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Abstract

Nonlinear diffusion filtering and wavelet shrinkage are two successfully applied methods for dis-
continuity preserving denoising of signals and images. Recently, relations between both meth-
ods have been established taking into account wavelet shrinkage at one scale. In this paper,
we propose a new explicit scheme for nonlinear diffusion which directly incorporates ideas from
multiscale Haar wavelet shrinkage. We prove that our scheme permits larger time steps while
preserving convergence to the mean signal value. Numerical examples demonstrate the behavior
of our scheme for two and three scales.
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1 Introduction

Nonlinear diffusion filtering has become a powerful tool in signal and image restoration, e.g.,
for denoising purposes. The choice of nonlinear diffusion filters leads to impressive results by
removing insignificant, small-scale variations while preserving important features such as dis-
continuities, see [4, 10, 14, 16] and the references therein. On the other hand, wavelet shrinkage
methods were also successfully applied for removing noise without sacrificing important struc-
tures such as edges, see [1, 5, 7, 11] and the references therein.

Recently, the connections between explicit discrete one-dimensional schemes for nonlinear diffu-
sion and shift-invariant Haar wavelet shrinkage were established in [15, 12]. The authors showed
that one step of a (stabilized) explicit discretization of nonlinear diffusion can be expressed in
terms of wavelet shrinkage on a single spatial level. This equivalence allows a fruitful exchange of
ideas between the two fields. For example, new wavelet shrinkage functions can be derived from
existing diffusivity functions and vice versa leading to explicit schemes with well understood
stability properties. These considerations were generalized to two spatial dimensions in [13, 18].
In particular, diffusion inspired wavelet shrinkage schemes with improved rotation invariance
were proposed.

However, while these approaches rely on one scale of wavelet shrinkage, wavelet filter banks are
usually applied with multiple scales. Of course, multiscale shrinkage with Haar wavelets can
be interpreted as application of the one scale nonlinear explicit diffusion scheme to hierarchical
signals [15]. In this paper, we propose a wavelet inspired explicit diffusion scheme which directly
incorporates multiple scales. The new discretization admits larger time steps than the original
explicit scheme and is therefore more efficient. It has been shown already in [2] that translation—
invariant wavelet shrinkage can be interpreted as a smoothing scale-space. We prove that the
new explicit scheme satisfies a lot of discrete scale-space criteria as the average level invariance,
a certain extremum principle and convergence to spatial average. Note that the ideas for proving
scale-space properties from [16] can not applied here. Compared to the model of discrete diffusion
filtering presented in [16], our iteration matrices do not satisfy all conditions given there. In
particular, the nonnegativity of all elements of the iteration matrix may be violated.

In this paper, we restrict our attention to the one-dimensional spatial setting. Moreover, we do
not take semi-implicit discretization schemes into account which do not suffer from time step
restrictions, but require to solve a linear system of equations, see, e.g., [17, 16].

This paper is organized as follows. Section 2 reviews the relation between explicit schemes
for nonlinear diffusion and shift-invariant one-scale Haar wavelet shrinkage in a matrix—vector
notation. We extend this scheme to multiple scales in Section 3. This results in a new explicit
diffusion scheme which allows larger time steps while preserving convergence. Section 4 deals
with convergence and stability properties of our new scheme. Finally, we present numerical
results in Section 5.

2 Explicit discretization of the filter process
We consider the diffusion process
up = (g(Jug|)uz)x on (0,N) x (0,00) (2.1)
with a given noisy signal f as initial state
u(z,0) = f(x) x € [0, N],
and periodic boundary conditions

u(0,t) = u(N,t), uz(0,t) = ugy (N, t).



Here subscripts ¢ and x denote partial derivatives. The time ¢ is a scale parameter. Increasing
t corresponds to stronger filtering. The diffusivity function g(|us|) is a non-negative function
that determines the amount of diffusion. It is decreasing in |uy| in order to ensure that strong
edges are hardly blurred by the diffusion filter while small variations (noise) are smoothed much
stronger.

In this paper, we restrict our attention to bounded diffusivities g. Without loss of generality let

0<g(z) <1, z eR. (2.2)

Frequently applied bounded diffusivities are

1
Perona — Malik — diffusivity g(z) := T2 (see [14]),
x

1
Charbonnier — diffusivity ¢(z) = ————== (see [3]).

NiETpT

For further diffusivity functions which can be applied in this context, see, e.g., [12].

In this paper, we restrict our attention to discrete signals f = (fo, ..., fN_l)T representing, e.g.,
the sampled values of a function f at the locations x; = ¢, ¢ = 0,..., N — 1. Moreover, the
periodic boundary conditions are taken into account by considering spatial indices modulo N.
Replacing the spatial derivative in (2.1) by simple forward differences, we obtain

wi(t) = g(uip1(t) — uilt)) (wipr(t) — ui(t)) — g(ui(t) — wi1(t)) (ui(t) — i1 (1)),

where wu;(t) approximates u(x;, t). For the time discretization we apply the Euler-forward scheme
(k)

with time step size 7. Using t := k7, k € Ny and u; ~ as approximation of u(z;,t;), we obtain

DB ) 00

z = g, () () ()

k k
Uiy — U ) — Q(UE ) Ui7)1) (u; " —u—y)

(k+1)

Hence, the approximate solutions u; ,i=0,...,N—1 at time step (k-+1)7 can be computed

fromu(k),i:O,...,N—lby

i

uf Y = 7 (g - ) ) = ) - g —ul) @ - ul))

with initial conditions ul(o) = fi,i=0,...,N — L.

Set ulk) := (uék), e ug\lf)_l)T and let I be the identity matrix of order N and V the circulant

shift matrix

01 0 ... 0
0 0 1 0
V =
00 ... 0 1
1 0 ... 0
with Vx = (z1,22,...,25_1,70)" for x := (mz)fi_ol Then we can write the explicit scheme in
matrix-vector notation as
uF ) = u® — 71— VI D® (1 - V)u®), (2.3)

where the diagonal diffusivity matriz is given by

D® .—D ((I ~V) u(k)>



and
D(y) := diag (¢(|yol), - - -, 9(lyn—1))-

In summary, one iteration step of the explicit scheme is of the form u*+1) = A®) u*) with the
iteration matrix
AR = AR WPy =1 - 71 - V") D® 1 -V).

Let us briefly explain the connection with translation—invariant Haar wavelet shrinkage investi-
gated in [12]. We consider the Haar wavelet filter bank with a single scale shown in Figure 1. Ap-
plying the z-transform to the discrete signal u®) = (ufk))N o} we obtain u(®)(z) = Z 0 (k) P
Further, let H(z) := (1+2)/v/2 and G(z) := (1 — z)/v/2 be the low-pass and the hlgh—pass filter
of the filter bank, 2 | and 2 T denote downsampling and upsamling by 2 and S the shrinkage

function.

H(z) -2 | =21 = H(z71)
u(k)(z) u(k+1)(z)
G(z -2 | :@ =27 > G(z!
() (s) )
Figure 1: Two-channel filter bank with H(z) = li\/g and G(z) = 1_722
We obtain
N—-1 (k)+ (k) . N=1 (k) _, (k) .
u®) (2)H(z) = Z;) —\/5”'1 27w (2)G(2) = l;) il ﬁ”l 27,
such that downsampling, application of .S, and upsampling lead to
N/2—1 (k) , (k) N/2—-1 (k) (k)
(k+1) _ -1 Uy TUgit1 _—2i Ugi —U2i41 —2i
u (z) =H(z )Z:O v + Gz Z S( 7 )z .

Identifying z with the shift matrix V, the convolution of u*) with the filter H yields H(V)u®,

where H(V) = \%(I + V). Similarly, the convolution with the filter G can be written as
multiplication with G(V) := \%(I — V). Downsampling is represented by multiplication with
the matrix

1 0 0
P 00100 c RV/2xN

0 0 010

and upsampling by multiplication with PT. In summary, we obtain the matrix-vector represen-
tation of the filter bank

u®D = gvIYPTP H(V)u® + G(VT)PTS (P G(V) u(k)) ,

where S(Y) = (S(yO)v s aS(yN/Q—l))'
A translation—invariant filter bank can be simply interpreted as a filter bank without downsam-
pling and upsampling, where the result is "normalized” by the factor 1/2, i.e.,

a1 — LHVTYH(V)u® + La(vT)sk), (2.4)



Figure 2: Nonsubsampled two-channel filter bank with H(z) = 1% and G(z) = 1;\/5

where S*) .= S (G(V)u(k)) and the shrinkage operator is again applied componentwise. The
translation—invariant filter bank is shown in Figure 2.

Since
L(H(VT) H(V) + GVT) G(V)) = T (2.5)

which indeed holds true for every filter bank with perfect reconstruction property, we can rewrite
(2.4) as
ulbt) = u® L GgvT) (G(V)u®) — s®).

Comparison with (2.3) leads with x*) := G(V)u® = (1 - V)u® to

x® —s(x*) = 47D (\/ﬁx(k)) x().
Consequently, we have that
S(z) =z (1 - 4rg(V2z)).

This connection between diffusivity and shrinkage function was established in [12].
The diffusivity functions considered before correspond to the following shrinkage functions:

Perona-Malik diffusivity = S(z)==x (1 _ )\;4?;62) :
Charbonnier diffusivity = S(z) =z (1 _ f‘yfw) .

The diffusivities and corresponding shrinkage functions are depicted in Figure 3, cf. [12].

3 The new explicit scheme

In general, wavelet shrinkage is applied to multiple scales. We want to use the idea of multilevel
wavelet shrinkage to develop a new explicit diffusion scheme. Let us consider two levels of
translation—invariant wavelet shrinkage as described in Figure 4. Since we can apply different
shrinkage functions at different levels, we introduce S;, (i = 1,2).

Translation—invariant Haar wavelet shrinkage at two scales produces for a given input vector
u® the output vector

a® ) = LE(VI) H(VAT)H(V?) H(V)a® + LH(VD)G(VAT) 857 + 3G(vT) s,

where

N—-1
8§ = 82 (G(V?) H(V)u®) = (8, (3 +ufh —ully - )

and Sgk) := S$1(G(V)u®)) as before. Using the perfect reconstruction property (2.5) this can be
rewritten as

uk ) = k) —LGvT) (G(V)u<k> - sg‘”) —LH(VT)G((VH)T) (H(V)G(W)u(k) - sg’”) .(3.1)

5
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Figure 3: Left: diffusivity functions, Right: corresponding shrinkage functions for Perona-
Malik (top) and Charbonnier (bottom). The functions are plotted for 7 = 0.25, A = 1.

In order to see how (3.1) can be interpreted as diffusion scheme we verify by Taylor expansion
that both (I—V)u and £(I+V)(I-V?)u are consistent discretizations of u, at 4,i=0,...,N—1
of order 1. Now we consider the shrinkage parts as suitable splitting of the discretization of u,
into these parts. More precisely, we replace the shrinkage parts by

x(k) — Sl(x(k)) = a147D <\/§X(k)> x®) = o 47’ng) x(k),
v#® _Sy(y®) = ay7D (y(k> /2> y® = ay 7D y®),
where x*) .= G(V)u®, y®) .= H(V)G(V?*)u® and a; + az = 1. Then (3.1) becomes
utt+ = y® —T(al 1-vHDP (I-V)+ ‘i‘—é I+ V(I - (V)T DP (I - V)T + V))u(k).
This can be rewritten as
a ) —u® — (1= V) [y DY + 52 1+ VIR DY 14+ V)2 @-v)u®.  (32)
These considerations can simply be generalized to more scales. Let Z?:l aj =1. For j > 2 we

introduce the following explicit discretization of the diffusion process (2.1) with initial condition
ul® = f and periodic boundary conditions,

akth) gk [Oq(I _V7) ng) (T-V)
n o Jj—2 oINT 9i=1\T (k) i1 j—2 ol *)
" 32216]—]1(11;[0(I+(V ) )> (= (V2 ))D7d-v= ) <ll;[O(I+V ))] u

= u® —ra-vT) {al ng)



H(z) sH(=)
G(2? S 1G (272
W) (Z) (Z ) 2 2 ( ) wk+D) (Z)
G() =@ 16
Figure 4: Two scales of translation—invariant Haar wavelet shrinkage with H(z) = 1%/5 and
G(z) = 1%22

n j=2 i=2
Y (H 1+ <v2l>T>2> D" (H <1+v2l>2>] (T-V)u®. (3:3)
=2

with diagonal diffusivity matrices

(=2
D" = D (—4j11(I—V2] Y (ll_TO(HVZZ)) u(’“)>
.- N-1
, SN R :
= diag (g | 7= lz (Wiy) = U y0i1) , j=1,...,n. (3.4)
=0 i=0

For n = 1, this is just (2.3). For n = 2, equation (3.3) coincides with (3.2).
The consistency of the discretization can be seen as follows. Considering the i-th component
(t=0,...,N—1)of
g2 l
T = V¥ T+ V) ul®

we obtain by Taylor expansion assuming a sufficiently smooth function «(¥) that

2i-1_1 )
o > B+ Dh) —u® (i + 14+ 277 1)h)
=0
2i—1_1 .
= A 2 @W(iR) + ol @)k + O(h2)) — (u® (i) + uiF (ih) (1 + 2 1)h + O(h2))
=0

= —ul(ih) + O(h).

Analogously, for a sufficiently smooth periodic function w, the vector

oo (L= (VP jHj(I ~V)w

with w := (w(ih))N;! approximates w, := (w,(ih))N " by backward differences.

The new discretization scheme (3.3) can be interpreted as follows. While the first term 7o (I —
VT)ng) (I—V)u® is the weighted discretization (2.3), the further terms act more globally and
smooth the signal stronger. In the following, we will see that we can use larger time steps 7 for
appropriately chosen parameters o (j = 1,...,n). In other words, our wavelet inspired scheme
needs much less iterations than the original discretization scheme (2.3) in order to achieve an
equivalent denoising result.



4 Properties of the new explicit scheme

It is well-known that the solution of the continuous diffusion process (2.1) converges to the spatial
average of the initial data f for t — oo, see, e.g., [16]. Therefore, the explicit discretization should
also have this property. In this section, we derive conditions for the parameters aq, ..., a, and
the time step 7 such that the iteration process (3.3) converges for kK — 0o to the average of the
initial discrete signal f = (fo,..., fv_1)7, i.e., to ul with 1 := (1,1,...,1)” and

LNt
pi=x > fi
i=0

Lemma 4.1 (Conservation of the average value) The average value is preserved by the
diffusion process (3.3), that is

&)
N O U = vV k € Np.
i=0
Proof. Since 17(I — VT') = 07 we see by (3.3) that 17u*+1) = 1Tu®), g.e.d.

4.1 Linear diffusion

Let us consider the convergence for the linear diffusivity g(x) = 1 first. In this case, we have
D;k) =1 j=1,...,nand (3.3) is of the form

u+D Z A u®

with

A, :=I-71-VT)

n j—2
arl+ > 1;—11 [JH I+ (VQZ)T)Q(I + V2’)2>] (I-V).
j=2 1=0

Observe that A, is a symmetric circulant matrix, i.e., it is diagonalizable by the N-th Fourier
matrix, see [6], and all its eigenvalues are real. Since (I—V)1 = 0, we have that A, 1 = 1. Thus,
1 is an eigenvalue of A,, with corresponding eigenvector 1. In order to show that u(®) = AF ul®
with u(® = f converges to ul for k — oo it remains to ensure that all further eigenvalues of A,
lie inside (—1,1).

Theorem 4.2 The iteration scheme (3.3) with linear diffusivity g(|x|) = 1 converges for every
ul® =f e RV to the spatial average,

lim AfFu©® = 41, (4.1)

k—o0

if and only if the parameters a; € [0, 1] with Z?Zl aj =1 and the time step T > 0 fulfill

7r2j_1m>4

" q <Sin N 1
T : <=, m=1,...,N — 1. (4.2)
j; 16]‘1 (sin 7rm)2 2

2mim

Proof. The eigenvalues of A,, are given by p,(e ¥ ), m=0,...,N — 1, where

n ) Jj—2
pa(z) = 1—1(l—zY s + 3 1o TIA+22)21+22)2 (1 -2)
j=2 =0
n o Jj—2 . .
= 1-72-z2"=2) a1 + X 57 [[Q+272 +2%)°
j=2 1=0




Hence, the assertion (4.1) is satisfied if and only if |pn(e%)| <lforallm=1,...,N—1. Now
2mim

pn(e”"~ ) can be rewritten as

2mim

pn(e"™ ) = 1—7(2—2cos2™)

2
oy + Z 16] Ll H <2+200s%) ] (4.3)

— 1—dr (sinTm)?

4
a; + Z T H (2008”2’") ]

and further, using that 2 cosa = sin2a/sin o, as

2mim 4t “ a; w20 m 4
Pule ) =1= 5 ) 5 (Sm N >
(sin 5¢)” 7

Obviously, we have that pn(e%) < 1. The restriction pn(e%) > —1 yields the assertion.
q.e.d.

4.2 Nonlinear Diffusion

Now we consider bounded nonlinear diffusivity functions g(|x|) satisfying (2.2). Recall that the
explicit discretization scheme (3.3) has the form

alh D) = AR y(b)

9

where
n ] Jj—2 j—2
A =1—71-VT) [aIDﬁ‘“ + 3 <lH (T+ <V21>T>2> D" (ZHO (1+ v%?)] (1-V)
]: fn ]

strongly depends on the input vector u(®.
We will apply the following Theorem of Weyl (see e.g. [9], page 181).

Theorem 4.3 (Weyl) Let A,B € CV*N be Hermitian matrices and let the eigenvalues of
A, B and A+B be denoted in increasing order by Ai(A), \i(B), \i(A+B),i=1,...,N. Then
we have fori=1,...,N that

Ai(A) + M (B) < M(A + B) < A(A) + Ay(B).

Now we can prove the convergence of our scheme for nonlinear diffusivities. By (2.2), the
(k)

diagonal elements of the matrices D ; are positive and bounded from above by 1. Therefore it
appears that the parameters have to satisfy nearly the same conditions as in the linear setting.

Theorem 4.4 The iteration scheme (3.3) with diffusivity function g satisfying (2.2) converges
foru® = £ ¢ RN to the spatial average,

lim u®) = ul,

k—o0

if the diagonal elements of Dg-k) are uniformly bounded from below by ¢ > 0 for all k € Ny and
the parameters o € [0,1] with }30_; aj =1 and the time step T > 0 fulfill condition (4.2).



Proof. 1. Since (I-V)1 = 0, the vector 1 is an eigenvector of AP with eigenvalue \ N(A%k)) =1.

Let \; (A%k)) <...< )\N,l(A%k)) denote the other eigenvalues of Aglk). We show that there exists
some ¢ > 0 such that )\j(Aglk)) €[-14e,1—¢]forallj=1,...,N—1. By (2.2) and assumption
on D;k) , it follows that

d¥ = min{1/(D) Vw:j=1,....n} >0, (4.4)
d%), = max{|DV|w:j=1,...,n} <1, (4.5)

and d](ﬂ]fi)n < dEI’;ZX. We consider the two matrices

n Jj—2

AL, = T—rdl (I=VT) fal + Y 55 [T (1+ <v2’>T>2<I+V2Z>2] (1-Vv)
j=2 =0
n Jj—2

AR = T 7dWn@ = VD) [l + Y i T+ (V27X + V2‘)2] I-V).
7j=2 =0

Obviously, these are the iteration matrices for the n level linear diffusion schemes with time

steps ngfi)n and Tdr(rlfgx, respectively. Thus, we obtain by (4.2) and (4.4), (4.5) that for some

e > 0 (being independent of k) the relations )\i(AI(I]f;X) > —1+¢ and )\i(AI(IIQX) < 1—c¢ hold true
foralli=1,..., N — 1. Further, the matrix

AP AR = 71 V) [or (@1 - D)
T = : () K l
+ 3 it T+ (v7? ) (dfd = D) (TTa+v?)? )| a-v)
j=2 =0 =0

is symmetric and positive semidefinite. Analogously, A%k) — Agfi)n is symmetric and negative

semidefinite. Hence, using the Theorem of Weyl, we obtain for all i =1,..., N — 1 that

“14+e<MAP —AB ) AR ) < \(AP).

max

Similarly, we have for ¢ = 1,..., N — 1 that

)+ ARy <1

min

(AR < Ay (AR — AR

n min

2. Now we prove that our scheme converges to p1. Since 17u®) = Ny, the unique decomposition
of u®) with respect to the orthogonal sum Ker (I — V) & Im (I — V) = R" is given by

where 17r(®) = 0. Since Im (I - V) = span{by,...,bx_1}, with orthonormal eigenvectors b; of
(k)

AS“’ corresponding to the eigenvalues \;(Ay"”), we can represent r(*) as
I‘(k) = Clbgk) + ...+ CN_lbg\I;)_l.
Then it follows by part 1 of the proof and by

that

N-1 N-—1
[eEFVE = AP e @3 = " (AFPG <1 -2 > f =1 -2 r®]3.
j=1 j=1

10



Thus, klirn r(®) = 0 which implies the assertion. q.e.d.
—00

Remark. Going through the proof of Theorem 4.4 without the assumption that the elements
of ng) are uniformly bounded from below by a positive number for all k£ € Ny, we can ensure

nevertheless that —1 +¢ < A\(AY) < 1 for all k € Ny. Hence [[r*+V |, < [ |5 as before, ie.,
™5 = ut + e @3 = [|p2]f3 + 2 O3 < [luL])3 + 12703 = [1£]3,

and in particular, \ugk)| < |If||2 for ¢ =0,...,N—1, k € Ny. Considering the diagonal diffusivity
matrices in (3.4) it follows that the above assumption on boundedness of H(ng))_lﬂ for all
k € Ny is satisfied for Perona-Malik diffusivity and Charbonnier diffusivity.

For the special cases n = 1,2, 3, we obtain the following corollary.
Corollary 4.5 The iteration scheme (3.3) with diffusivity function g satisfying (2.2) converges

or u® = f € RN to the spatial average, if the diagonal elements of D(-k), = 1,2,3 are
f D g g i
uniformly bounded from below by ¢ > 0 for all k € Ng and

i) casen=1:0<7<1
i) casen =2:

if ap > %, then Taq < %,
ifoq <%, thenrt (1 + 8a1 + (1 —4day) /(1 —4ay) /(1 — 041)) < %7.

iii) casen =3:
T (alum + oty (1 — um)2 + agun, (1 — um)2 (1-— 2um)4> < %,

where Uy, = (sin%){ m=1,...,N — 1.

Proof. For n < 3, condition 4.2 reads

2mm 4mm

. 4 . 4
T <a1 (sinm>2 + %7(81117) + 23 Lm ) ) <

— , m=1,...,N—1.
N 16 (sin %)2 16 (sin %)2

N[ —

By sin 2a = 2sin avcos @ this can be rewritten as
T (ozlum + oty (1 — um)2 + agty, (1 — um)2 (1- 2um)4) < %

For n = 3, this yields the assertion iii). For n = 1, i.e., ;1 = 1 and o = a3 = 0, assertion i)
follows immediately since u,, € (0,1]. For n = 2, i.e., a1 + a3 = 1 and a3 = 0, the function
O(Um) = U + a2y, (1 — u,,)? is monotonically increasing in (0,1] if a; > 1. Consequently,
in this case, the condition 7¢(1) = 7a; < § must be fulfilled. For o < 1, the maximum of the
function ¢ in (0, 1] is

2—27 (1 +8ag + (1 —4ar)y/(1 —4a)/(1 — 041)) :

This completes the proof. q.e.d.

For n = 1, the above convergence result for the explicit scheme is well-known, see e.g. [15].

For n = 2 and given parameters a1, as we obtain from Corollary 4.5 the bounds for the time
step 7 given in Table 1 (left). To get large time steps 7 we have to choose a; small, e.g., for
a1 = 0.2, we can use five times larger time steps than in the original diffusion scheme.

11



o1 o2 T o) | ag | as T
1.00 | 0.00 | < 0.50 || 0.20 | 0.4 | 0.40 | < 2.5000
0.50 | 0.50 | < 1.00 || 0.10 | 0.4 | 0.50 | < 5.0000
0.40 | 0.60 | <1.25 || 0.10 | 0.3 | 0.60 | < 5.0000
0.25 | 0.75 | <2.00 || 0.07 | 0.3 | 0.63 | < 6.8927
0.20 | 0.80 | <2.50 || 0.05 | 0.2 | 0.75 | < 10.000

Table 1: Bounds for the time step 7 for n = 2 and given parameters oy, as (left) and for n =3
and given parameters oy, ag, as (right).

For n = 3 and given parameters aj, as, ag, simple computations result in the bounds for 7 in
Table 1 (right). For example, for a; = 0.05 and ay = 0.2, we can use 20 times larger time steps
than in the original diffusion scheme.

Compared to the model for discrete diffusion filtering in [16], we can not ensure for n > 2 that

(k) )

all entries of A,;,’ are non-negative and all diagonal elements of Aﬁf are positive. Therefore, a

rigorous extremum principle of the form a < uz(»k) <bforalli=0,....,N—1andall k € Ny
with @ ;== min{f;: ¢ =0,...,N — 1}, b:=max{f; : i =0,..., N — 1} holds only true for one
scale n = 1.

However, the following estimates for ugk), i=0,...,N —1 follow from Theorem 4.4.
Corollary 4.6 Letu® =f ¢ RY and (u(k))keNo be the sequence of filtered vectors with u*+1) =
Agk)u(k). Let the assumptions of Theorem 4.4 be satisfied. Then we have for all k € Ny that

® Vs < u® s, @ #£p1), and  [u® s > pVN.
Proof. By the proof of Theorem 4.4, we see for u®) # ;1 that
[a® )2 = 2N + [[r®)2 < 12 N + [eEFD )2 = ub+D)2.

Now the assertion follows by |[[u® ||y > |12 = uv/N. q.e.d.
Furthermore, we can show that the central moments of u*) are also decreasing.

Corollary 4.7 Letu® =f ¢ RY and (u(k))keNO be the sequence of filtered vectors with u+1) =
Aslk)u(k). Let the assumptions of Theorem 4.4 be satisfied. Then the central moments

(k) "= ) om _ 1 ||, (k) 2m
Map(u'Y) == 5 ;(u — )" = [u = plff3

are decreasing with k, i.e.,
Mo (uF)Y < My, (u®)  for allk € Ng, m € N.
Proof. By Theorem 4.4 we have HAS{“) |2 =1 for all k£ € Ny and consequently
Mo () = L a0 — |37 = AR a® —p1 [ < Ffju® — 237 = Mo ().

q.e.d.

5 Numerical Examples

In this section we want to show how our algorithms perform in contrast to the usual diffusion
scheme. We start with the linear case where our algorithm with appropriately chosen parameters
leads to nearly the same results as the ordinary diffusion scheme but requires less arithmetic
operations.
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k=1 k=2 k=3

(651 Ja a7 Ja (651 Ja

0.55 | 0.1000 || 0.59 | 0.0385 || 0.63 | 0.0181
0.36 | 0.1036 || 0.39 | 0.0289 || 0.41 | 0.0126
0.26 | 0.0779 || 0.27 | 0.0064 || 0.27 | 0.0012
0.21 | 0.0678 || 0.19 | 0.0226 || 0.17 | 0.0124
0.15 | 0.1447 || 0.14 | 0.0430 || 0.13 | 0.0257
0.12 | 0.2544 || 0.12 | 0.0607 || 0.10 | 0.0356
0.09 | 0.3607 || 0.09 | 0.1126 || 0.09 | 0.0442

00~ O U W NS

Table 2: Optimal parameters minimizing J, = ||AT*(7) — A% (m7)||2 for 7 = 0.25.

5.1 Linear Diffusion

We want to compare the ordinary linear diffusion with mk iterations of step size 7
"™ = AP*(r)u®
with our new n—scale scheme with only k iterations of larger step size mr

u® = A*(mr)u®.

Here we use A, (7) instead of A,, to emphasize the dependence of the iteration matrix on the
step size 7. Since Hugmk) _— |2 < |AT*(7) — Ak (m7)||2||u@||2 we consider the spectral matrix
norm

Jo = Ja(r kym,n) = |ATF(r) — Aj (m7)]|2.

By Theorem 4.2, we know that this norm converges for appropriately chosen «; and k — oo to
zero. Now we want to fit for small k£ and m the parameters a; so that J, becomes small. To
this end, we have computed for n = 2,3, 7 = 0.25 and fixed m, k the optimal parameters a; (up
to 2 digits) for which J, becomes minimal. The results are contained in Tables 2 and 3. Here
we have taken N = 64. For larger N the values J, differ slightly, while the optimal parameters
a;j remain the same. Remember that for linear diffusion all Aq(%k) (1) are circulant matrices. By
(4.3) with a1 + @ =1 and z; = cos 2% we have for the two—scale case n = 2 that

Jo = max {| (1—2r(1 — ;)™ — (1 —2mr(1 — z;)(on + %(1 n a;j)2))k |}

= 1—27r(1—a;))km
max {] (1= 27(1— 7))

k
5
— <1 — agmT + <§ ag — 2) m7(l —x;) + %mrw?(l + :1:])> |} .

Minimization of this functional over z; € [—1,1] leads to the same optimal parameters a; as
given in Table 2.

In the two-scale case n = 2 the parameters m = 4 and a3 = 0.27 lead to the best fit. For this
choice our time step is 4 times larger.

At the left-hand side of Figure 5 we have plotted some columns of AT%(7) (dashed) and of
A5(m7) (dotted) with m = 4, 7 = 0.25 and a; = 0.27 in order to compare these diffusion
kernels; see column 8 for k = 2, column 16 for £ = 1 and column 24 for k£ = 3 (left to right).
We have chosen the small matrix size N = 32 to visualize the differences.

13



k=1 k=2

m i Qo Ja Qa1 Qa9 Ja

5 1/ 0.21 | 0.76 | 0.0500 || 0.19 | 0.75 | 0.0017
6 || 0.17 ] 0.68 | 0.0510 || 0.16 | 0.71 | 0.0027
7 | 0.15 | 0.58 | 0.0500 || 0.13 | 0.68 | 0.0029
8 || 0.13 | 0.52 | 0.0478 || 0.12 | 0.63 | 0.0030
9 || 0.11 | 0.49 | 0.0578 || 0.10 | 0.59 | 0.0029
10 || 0.10 | 0.44 | 0.0563 || 0.09 | 0.54 | 0.0031
15 || 0.07 | 0.28 | 0.0541 || 0.07 | 0.31 | 0.0012
20 || 0.05 | 0.21 | 0.0528 || 0.06 | 0.13 | 0.0081

Table 3: Optimal parameters minimizing J, = ||AT*(7) — A%(m7)]|2 for 7 = 0.25.

At the right-hand side of Figure 5 we have plotted some columns of AT*(7) (dashed) and of
A%(mr) (dotted) with 7 = 0.25, matrix size N = 64 and the following parameters; column 16 for
(k,m, a1, a9) = (2,10,0.09,0.54), column 32 for (k,m, a1, as) = (1,10,0.1,0.44), and column 48
for (k,m, a1, a2) = (1,20,0.05,0.21) (left to right).

Figure 5: Left: Columns 8,16,24 (left to right) of Aj{*(7) (dashed) and of AX(47) (dotted) for
k = 2,1,3 (left to right) with a; = 0.27. Right: Columns 16,32,48 (left to right) of AT ()
(dashed) and of A%(m7) (dotted) for & = 2,1,1 and m = 10, 10,20 (left to right) and a1,
from Table 3. We have always used 7 = 0.25.

5.2 Nonlinear Diffusion

In the nonlinear case, the 'best’ choice of the parameters o; depends on the input signal and
the chosen diffusivity function. In the following, we present some denoising results to sketch
the behavior of our multiscale approach. As input signals we choose a ramp signal of length
N = 512 with central jump and the signal 'blocks’ of length N = 1024, one of the standard
signals in wavelet denoising which mimics a scan line through a 2-D image depicting an object
with several edges [7]. We added zero-mean Gaussian noise with SNR of approximately 10 and
8, respectively. Here the signal-to-noise ratio (SNR) is defined by

llz—2ll2
[nll2 >

SNR =20 loglo

with z standing for the ideal signal with mean z, and n representing noise. The input signals
are depicted in Figure 6.

14
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Figure 6: Left: noisy ramp (SNR = 10.2126). Right: noisy blocks (SNR = 7.9277).

We applied the diffusion schemes with Perona-Malik diffusivity and Charbonnier diffusivity until
we reached the maximal SNR. As filter parameters we applied A = 0.25 for the ramp and A = 0.05
for the blocks to achieve a good SNR. The ordinary diffusion algorithm (2.3) was applied with
time step size 7 = 0.25. As in the linear case this ensures the ’sign stability’ of the algorithm,
see [12]. We applied the two-scale algorithm (3.2) with five times larger step size 7 = 1.25 and
a1 = 0.27 and the three-scale algorithm ((3.3) with n = 3) with 20 times larger step size 7 =5
and a; = 0.02,a2 = 0.2. The denoising results are contained in Table 4. The corresponding
signals are shown in the Figures 7 and 8. We observe the following: In the two-scale case, the
results are rather similar to the original diffusion results. A slight superiority of the two-scale
case is considered for the ramp and Perona-Malik diffusivity, an observation which cannot be
generalized because of the strong dependence of the results from the input signal. However, we
have used a five times larger time step which always leads to fewer iterations. In the three-scale
case we have applied a 20 times larger time step. Consequently, the number of iterations further
decreases. However, this method tends to incorporate specially localized artifacts.

Ramp Blocks
Algorithm iterations | SNR iterations | SNR
Perona-Malik-1 2102 | 22.2072 5588 | 28.2526
Perona-Malik-2 526 | 27.7631 553 | 25.4474
Perona-Malik-3 121 | 27.9471 136 | 21.4541
Charbonnier-1 412 | 23.5583 216 | 20.0121
Charbonnier-2 85 | 23.5451 45 | 21.8166
Charbonnier-3 54 | 25.8718 32 | 19.8807

Table 4: Number of iterations and the achieved SNR. Perona-Malik/Charbonnier-1: ordinary
diffusion algorithm with 7 = 0.25; Perona-Malik/Charbonnier-2: two-scale algorithm with 7 =
1.25 and a3 = 0.27; Perona-Malik/Charbonnier-3: three-scale algorithm with 7 = 5 and a; =
0.05, g = 0.2. We have used A = 0.25 for the ramp signal and A = 0.05 for the blocks.

Finally, let us give some remarks on the efficiency of the new algorithms.

Our filter in Ao has length 7, i.e., Ao has 7 nonzero entries per row, while the filter in A; has
only length 3. If the time step for the two-scale algorithm is chosen five times larger, this leads
to 7 versus 15 multiplications per pixel to obtain uél) and u§5), respectively. However, in the
linear case we may also apply A" with filter length 2m + 1 (here 11) at once. For larger m > 6

the fit is still very good and we need fewer arithmetic operations.
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For the three-scale algorithm, note that our filter in A3 has length 15 while 20-fold application
of A requires 60 multiplications.
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Figure 7: Denoising results for the ramp signal. Perona-Malik/Charbonnier-1: ordinary diffusion
algorithm with 7 = 0.25; Perona-Malik/Charbonnier-2: two-scale algorithm with 7 = 1.25 and
a1 = 0.27; Perona-Malik/Charbonnier-3: three-scale algorithm with 7 =5 and ay = 0.05, ap =
0.2. We have used A = 0.25.
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Figure 8: Denoising results for the blocks signal. Perona-Malik/Charbonnier-1: ordinary
diffusion algorithm with 7 = 0.25; Perona-Malik/Charbonnier-2: two-scale algorithm with
7 = 1.25 and a3 = 0.27; Perona-Malik/Charbonnier-3: three-scale algorithm with 7 = 5 and
a1 = 0.05,as = 0.2. We have used A = 0.05.
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