.1659 0.1539 0.1546 0.1653 0.1553
2-error 0.0249 0.0234 0.0227 0.0227 0.0240 0.0227

7

0.02-0.11i
0.02+0.11i

0.1539
0.0226

with filter Nol \ \ 5 4 3 4
T -2e-5-0.10i1 2e-4-0.101 9e-5-0.101 4e-4-0.101 -Te-4-0.101 9e-5-0.10i1
-2e-5+0.10i  2e-4+40.10i 9e-54-0.101 4e-4+0.10i -7e-44-0.10i  9e-5+0.10i
rel.error  0.0546 0.0548 0.0549 0.0549 0.0519 0.0550
2-error 0.0135 0.0135 0.0135 0.0135 0.0136 0.0135

5

le-3-0.10i
le-34-0.10i

0.0549
0.0135

with filter Nol \ \ 6 5 4 6
T -le-4-0.02i 2e-6-0.021 -3e-5-0.02i 2e-4-0.021 3e-4-0.02i -3e-5-0.02i
-le-44-0.02i  2e-6+0.02i -3e-54-0.02i  2e-4+0.02i 3e-4+0.02i -3e-540.02i
rel.error  1.0373 1.0386 1.0384 1.0384 1.0412 1.0384
2-error 0.0445 0.0445 0.0445 0.0445 0.0445 0.0445

6

5e-4-0.02i
5e-4+0.02i

1.0384
0.0445

with filter Nol \ \ 5 4 4 5 5
T -8e-5-0.021 -1le-5-0.021 -2e-5-0.021 -3e-5-0.021 -2e-8-0.021 -2e-5-0.021 -1le-4-0.02i
-8e-5+0.02i  -1e-54+0.021  -2e-540.02i -3e-5+0.02i -2e-840.021 -2e-540.02i -1le-4+0.02i
rel.error  1.0438 1.0431 1.0431 1.0431 1.0423 1.0431 1.0431
2-error 0.0312 0.0312 0.0312 0.0312 0.0312 0.0312 0.0312
Table 5:

Simulation results for perturbed signal values yx = cos(0.1z; + 1) + €, e ~ N(0,0.01),

k=0,1,...,L, and the low-pass filtered data yi, k = 0,1, 2, 3,4, in Example 5.4.
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