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Abstract

Nonlinear diffusion filtering and wavelet shrinkage are two successfully applied methods for dis-
continuity preserving denoising of signals and images. Recently, relations between both meth-
ods have been established taking into account wavelet shrinkage at one scale. In this paper,
we propose a new explicit scheme for nonlinear diffusion which directly incorporates ideas from
multiscale Haar wavelet shrinkage. We prove that our scheme permits larger time steps while
preserving convergence to the mean signal value. Numerical examples demonstrate the behavior
of our scheme for two and three scales.
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1 Introduction

Nonlinear diffusion filtering has become a powerful tool in signal and image restoration, e.g.,
for denoising purposes. The choice of nonlinear diffusion filters leads to impressive results by
removing insignificant, small-scale variations while preserving important features such as dis-
continuities, see [4, 10, 14, 16] and the references therein. On the other hand, wavelet shrinkage
methods were also successfully applied for removing noise without sacrificing important struc-
tures such as edges, see [1, 5, 7, 11] and the references therein.
Recently, the connections between explicit discrete one-dimensional schemes for nonlinear diffu-
sion and shift-invariant Haar wavelet shrinkage were established in [15, 12]. The authors showed
that one step of a (stabilized) explicit discretization of nonlinear diffusion can be expressed in
terms of wavelet shrinkage on a single spatial level. This equivalence allows a fruitful exchange of
ideas between the two fields. For example, new wavelet shrinkage functions can be derived from
existing diffusivity functions and vice versa leading to explicit schemes with well understood
stability properties. These considerations were generalized to two spatial dimensions in [13, 18].
In particular, diffusion inspired wavelet shrinkage schemes with improved rotation invariance
were proposed.
However, while these approaches rely on one scale of wavelet shrinkage, wavelet filter banks are
usually applied with multiple scales. Of course, multiscale shrinkage with Haar wavelets can
be interpreted as application of the one scale nonlinear explicit diffusion scheme to hierarchical
signals [15]. In this paper, we propose a wavelet inspired explicit diffusion scheme which directly
incorporates multiple scales. The new discretization admits larger time steps than the original
explicit scheme and is therefore more efficient. It has been shown already in [2] that translation–
invariant wavelet shrinkage can be interpreted as a smoothing scale-space. We prove that the
new explicit scheme satisfies a lot of discrete scale-space criteria as the average level invariance,
a certain extremum principle and convergence to spatial average. Note that the ideas for proving
scale-space properties from [16] can not applied here. Compared to the model of discrete diffusion
filtering presented in [16], our iteration matrices do not satisfy all conditions given there. In
particular, the nonnegativity of all elements of the iteration matrix may be violated.
In this paper, we restrict our attention to the one-dimensional spatial setting. Moreover, we do
not take semi-implicit discretization schemes into account which do not suffer from time step
restrictions, but require to solve a linear system of equations, see, e.g., [17, 16].
This paper is organized as follows. Section 2 reviews the relation between explicit schemes
for nonlinear diffusion and shift–invariant one-scale Haar wavelet shrinkage in a matrix–vector
notation. We extend this scheme to multiple scales in Section 3. This results in a new explicit
diffusion scheme which allows larger time steps while preserving convergence. Section 4 deals
with convergence and stability properties of our new scheme. Finally, we present numerical
results in Section 5.

2 Explicit discretization of the filter process

We consider the diffusion process

ut = (g(|ux|)ux)x on (0, N) × (0,∞) (2.1)

with a given noisy signal f as initial state

u(x, 0) = f(x) x ∈ [0, N ],

and periodic boundary conditions

u(0, t) = u(N, t), ux(0, t) = ux(N, t).
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Here subscripts t and x denote partial derivatives. The time t is a scale parameter. Increasing
t corresponds to stronger filtering. The diffusivity function g(|ux|) is a non-negative function
that determines the amount of diffusion. It is decreasing in |ux| in order to ensure that strong
edges are hardly blurred by the diffusion filter while small variations (noise) are smoothed much
stronger.
In this paper, we restrict our attention to bounded diffusivities g. Without loss of generality let

0 < g(x) ≤ 1, x ∈ R. (2.2)

Frequently applied bounded diffusivities are

Perona − Malik − diffusivity g(x) :=
1

1 + x2/λ2
(see [14]),

Charbonnier − diffusivity g(x) :=
1√

1 + x2/λ2
(see [3]).

For further diffusivity functions which can be applied in this context, see, e.g., [12].
In this paper, we restrict our attention to discrete signals f = (f0, . . . , fN−1)T representing, e.g.,
the sampled values of a function f at the locations xi = i, i = 0, . . . , N − 1. Moreover, the
periodic boundary conditions are taken into account by considering spatial indices modulo N .
Replacing the spatial derivative in (2.1) by simple forward differences, we obtain

u′
i(t) = g(ui+1(t) − ui(t)) (ui+1(t) − ui(t)) − g(ui(t) − ui−1(t)) (ui(t) − ui−1(t)),

where ui(t) approximates u(xi, t). For the time discretization we apply the Euler-forward scheme
with time step size τ . Using tk := kτ, k ∈ N0 and u

(k)
i as approximation of u(xi, tk), we obtain

u
(k+1)
i −u

(k)
i

τ = g(u(k)
i+1 − u

(k)
i ) (u(k)

i+1 − u
(k)
i ) − g(u(k)

i − u
(k)
i−1) (u(k)

i − u
(k)
i−1).

Hence, the approximate solutions u
(k+1)
i , i = 0, . . . , N −1 at time step (k+1)τ can be computed

from u
(k)
i , i = 0, . . . , N − 1 by

u
(k+1)
i = u

(k)
i + τ

(
g(u(k)

i+1 − u
(k)
i ) (u(k)

i+1 − u
(k)
i ) − g(u(k)

i − u
(k)
i−1) (u(k)

i − u
(k)
i−1)

)

with initial conditions u
(0)
i := fi, i = 0, . . . , N − 1.

Set u(k) := (u(k)
0 , . . . u

(k)
N−1)

T and let I be the identity matrix of order N and V the circulant
shift matrix

V :=

⎛
⎜⎜⎜⎜⎝

0 1 0 . . . 0
0 0 1 0

. . .
0 0 . . . 0 1
1 0 . . . 0

⎞
⎟⎟⎟⎟⎠

with Vx = (x1, x2, . . . , xN−1, x0)T for x := (xi)N−1
i=0 . Then we can write the explicit scheme in

matrix-vector notation as

u(k+1) = u(k) − τ(I − VT )D(k) (I − V)u(k), (2.3)

where the diagonal diffusivity matrix is given by

D(k) := D
(
(I − V)u(k)

)
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and
D(y) := diag (g(|y0|), . . . , g(|yN−1|)).

In summary, one iteration step of the explicit scheme is of the form u(k+1) = A(k) u(k) with the
iteration matrix

A(k) = A(k)(u(k)) := I − τ (I − VT )D(k) (I − V).

Let us briefly explain the connection with translation–invariant Haar wavelet shrinkage investi-
gated in [12]. We consider the Haar wavelet filter bank with a single scale shown in Figure 1. Ap-
plying the z-transform to the discrete signal u(k) = (u(k)

i )N−1
i=0 we obtain u(k)(z) =

∑N−1
i=0 u

(k)
i z−i.

Further, let H(z) := (1+ z)/
√

2 and G(z) := (1− z)/
√

2 be the low-pass and the high-pass filter
of the filter bank, 2 ↓ and 2 ↑ denote downsampling and upsamling by 2 and S the shrinkage
function.

u(k)(z)

G(z)

H(z)

2 ↓

2 ↓

S��
��

2 ↑

2 ↑

G(z−1)

H(z−1)

u(k+1)(z)
�

�

�

�

�

�

� �

�

�

Figure 1: Two-channel filter bank with H(z) = 1+z√
2

and G(z) = 1−z√
2

.

We obtain

u(k)(z)H(z) =
N−1∑
i=0

u
(k)
i +u

(k)
i+1√

2
z−i, u(k)(z)G(z) =

N−1∑
i=0

u
(k)
i −u

(k)
i+1√

2
z−i,

such that downsampling, application of S, and upsampling lead to

u(k+1)(z) = H(z−1)
N/2−1∑

i=0

u
(k)
2i +u

(k)
2i+1√

2
z−2i + G(z−1)

N/2−1∑
i=0

S

(
u
(k)
2i −u

(k)
2i+1√

2

)
z−2i.

Identifying z with the shift matrix V, the convolution of u(k) with the filter H yields H(V)u(k),
where H(V) := 1√

2
(I + V). Similarly, the convolution with the filter G can be written as

multiplication with G(V) := 1√
2
(I − V). Downsampling is represented by multiplication with

the matrix

P :=

⎛
⎜⎜⎝

1 0 0
0 0 1 0 0

0 0 0 1 0

⎞
⎟⎟⎠ ∈ R

N/2×N

and upsampling by multiplication with PT . In summary, we obtain the matrix-vector represen-
tation of the filter bank

u(k+1) = H(VT )PT PH(V)u(k) + G(VT )PTS
(
PG(V)u(k)

)
,

where S(y) := (S(y0), . . . , S(yN/2−1)).
A translation–invariant filter bank can be simply interpreted as a filter bank without downsam-
pling and upsampling, where the result is ”normalized” by the factor 1/2, i.e.,

u(k+1) = 1
2H(VT ) H(V)u(k) + 1

2G(VT )S(k), (2.4)
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Figure 2: Nonsubsampled two-channel filter bank with H(z) = 1+z√
2

and G(z) = 1−z√
2

.

where S(k) := S
(
G(V)u(k)

)
and the shrinkage operator is again applied componentwise. The

translation–invariant filter bank is shown in Figure 2.

Since
1
2

(
H(VT )H(V) + G(VT ) G(V)

)
= I (2.5)

which indeed holds true for every filter bank with perfect reconstruction property, we can rewrite
(2.4) as

u(k+1) = u(k) − 1
2 G(VT )

(
G(V)u(k) − S(k)

)
.

Comparison with (2.3) leads with x(k) := G(V)u(k) = 1√
2
(I − V)u(k) to

x(k) − S(x(k)) = 4τ D
(√

2x(k)
)

x(k).

Consequently, we have that
S(x) = x

(
1 − 4τg(

√
2x)

)
.

This connection between diffusivity and shrinkage function was established in [12].
The diffusivity functions considered before correspond to the following shrinkage functions:

Perona-Malik diffusivity ⇒ S(x) = x
(
1 − 4τλ2

λ2+2x2

)
,

Charbonnier diffusivity ⇒ S(x) = x
(
1 − 4τλ√

λ2+2x2

)
.

The diffusivities and corresponding shrinkage functions are depicted in Figure 3, cf. [12].

3 The new explicit scheme

In general, wavelet shrinkage is applied to multiple scales. We want to use the idea of multilevel
wavelet shrinkage to develop a new explicit diffusion scheme. Let us consider two levels of
translation–invariant wavelet shrinkage as described in Figure 4. Since we can apply different
shrinkage functions at different levels, we introduce Si, (i = 1, 2).

Translation–invariant Haar wavelet shrinkage at two scales produces for a given input vector
u(k) the output vector

u(k+1) = 1
4H(VT )H((V2)T )H(V2)H(V)u(k) + 1

4H(VT )G((V2)T )S(k)
2 + 1

2G(VT )S(k)
1 ,

where
S(k)

2 := S2

(
G(V2)H(V)u(k)

)
=

(
S2

(
1
2(u(k)

i + u
(k)
i+1 − u

(k)
i+2 − u

(k)
i+3)

))N−1

i=0
,

and S(k)
1 := S1(G(V)u(k)) as before. Using the perfect reconstruction property (2.5) this can be

rewritten as

u(k+1) = u(k)− 1
2G(VT )

(
G(V)u(k) − S(k)

1

)
− 1

4H(VT )G((V2)T )
(
H(V)G(V2)u(k) − S(k)

2

)
. (3.1)
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Figure 3: Left: diffusivity functions, Right: corresponding shrinkage functions for Perona-
Malik (top) and Charbonnier (bottom). The functions are plotted for τ = 0.25, λ = 1.

In order to see how (3.1) can be interpreted as diffusion scheme we verify by Taylor expansion
that both (I−V)u and 1

4(I+V)(I−V2)u are consistent discretizations of ux at i, i = 0, . . . , N−1
of order 1. Now we consider the shrinkage parts as suitable splitting of the discretization of ux

into these parts. More precisely, we replace the shrinkage parts by

x(k) − S1(x(k)) = α1 4 τ D
(√

2x(k)
)
x(k) = α1 4 τ D(k)

1 x(k),

y(k) − S2(y(k)) = α2 τ D
(
y(k)/2

)
y(k) = α2 τ D(k)

2 y(k),

where x(k) := G(V)u(k), y(k) := H(V)G(V2)u(k) and α1 + α2 = 1. Then (3.1) becomes

u(k+1)= u(k)−τ
(
α1 (I − VT )D(k)

1 (I − V) +
α2

16
(I + VT )(I − (V2)T )D(k)

2 (I − V2)(I + V)
)
u(k).

This can be rewritten as

u(k+1) = u(k) − τ(I − VT )
[
α1 D(k)

1 + α2
16 (I + VT )2 D(k)

2 (I + V)2
]

(I − V)u(k). (3.2)

These considerations can simply be generalized to more scales. Let
∑n

j=1 αj = 1. For j ≥ 2 we
introduce the following explicit discretization of the diffusion process (2.1) with initial condition
u(0) = f and periodic boundary conditions,

u(k+1) = u(k) − τ
[
α1(I − VT )D(k)

1 (I − V)

+
n∑

j=2

αj

16j−1

(
j−2∏
l=0

(I + (V2l
)T )

)
(I − (V2j−1

)T )D(k)
j (I − V2j−1

)

(
j−2∏
l=0

(I + V2l
)

)]
u(k)

= u(k) − τ (I − VT )
[
α1 D(k)

1
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Figure 4: Two scales of translation–invariant Haar wavelet shrinkage with H(z) = 1+z√
2

and

G(z) = 1−z√
2

.

+
n∑

j=2

αj

16j−1

(
j−2∏
l=0

(I + (V2l
)T )2

)
D(k)

j

(
j−2∏
l=0

(I + V2l
)2

)]
(I − V)u(k). (3.3)

with diagonal diffusivity matrices

D(k)
j := D

(
1

4j−1 (I − V2j−1
)

(
j−2∏
l=0

(I + V2l
)

)
u(k)

)

= diag

(
g

(
1

4j−1

2j−1−1∑
l=0

(u(k)
i+l − u

(k)

i+l+2j−1)

))N−1

i=0

, j = 1, . . . , n. (3.4)

For n = 1, this is just (2.3). For n = 2, equation (3.3) coincides with (3.2).
The consistency of the discretization can be seen as follows. Considering the i-th component
(i = 0, . . . , N − 1) of

1
4j−1h

(I − V2j−1
)

j−2∏
l=0

(I + V2l
)u(k)

we obtain by Taylor expansion assuming a sufficiently smooth function u(k) that

1
4j−1h

2j−1−1∑
l=0

u(k)((i + l)h) − u(k)((i + l + 2j−1)h)

= 1
4j−1h

2j−1−1∑
l=0

(u(k)(ih) + u
(k)
x (ih)lh + O(h2)) − (u(k)(ih) + u

(k)
x (ih)(l + 2j−1)h + O(h2))

= −u(k)
x (ih) + O(h).

Analogously, for a sufficiently smooth periodic function w, the vector

1
4j−1h

(I − (V2j−1
)T )

j−2∏
l=0

(I − V2l
)w

with w := (w(ih))N−1
i=0 approximates wx := (wx(ih))N−1

i=0 by backward differences.
The new discretization scheme (3.3) can be interpreted as follows. While the first term τα1(I−
VT )D(k)

1 (I−V)u(k) is the weighted discretization (2.3), the further terms act more globally and
smooth the signal stronger. In the following, we will see that we can use larger time steps τ for
appropriately chosen parameters αj (j = 1, . . . , n). In other words, our wavelet inspired scheme
needs much less iterations than the original discretization scheme (2.3) in order to achieve an
equivalent denoising result.
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4 Properties of the new explicit scheme

It is well-known that the solution of the continuous diffusion process (2.1) converges to the spatial
average of the initial data f for t → ∞, see, e.g., [16]. Therefore, the explicit discretization should
also have this property. In this section, we derive conditions for the parameters α1, . . . , αn and
the time step τ such that the iteration process (3.3) converges for k → ∞ to the average of the
initial discrete signal f = (f0, . . . , fN−1)T , i.e., to µ1 with 1 := (1, 1, . . . , 1)T and

µ := 1
N

N−1∑
i=0

fi.

Lemma 4.1 (Conservation of the average value) The average value is preserved by the
diffusion process (3.3), that is

1
N

N−1∑
i=0

u
(k)
i = µ ∀ k ∈ N0.

Proof. Since 1T (I − VT ) = 0T we see by (3.3) that 1Tu(k+1) = 1Tu(k). q.e.d.

4.1 Linear diffusion

Let us consider the convergence for the linear diffusivity g(x) ≡ 1 first. In this case, we have
D(k)

j = I, j = 1, . . . , n and (3.3) is of the form

u(k+1) = An u(k)

with

An := I − τ(I − VT )

[
α1I +

n∑
j=2

αj

16j−1

[
j−2∏
l=0

(I + (V2l
)T )2(I + V2l

)2
)]

(I − V).

Observe that An is a symmetric circulant matrix, i.e., it is diagonalizable by the N -th Fourier
matrix, see [6], and all its eigenvalues are real. Since (I−V)1 = 0, we have that An1 = 1. Thus,
1 is an eigenvalue of An with corresponding eigenvector 1. In order to show that u(k) = Ak

n u(0)

with u(0) = f converges to µ1 for k → ∞ it remains to ensure that all further eigenvalues of An

lie inside (−1, 1).

Theorem 4.2 The iteration scheme (3.3) with linear diffusivity g(|x|) ≡ 1 converges for every
u(0) = f ∈ R

N to the spatial average,

lim
k→∞

Ak
nu

(0) = µ1, (4.1)

if and only if the parameters αj ∈ [0, 1] with
∑n

j=1 αj = 1 and the time step τ > 0 fulfill

τ

n∑
j=1

αj

16j−1

(
sin π2j−1m

N

)4

(
sin πm

N

)2 <
1
2

, m = 1, . . . , N − 1. (4.2)

Proof. The eigenvalues of An are given by pn(e
2πim

N ), m = 0, . . . , N − 1, where

pn(z) := 1 − τ(1 − z−1)

[
α1 +

n∑
j=2

αj

16j−1

j−2∏
l=0

(1 + z−2l
)2(1 + z2l

)2
]

(1 − z)

= 1 − τ(2 − z−1 − z)

[
α1 +

n∑
j=2

αj

16j−1

j−2∏
l=0

(2 + z−2l
+ z2l

)2
]

.
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Hence, the assertion (4.1) is satisfied if and only if |pn(e
2πim

N )| < 1 for all m = 1, . . . , N −1. Now
pn(e

2πim
N ) can be rewritten as

pn(e
2πim

N ) = 1 − τ
(
2 − 2 cos 2πm

N

) [
α1 +

n∑
j=2

αj

16j−1

j−2∏
l=0

(
2 + 2 cos 2π2lm

N

)2
]

(4.3)

= 1 − 4τ
(
sin πm

N

)2

[
α1 +

n∑
j=2

αj

16j−1

j−2∏
l=0

(
2 cos π2lm

N

)4
]

and further, using that 2 cosα = sin 2α/ sinα, as

pn(e
2πim

N ) = 1 − 4τ(
sin πm

N

)2

n∑
j=1

αj

16j−1

(
sin

π2j−1m

N

)4

.

Obviously, we have that pn(e
2πim

N ) < 1. The restriction pn(e
2πim

N ) > −1 yields the assertion.
q.e.d.

4.2 Nonlinear Diffusion

Now we consider bounded nonlinear diffusivity functions g(|x|) satisfying (2.2). Recall that the
explicit discretization scheme (3.3) has the form

u(k+1) = A(k)
n u(k),

where

A(k)
n := I − τ(I − VT )

[
α1D

(k)
1 +

n∑
j=2

αj

16j−1

(
j−2∏
l=0

(I + (V2l
)T )2

)
D(k)

j

(
j−2∏
l=0

(I + V2l
)2

)]
(I − V)

strongly depends on the input vector u(k).
We will apply the following Theorem of Weyl (see e.g. [9], page 181).

Theorem 4.3 (Weyl) Let A,B ∈ C
N×N be Hermitian matrices and let the eigenvalues of

A, B and A+B be denoted in increasing order by λi(A), λi(B), λi(A+B), i = 1, . . . , N . Then
we have for i = 1, . . . , N that

λi(A) + λ1(B) ≤ λi(A + B) ≤ λi(A) + λN (B).

Now we can prove the convergence of our scheme for nonlinear diffusivities. By (2.2), the
diagonal elements of the matrices D(k)

j are positive and bounded from above by 1. Therefore it
appears that the parameters have to satisfy nearly the same conditions as in the linear setting.

Theorem 4.4 The iteration scheme (3.3) with diffusivity function g satisfying (2.2) converges
for u(0) = f ∈ R

N to the spatial average,

lim
k→∞

u(k) = µ1,

if the diagonal elements of D(k)
j are uniformly bounded from below by c > 0 for all k ∈ N0 and

the parameters αj ∈ [0, 1] with
∑n

j=1 αj = 1 and the time step τ > 0 fulfill condition (4.2).
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Proof. 1. Since (I−V)1 = 0, the vector 1 is an eigenvector of A(k)
n with eigenvalue λN (A(k)

n ) = 1.
Let λ1(A

(k)
n ) ≤ . . . ≤ λN−1(A

(k)
n ) denote the other eigenvalues of A(k)

n . We show that there exists
some ε > 0 such that λj(A

(k)
n ) ∈ [−1+ε, 1−ε] for all j = 1, . . . , N −1. By (2.2) and assumption

on D(k)
j , it follows that

d
(k)
min := min {1/‖(D(k)

j )−1‖∞ : j = 1, . . . , n} ≥ c > 0, (4.4)

d(k)
max := max {‖D(k)

j ‖∞ : j = 1, . . . , n} ≤ 1, (4.5)

and d
(k)
min ≤ d

(k)
max. We consider the two matrices

A(k)
min := I − τ d

(k)
min (I − VT )

[
α1I +

n∑
j=2

αj

16j−1

j−2∏
l=0

(I + (V2l
)T )2(I + V2l

)2
]

(I − V)

A(k)
max := I − τ d

(k)
max(I − VT )

[
α1I +

n∑
j=2

αj

16j−1

j−2∏
l=0

(I + (V2l
)T )2(I + V2l

)2
]

(I − V).

Obviously, these are the iteration matrices for the n level linear diffusion schemes with time
steps τ d

(k)
min and τ d

(k)
max, respectively. Thus, we obtain by (4.2) and (4.4), (4.5) that for some

ε > 0 (being independent of k) the relations λi(A
(k)
max) ≥ −1 + ε and λi(A

(k)
max) ≤ 1− ε hold true

for all i = 1, . . . , N − 1. Further, the matrix

A(k)
n − A(k)

max = τ(I − VT )
[
α1(d(k)

maxI − D(k)
1 )

+
n∑

j=2

αj

16j−1

(
j−2∏
l=0

(I + (V2l
)T )2

)(
d

(k)
maxI − D(k)

j

) (
j−2∏
l=0

(I + V2l
)2

)]
(I − V)

is symmetric and positive semidefinite. Analogously, A(k)
n − A(k)

min is symmetric and negative
semidefinite. Hence, using the Theorem of Weyl, we obtain for all i = 1, . . . , N − 1 that

−1 + ε ≤ λ1(A(k)
n − A(k)

max) + λi(A(k)
max) ≤ λi(A(k)

n ).

Similarly, we have for i = 1, . . . , N − 1 that

λi(A(k)
n ) ≤ λN (A(k)

n − A(k)
min) + λi(A

(k)
min) ≤ 1 − ε.

2. Now we prove that our scheme converges to µ1. Since 1Tu(k) = Nµ, the unique decomposition
of u(k) with respect to the orthogonal sum Ker (I − V) ⊕ Im (I − V) = R

N is given by

u(k) = µ1 + r(k),

where 1T r(k) = 0. Since Im (I−V) = span{b1, . . . ,bN−1}, with orthonormal eigenvectors bj of
A(k)

n corresponding to the eigenvalues λj(A
(k)
n ), we can represent r(k) as

r(k) = c1b
(k)
1 + . . . + cN−1b

(k)
N−1.

Then it follows by part 1 of the proof and by

u(k+1) = µ1 + r(k+1) = A(k)
n (µ1 + u(k)) = µ1 + A(k)

n r(k)

that

‖r(k+1)‖2
2 = ‖A(k)

n r(k)‖2
2 =

N−1∑
j=1

|λj(A(k)
n )|2 c2

j ≤ (1 − ε)2
N−1∑
j=1

c2
j = (1 − ε)2‖r(k)‖2

2.
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Thus, lim
k→∞

r(k) = 0 which implies the assertion. q.e.d.

Remark. Going through the proof of Theorem 4.4 without the assumption that the elements
of D(k)

j are uniformly bounded from below by a positive number for all k ∈ N0, we can ensure

nevertheless that −1+ ε ≤ λi(A
(k)
n ) ≤ 1 for all k ∈ N0. Hence ‖r(k+1)‖2 ≤ ‖r(k)‖2 as before, i.e.,

‖u(k)‖2
2 = ‖µ1 + r(k)‖2

2 = ‖µ1‖2
2 + ‖r(k)‖2

2 ≤ ‖µ1‖2
2 + ‖r(0)‖2

2 = ‖f‖2
2,

and in particular, |u(k)
i | ≤ ‖f‖2 for i = 0, . . . , N −1, k ∈ N0. Considering the diagonal diffusivity

matrices in (3.4) it follows that the above assumption on boundedness of ‖(D(k)
j )−1‖ for all

k ∈ N0 is satisfied for Perona-Malik diffusivity and Charbonnier diffusivity.

For the special cases n = 1, 2, 3, we obtain the following corollary.

Corollary 4.5 The iteration scheme (3.3) with diffusivity function g satisfying (2.2) converges
for u(0) = f ∈ R

N to the spatial average, if the diagonal elements of D(k)
j , j = 1, 2, 3 are

uniformly bounded from below by c > 0 for all k ∈ N0 and

i) case n = 1 : 0 < τ < 1
2

ii) case n = 2 :

if α1 ≥ 1
4 , then τα1 < 1

2 ,
if α1 < 1

4 , then τ
(
1 + 8α1 + (1 − 4α1)

√
(1 − 4α1)/(1 − α1)

)
< 27

4 .

iii) case n = 3 :

τ
(
α1um + α2um (1 − um)2 + α3um (1 − um)2 (1 − 2um)4

)
< 1

2 ,

where um :=
(
sin πm

N

)2, m = 1, . . . , N − 1.

Proof. For n ≤ 3, condition 4.2 reads

τ

(
α1

(
sin

πm

N

)2
+

α2

16

(
sin 2πm

N

)4(
sin πm

N

)2 +
α3

162

(
sin 4πm

N

)4(
sin πm

N

)2

)
<

1
2
, m = 1, . . . , N − 1.

By sin 2α = 2 sinα cos α this can be rewritten as

τ
(
α1um + α2um (1 − um)2 + α3um (1 − um)2 (1 − 2um)4

)
< 1

2 .

For n = 3, this yields the assertion iii). For n = 1, i.e., α1 = 1 and α2 = α3 = 0, assertion i)
follows immediately since um ∈ (0, 1]. For n = 2, i.e., α1 + α2 = 1 and α3 = 0, the function
ϕ(um) := α1um + α2um (1 − um)2 is monotonically increasing in (0, 1] if α1 ≥ 1

4 . Consequently,
in this case, the condition τϕ(1) = τα1 < 1

2 must be fulfilled. For α1 < 1
4 , the maximum of the

function ϕ in (0, 1] is

2
27

(
1 + 8α1 + (1 − 4α1)

√
(1 − 4α1)/(1 − α1)

)
.

This completes the proof. q.e.d.

For n = 1, the above convergence result for the explicit scheme is well-known, see e.g. [15].
For n = 2 and given parameters α1, α2 we obtain from Corollary 4.5 the bounds for the time
step τ given in Table 1 (left). To get large time steps τ we have to choose α1 small, e.g., for
α1 = 0.2, we can use five times larger time steps than in the original diffusion scheme.
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n = 2 n = 3
α1 α2 τ α1 α2 α3 τ

1.00 0.00 < 0.50 0.20 0.4 0.40 < 2.5000
0.50 0.50 < 1.00 0.10 0.4 0.50 < 5.0000
0.40 0.60 < 1.25 0.10 0.3 0.60 < 5.0000
0.25 0.75 < 2.00 0.07 0.3 0.63 < 6.8927
0.20 0.80 < 2.50 0.05 0.2 0.75 < 10.000

Table 1: Bounds for the time step τ for n = 2 and given parameters α1, α2 (left) and for n = 3
and given parameters α1, α2, α3 (right).

For n = 3 and given parameters α1, α2, α3, simple computations result in the bounds for τ in
Table 1 (right). For example, for α1 = 0.05 and α2 = 0.2, we can use 20 times larger time steps
than in the original diffusion scheme.
Compared to the model for discrete diffusion filtering in [16], we can not ensure for n ≥ 2 that
all entries of A(k)

n are non-negative and all diagonal elements of A(k)
n are positive. Therefore, a

rigorous extremum principle of the form a ≤ u
(k)
i ≤ b for all i = 0, . . . , N − 1 and all k ∈ N0

with a := min {fi : i = 0, . . . , N − 1}, b := max {fi : i = 0, . . . , N − 1} holds only true for one
scale n = 1.
However, the following estimates for u

(k)
i , i = 0, . . . , N − 1 follow from Theorem 4.4.

Corollary 4.6 Let u(0) = f ∈ R
N and (u(k))k∈N0 be the sequence of filtered vectors with u(k+1) =

A(k)
n u(k). Let the assumptions of Theorem 4.4 be satisfied. Then we have for all k ∈ N0 that

‖u(k+1)‖2 < ‖u(k)‖2, (u(k) �= µ1), and ‖u(k)‖2 ≥ µ
√

N.

Proof. By the proof of Theorem 4.4, we see for u(k) �= µ1 that

‖u(k)‖2
2 = µ2 N + ‖r(k)‖2

2 < µ2 N + ‖r(k+1)‖2
2 = ‖u(k+1)‖2

2.

Now the assertion follows by ‖u(k)‖2 ≥ ‖µ1‖2 = µ
√

N . q.e.d.

Furthermore, we can show that the central moments of u(k) are also decreasing.

Corollary 4.7 Let u(0) = f ∈ R
N and (u(k))k∈N0 be the sequence of filtered vectors with u(k+1) =

A(k)
n u(k). Let the assumptions of Theorem 4.4 be satisfied. Then the central moments

M2m(u(k)) := 1
N

N−1∑
i=0

(u(k)
i − µ)2m = 1

N ‖u(k) − µ1‖2m
2

are decreasing with k, i.e.,

M2m(u(k+1)) ≤ M2m(u(k)) for all k ∈ N0, m ∈ N.

Proof. By Theorem 4.4 we have ‖A(k)
n ‖2 = 1 for all k ∈ N0 and consequently

M2m(u(k+1)) = 1
N ‖u(k+1) − µ1‖2m

2 = 1
N ‖A(k)

n u(k) − µ1‖2m
2 ≤ 1

N ‖u(k) − µ1‖2m
2 = M2m(u(k)).

q.e.d.

5 Numerical Examples

In this section we want to show how our algorithms perform in contrast to the usual diffusion
scheme. We start with the linear case where our algorithm with appropriately chosen parameters
leads to nearly the same results as the ordinary diffusion scheme but requires less arithmetic
operations.
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k = 1 k = 2 k = 3
m α1 Jα α1 Jα α1 Jα

2 0.55 0.1000 0.59 0.0385 0.63 0.0181
3 0.36 0.1036 0.39 0.0289 0.41 0.0126
4 0.26 0.0779 0.27 0.0064 0.27 0.0012
5 0.21 0.0678 0.19 0.0226 0.17 0.0124
6 0.15 0.1447 0.14 0.0430 0.13 0.0257
7 0.12 0.2544 0.12 0.0607 0.10 0.0356
8 0.09 0.3607 0.09 0.1126 0.09 0.0442

Table 2: Optimal parameters minimizing Jα = ‖Amk
1 (τ) − Ak

2(mτ)‖2 for τ = 0.25.

5.1 Linear Diffusion

We want to compare the ordinary linear diffusion with mk iterations of step size τ

u(mk)
1 = Amk

1 (τ)u(0)

with our new n–scale scheme with only k iterations of larger step size mτ

u(k)
n = Ak

n(mτ)u(0).

Here we use An(τ) instead of An to emphasize the dependence of the iteration matrix on the
step size τ . Since ‖u(mk)

1 −u(k)
n ‖2 ≤ ‖Amk

1 (τ)−Ak
n(mτ)‖2‖u(0)‖2 we consider the spectral matrix

norm
Jα = Jα(τ, k, m, n) := ‖Amk

1 (τ) − Ak
n(mτ)‖2.

By Theorem 4.2, we know that this norm converges for appropriately chosen αj and k → ∞ to
zero. Now we want to fit for small k and m the parameters αj so that Jα becomes small. To
this end, we have computed for n = 2, 3, τ = 0.25 and fixed m, k the optimal parameters αj (up
to 2 digits) for which Jα becomes minimal. The results are contained in Tables 2 and 3. Here
we have taken N = 64. For larger N the values Jα differ slightly, while the optimal parameters
αj remain the same. Remember that for linear diffusion all A(k)

n (τ) are circulant matrices. By
(4.3) with α1 + α2 = 1 and xj = cos 2πj

N we have for the two–scale case n = 2 that

Jα = max
j=1,...,N

{
| (1 − 2τ(1 − xj))

km −
(
1 − 2mτ(1 − xj)(α1 +

α2

4
(1 + xj)2)

)k
|
}

= max
j=1,...,N

{
| (1 − 2τ(1 − xj))

km

−
(

1 − α2mτ +
(

5
2

α2 − 2
)

mτ(1 − xj) +
α2

2
mτx2

j (1 + xj)
)k

|
}

.

Minimization of this functional over xj ∈ [−1, 1] leads to the same optimal parameters α1 as
given in Table 2.
In the two-scale case n = 2 the parameters m = 4 and α1 = 0.27 lead to the best fit. For this
choice our time step is 4 times larger.
At the left-hand side of Figure 5 we have plotted some columns of Amk

1 (τ) (dashed) and of
Ak

2(mτ) (dotted) with m = 4, τ = 0.25 and α1 = 0.27 in order to compare these diffusion
kernels; see column 8 for k = 2, column 16 for k = 1 and column 24 for k = 3 (left to right).
We have chosen the small matrix size N = 32 to visualize the differences.
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k = 1 k = 2
m α1 α2 Jα α1 α2 Jα

5 0.21 0.76 0.0500 0.19 0.75 0.0017
6 0.17 0.68 0.0510 0.16 0.71 0.0027
7 0.15 0.58 0.0500 0.13 0.68 0.0029
8 0.13 0.52 0.0478 0.12 0.63 0.0030
9 0.11 0.49 0.0578 0.10 0.59 0.0029
10 0.10 0.44 0.0563 0.09 0.54 0.0031
15 0.07 0.28 0.0541 0.07 0.31 0.0012
20 0.05 0.21 0.0528 0.06 0.13 0.0081

Table 3: Optimal parameters minimizing Jα = ‖Amk
1 (τ) − Ak

3(mτ)‖2 for τ = 0.25.

At the right-hand side of Figure 5 we have plotted some columns of Amk
1 (τ) (dashed) and of

Ak
3(mτ) (dotted) with τ = 0.25, matrix size N = 64 and the following parameters; column 16 for

(k, m, α1, α2) = (2, 10, 0.09, 0.54), column 32 for (k, m, α1, α2) = (1, 10, 0.1, 0.44), and column 48
for (k, m, α1, α2) = (1, 20, 0.05, 0.21) (left to right).
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Figure 5: Left: Columns 8,16,24 (left to right) of A4k
1 (τ) (dashed) and of Ak

2(4τ) (dotted) for
k = 2, 1, 3 (left to right) with α1 = 0.27. Right: Columns 16,32,48 (left to right) of Amk

1 (τ)
(dashed) and of Ak

3(mτ) (dotted) for k = 2, 1, 1 and m = 10, 10, 20 (left to right) and α1, α2

from Table 3. We have always used τ = 0.25.

5.2 Nonlinear Diffusion

In the nonlinear case, the ’best’ choice of the parameters αj depends on the input signal and
the chosen diffusivity function. In the following, we present some denoising results to sketch
the behavior of our multiscale approach. As input signals we choose a ramp signal of length
N = 512 with central jump and the signal ’blocks’ of length N = 1024, one of the standard
signals in wavelet denoising which mimics a scan line through a 2-D image depicting an object
with several edges [7]. We added zero-mean Gaussian noise with SNR of approximately 10 and
8, respectively. Here the signal-to-noise ratio (SNR) is defined by

SNR = 20 log10
‖z−z‖2

‖n‖2
,

with z standing for the ideal signal with mean z̄, and n representing noise. The input signals
are depicted in Figure 6.
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Figure 6: Left: noisy ramp (SNR = 10.2126). Right: noisy blocks (SNR = 7.9277).

We applied the diffusion schemes with Perona-Malik diffusivity and Charbonnier diffusivity until
we reached the maximal SNR. As filter parameters we applied λ = 0.25 for the ramp and λ = 0.05
for the blocks to achieve a good SNR. The ordinary diffusion algorithm (2.3) was applied with
time step size τ = 0.25. As in the linear case this ensures the ’sign stability’ of the algorithm,
see [12]. We applied the two-scale algorithm (3.2) with five times larger step size τ = 1.25 and
α1 = 0.27 and the three-scale algorithm ((3.3) with n = 3) with 20 times larger step size τ = 5
and α1 = 0.02, α2 = 0.2. The denoising results are contained in Table 4. The corresponding
signals are shown in the Figures 7 and 8. We observe the following: In the two-scale case, the
results are rather similar to the original diffusion results. A slight superiority of the two-scale
case is considered for the ramp and Perona-Malik diffusivity, an observation which cannot be
generalized because of the strong dependence of the results from the input signal. However, we
have used a five times larger time step which always leads to fewer iterations. In the three-scale
case we have applied a 20 times larger time step. Consequently, the number of iterations further
decreases. However, this method tends to incorporate specially localized artifacts.

Ramp Blocks
Algorithm iterations SNR iterations SNR

Perona-Malik-1 2102 22.2072 5588 28.2526
Perona-Malik-2 526 27.7631 553 25.4474
Perona-Malik-3 121 27.9471 136 21.4541
Charbonnier-1 412 23.5583 216 20.0121
Charbonnier-2 85 23.5451 45 21.8166
Charbonnier-3 54 25.8718 32 19.8807

Table 4: Number of iterations and the achieved SNR. Perona-Malik/Charbonnier-1: ordinary
diffusion algorithm with τ = 0.25; Perona-Malik/Charbonnier-2: two-scale algorithm with τ =
1.25 and α1 = 0.27; Perona-Malik/Charbonnier-3: three-scale algorithm with τ = 5 and α1 =
0.05, α2 = 0.2. We have used λ = 0.25 for the ramp signal and λ = 0.05 for the blocks.

Finally, let us give some remarks on the efficiency of the new algorithms.
Our filter in A2 has length 7, i.e., A2 has 7 nonzero entries per row, while the filter in A1 has
only length 3. If the time step for the two-scale algorithm is chosen five times larger, this leads
to 7 versus 15 multiplications per pixel to obtain u(1)

2 and u(5)
1 , respectively. However, in the

linear case we may also apply Am
1 with filter length 2m + 1 (here 11) at once. For larger m ≥ 6

the fit is still very good and we need fewer arithmetic operations.
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For the three-scale algorithm, note that our filter in A3 has length 15 while 20-fold application
of A1 requires 60 multiplications.
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Figure 7: Denoising results for the ramp signal. Perona-Malik/Charbonnier-1: ordinary diffusion
algorithm with τ = 0.25; Perona-Malik/Charbonnier-2: two-scale algorithm with τ = 1.25 and
α1 = 0.27; Perona-Malik/Charbonnier-3: three-scale algorithm with τ = 5 and α1 = 0.05, α2 =
0.2. We have used λ = 0.25.
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Figure 8: Denoising results for the blocks signal. Perona-Malik/Charbonnier-1: ordinary
diffusion algorithm with τ = 0.25; Perona-Malik/Charbonnier-2: two-scale algorithm with
τ = 1.25 and α1 = 0.27; Perona-Malik/Charbonnier-3: three-scale algorithm with τ = 5 and
α1 = 0.05, α2 = 0.2. We have used λ = 0.05.
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