
1 KERNELS AND POINTS 1MATLAB Programmingfor Kernel�Based MethodsRobert S
haba
k, GöttingenDraft of O
tober 20, 2011This te
hni
al report 
ontains some hopefully helpful stu� for writing MAT-LAB programs for kernel�based methods. Note that the book [3℄ by GregFasshauer 
ontains a very good and 
ompetitive 
olle
tion of MATLAB pro-grams, and note that my own MATLAB is an outdated antique version,sorry...1 Kernels and PointsWe assume x, y to be ve
tors in R
d, and we 
onsider radial kernels of theform

K(x, y) = φ(‖x− y‖2), for all x, y ∈ R
d.1.1 Point SetsWe store points in MATLAB/FORTRAN�style as rows of matri
es with d
olumns, e.g. x1, . . . , xM ∈ R

d as rows of a matrix X ∈ R
M×d. Note thatMATLAB runs through arrays in a 
olumnwise way, like FORTRAN. Thusunsymmetri
 arrays should always be stored su
h that there are more rowsthan 
olumns.For univariate 
ases, note that MATLAB sequen
es like t=-1:0.01:1 gen-erate a row, not a 
olumn.Random sets of n points in d dimensions within [0, 1]d are generated viap=rand(n,d). To generate random points in [a, b]d, use p=a+(b-a)*rand(n,d).Regular grids are generated by the meshgrid 
ommand. The standard 2D
ase looks like[x y℄=meshgrid(a:h:b,a:h:b);for generating points in [a, b]2 with spa
ing h. But these are not points inour matrix 
onvention. Both x and y are matri
es of the same shape, withidenti
al 
olumns or rows. Use



1 KERNELS AND POINTS 2p=[x(:) y(:)℄;to get a point matrix with two 
olumns. The inverse operation isx=reshape(p(:,1),size(x));y=reshape(p(:,2),size(y));to bring the point 
oordinates ba
k into the 
orre
t order. In parti
ular, if zis a 
olumn ve
tor of values at the points p, one often needs to reshape it byzr=reshape(z,size(x));to the shape of x or y.1.2 Distan
e Matri
esRdial kernels are usually evaluated on Eu
lidean distan
es. In MATLAB, itis a 
rime to use avoidable loops, and thus we aim at kernel evaluation ondistan
e matri
es, not on single point distan
es.If there areM points for the x argument and N points for the y argument,i.e. we want to 
al
ulate the kernel matrix AXY with entries
φ(‖xj − yk‖2), 1 ≤ j ≤ M, 1 ≤ k ≤ N,we have two input point matri
es X ∈ R

M×d and Y ∈ R
N×d to generate an

M ×N matrix with square roots of entries
‖XTei − Y T ej‖22 = ‖XT ei‖22 + ‖Y T ej‖22 − 2eTi XY T ejfor 1 ≤ i ≤ M, 1 ≤ j ≤ N . As a matrix, this is equal to −2XY T plus twomatri
es 
onsisting of identi
al rows and 
olumns formed by squared normsof points. Thus it is more e�
ient to 
al
ulate squared distan
es dividedby two. Here is an m-�le implementing the above formula in halved form,without any loops and with 
omplexity O(MNd).fun
tion dst=distsqh(p, q)% 
al
ulates a np*nq matrix of halved squares of point distan
es% with two point sets p and q of np and nq points ea
h.[np pdim℄=size(p);[nq qdim℄=size(q);if pdim~=qdimerror('point sets of unequal dimension')end



1 KERNELS AND POINTS 3if pdim==1dst=(repmat(p,1,nq)-repmat(q',np,1)).^2/2;returnenddst=p*q';
p=sum((p.*p)')/2; % squared norms of p points, as row, halved
q=sum((q.*q)')/2; % squared norms of q points, as row, halveddst=repmat(
p',1,nq)+repmat(
q,np,1)-dst;Note that this m-�le does not do any s
aling.The standard way to build a kernel matrix thus is to form the squared andhalved distan
es as above and to apply the uns
aled kernel in the form
K(x, y) := f(‖x− y‖22/2)

= f(s),

s := ‖x− y‖22/2using the fun
tion f(s) = φ(
√
2s) su
h that φ(r) = f(r2/2). See se
tion 1.3.3for the use of radial kernels in f�form. We shall use the term S�matrix formatri
es of halved squares of point distan
es.1.3 Kernel Evaluation(Se
SubPBKE) Radial kernels should be evaluated on halved squares of dis-tan
es, as we saw, and in MATLAB they should be appli
able elementwiseto a full matrix. This is rather easy to do, but there are some pre
autions.1.3.1 Avoiding Singularities(Se
SUBPBKEAS) The thin�plate spline and 
ertain kernels involving Besselfun
tions have singularities at the origin. A fast and often also su�
ient tri
kis to add a small positive 
onstant like the MATLAB eps to the endangeredargument. A more sophisti
ated approa
h would be to 
al
ulate the lo
alTaylor polynomial around zero and implement it lo
ally. But this is still tobe done ...



1 KERNELS AND POINTS 41.3.2 Trun
ated Powers(Se
SUBPBKETP) For 
ompa
tly supported radial kernels, one often needstrun
ated powers
sk+ :=

{
sk s > 0
0 s ≤ 0

}elementwise on matri
es. The standard tri
k in MATLAB is to usemax(zeros(size(
)),
).^kin order to avoid pitfalls and loops.1.3.3 Kernel Routines(Se
SUBPBKEKR) Our standard way to 
al
ulate with kernels of the aboveform is to 
all a MATLAB m-�le frbf.m of the formresmat=frbf(dmat,k)whi
h takes a matrix dmat of halved squared distan
es and evaluates the
k�th derivative of the kernel on it, resulting in a matrix resmat of the sameform as dmat. Users are strongly advised not to use these routines for singlepoints. They are tailored for use on middle-size matri
es. Furthermore, thereare no pre
autions so far against evaluation of kernels for illegal parameter
hoi
es. These parameters are global MATLAB variablesRBFtypeRBFparRBFs
aleto be explained in what follows.Control of the s
aling fa
tor c is not done within frbf. It is usually donevia the global variable RBFs
ale, but sin
e the m��le distsqh.m does nots
ale points, one has to apply the s
aling before appli
ation of frbf and afterdistsqh.m. An additional parameter is de�ned by RBFpar depending on thetype of kernel, while the type of kernel is sele
ted by setting RBFtype to aMATLAB string like 'g' for the Gaussian. The list of 
urrent options forRBFtype isg Gaussian φ(r) = exp(−r2/2) with f(s) = exp(−s), all k ∈ N0, noRBFpar



1 KERNELS AND POINTS 5mq Multiquadri
 φ(r) = (1 + r2/2)β/2 with f(s) = (1 + s)β/2, all k ∈
N0, with RBFpar=β. Inverse multiquadri
s 
an be treated by 
hoosingRBFpar=β negative.p Powers φ(r) = rβ with f(s) = (

√
2s)β, all k ∈ N0, with RBFpar=β.ms Matern/Sobolev φ(r) = Kν(r)r

ν , all k ∈ N0, with RBFpar=ν.w all C2m Wendland fun
tions φ3,m for m =RBFpar≥ 0, all k ∈ N0tp Thin�plate splines φ(r) = r2m log r for integer 2m =RBFpar> 0, all
k ∈ N0.Note that 
urrently there are no polynomials added in 
ase of 
onditionalpositive de�niteness of positive order. Furthermore, the Wendland fun
tion
lass is 
urrently restri
ted to kernels working in R

3. The program frbf.mjust 
al
ulates the formula for the k�th derivative of the kernel and it doesnot 
are for restri
tions on the kernel parameters and the existen
e of therequired derivatives. A full listing is here:fun
tion y = frbf (s, k)% k-th derivative of standard rbf kernel in f form, i.e.% as a fun
tion of s=r^2/2.global RBFtype; % 'g'=Gaussian, 'mq' = Multiquadri
 et
..global RBFpar; % parameter depending on RBFtypeswit
h lower(RBFtype)
ase ('g') % 'g'=Gaussian,if mod(k,2)==0y=exp(-s);elsey=-exp(-s);end
ase ('mq') % 'mq' = Multiquadri
, inverse or not...fa
=1;ord=k;par=RBFpar;while ord>0ord=ord-1;fa
=fa
*par;par=par-2;endy=fa
*(1+2*s).^(par/2);



1 KERNELS AND POINTS 6
ase ('p') % powersfa
=1;ord=k;par=RBFpar;while ord>0ord=ord-1;fa
=fa
*par;par=par-2;endy=fa
*(2*s+eps).^(par/2);
ase ('tp') % thin-platefa
=1;ord=k;par=RBFpar;su=0;while ord>0ord=ord-1;if ord==k-1su=1;elsesu=su*par+fa
;endfa
=fa
*par;par=par-2;endy=(2*s+eps).^(par/2);y=fa
*y.*log(2*s+eps)/2 +su*y;
ase ('ms') % Matern/Sobolevy=(-1)^k*besselk(RBFpar-k,sqrt(2*s+eps)).*...(sqrt(2*s+eps)).^(RBFpar-k);
ase ('w') % Wendland fun
tions.% we use only those whi
h are pos. def.% in dimension at most 3.[
oeff, expon℄=wend
oeff(3+2*k, RBFpar-k);r=sqrt(2*s);ind=find(r<=1);u=zeros(size(ind));sp=ones(size(ind));slo
=r(ind);for i=1:length(
oeff)u=u+
oeff(i)*sp;



1 KERNELS AND POINTS 7sp=sp.*slo
;endu=u.*(1-slo
).^expon;y=zeros(size(s));y(ind)=(-1)^k*u;otherwiseerror('RBF type not implemented')end1.4 Re
ursive S
alar Radial DerivativesThis se
tion des
ribes how the derivatives of uns
aled radial kernels in the
f form 
an be 
al
ulated. Thus it is an explanation of how frbf(dmat,k)works for positive derivative orders k.We write an uns
aled radial kernel as

K(x,y) := f(‖x− y‖22/2).Besides a simpli�ed 
al
ulation of distan
e matri
es, this has 
ertain advan-tages when 
al
ulating derivatives. But later we shall s
ale via
Kc(x,y) := f(‖x− y‖22/(2c2)) = K(x/c,y/c)with c being de�ned by the global variable RBFs
ale. This lets c a
t likea support radius, in parti
ular when we let 
ompa
tly supported uns
aledradial kernels K vanish for ‖x− y‖2 > 1.1.4.1 GaussianThe GaussianK(x, y) = exp(−‖x−y‖22/2) uses f(s) = exp(−s) with simplestpossible derivatives.1.4.2 Multiquadri
sThe multiquadri
 φβ(r) := (1+r2)β/2 with β /∈ 2N0 leads to the easy re
ursion

fβ(s) := (1 + 2s)β/2

f ′
β(s) := β(1 + 2s)β/2−1 = βfβ−2(s)allowing to work with arbitrary k for β /∈ 2N0. Note that this in
ludes inversemultiquadri
s.



1 KERNELS AND POINTS 81.4.3 Polyharmoni
 kernelsFor the powers φβ(r) := rβ with β > 0, β /∈ 2Z we get
fβ(s) = (2s)β/2

f ′
β(s) = β(2s)β/2−1

= βfβ−2(s)and for the thin�plate splines φβ(r) := rβ log(r) with β ∈ 2Z we �nd
fβ(s) = (2s)β/2 log(

√
2s)

=
1

2
(2s)β/2(log(s) + log(2))

f ′
β(s) =

1

2
β(2s)β/2−1(log(s) + log(2)) + (2s)β/2−1

= βfβ−2(s) + (2s)β/2−1.Note that the se
ond term is a polynomial in s.1.4.4 Matern/Sobolev kernelsThese are
φν(r) := Kν(r)r

νwith the Bessel fun
tion of se
ond kind. It has the property
K ′

ν(z) = −Kν+1(z) +
ν

z
Kν(z) = −Kν−1(z)−

ν

z
Kν(z)and we need

fν(s) := φν(
√
2s) = Kν(

√
2s)(

√
2s)ν .Then

f ′
ν(s) = K ′

ν(
√
2s)

1√
2s

(
√
2s)ν +Kν(

√
2s)ν(

√
2s)ν−1 1√

2s
= K ′

ν(
√
2s)(

√
2s)ν−1 + νKν(

√
2s)(

√
2s)ν−2

=

(

−Kν−1(
√
2s)− ν√

2s
Kν(

√
2s)

)

(
√
2s)ν−1 + νKν(

√
2s)(

√
2s)ν−2

= −Kν−1(
√
2s)(

√
2s)ν−1

= −fν−1(s).



1 KERNELS AND POINTS 91.4.5 Wendland fun
tionsWe now handle the Wendland [6, 7℄, wendland:1995-1,wendland:2005-1kernels, but note that we now have to be 
areful with 
onstant fa
tors. First,we rewrite the dimension walk operator [7℄, wendland:2005-1
I(φ)(r) :=

∫ ∞

r

tφ(t)dt

=

∫ ∞

r2/2

φ(
√
2s)

︸ ︷︷ ︸

=:f(s)

ds

=: Ĩ(f)(t), t = r2/2,

I(φ)(
√
2t) = Ĩ(f)(t) =

∫ ∞

t

f(s)ds

Ĩ ′ = −Id.The Wendland fun
tions are de�ned via
φd,k = Ikφ⌊d/2⌋+k+1, φℓ(r) = (1− r)ℓ+and we rewrite them in the form

φ̃d,k(s) := φd,k(
√
2s), φ̃ℓ(s) = φℓ(

√
2s) = (1−

√
2s)ℓ+.Then

φ̃d,k(s) = φd,k(
√
2s)

= (Ikφ⌊d/2⌋+k+1)(
√
2s)

= Ĩkφ̃⌊d/2⌋+k+1(s)

φ̃′
d,k(s) = −Ĩk−1φ̃⌊d/2⌋+k+1(s)

= −Ĩk−1φ̃⌊(d+2)/2⌋+k−1+1(s)

= −φ̃d+2,k−1(s)is a derivative re
ursion whi
h is easy to implement if the standard basisfun
tions are available. We shall des
ribe below how those 
an be 
al
ulatedin general.Note that the multipli
ative fa
tors are di�erent from what is usually seen intables of Wendland fun
tions. Here is an example with 
orre
t fa
tors whenstarting with the topmost one:
φ3,3(r) = (1− r)8+(32r

3 + 25r2 + 8r + 1)
φ5,2(r) = 22(1− r)7+(16r

2 + 7r + 1)
φ7,1(r) = 528(1− r)6+(6r + 1)
φ9,0(r) = 22176(1− r)5+



1 KERNELS AND POINTS 10An easy way to get high�degree Wendland fun
tions with 
orre
t 
onstantsfor derivatives is to start with some polynomial wℓ(r) := (1 − r)ℓ and thento repeat the MAPLE statementw:=-int(r*w,r);w:=fa
tor(w-subs(r=1,w));
ouple of times. The se
ond part sets the 
orre
t integration 
onstant tolet the resulting polynomial vanish at 1. This pro
ess generates the abovesequen
e ba
kwards when started with 22176(1− r)5. To get φd,k one has tostart with wℓ(r) := (1−r)ℓ for ℓ = ⌊d/2⌋+k+1 and perform k steps. The re-sult is C2k and positive de�nite in dimensions up to d. With CodeGenerationfeatures, one 
an generate appropriate 
ode for standard programming lan-guages.If we start from wℓ(r) := (1− r)ℓ and perform the above operation k times,one 
an see the above pro
ess as starting from the polynomial p0 = 1 andpro
eeding indu
tively via
∫ 1

r

s(1− s)ℓ+npn(s)ds = (1− r)ℓ+n+1pn+1(r)for n = 0, . . . , k − 1. This means
d

dr

(
(1− r)ℓ+n+1pn+1(r)

)
= −r(1− r)ℓ+npn(r)and if we set

pn(r) =
n∑

j=0

aj,nr
jthere is a simple re
ursion for the 
oe�
ients via

−r(1− r)ℓ+npn(r) = −(ℓ + n+ 1)(1− r)ℓ+npn+1(r) + (1− r)ℓ+n+1p′n+1(r)
−rpn(r) = −(ℓ + n+ 1)pn+1(r) + (1− r)p′n+1(r)

−r
∑n

j=0 aj,nr
j = −(ℓ + n+ 1)

∑n+1
j=0 aj,n+1r

j + (1− r)
∑n

j=1 jaj,n+1r
j−1

−aj−1,n = −(ℓ + n+ 1)aj,n+1 + (j + 1)aj+1,n+1 − jaj,n+1

−aj−1,n = −(ℓ + n+ 1 + j)aj,n+1 + (j + 1)aj+1,n+1

aj,n+1 =
1

ℓ+ n + 1 + j
((j + 1)aj+1,n+1 + aj−1,n)ba
kwards for j = n + 1, . . . , 0. If the basis fun
tions are evaluated on largematri
es, the above O(k2) snippet does not 
ontribute signi�
antly to theprogram 
omplexity. The following MATLAB 
ode generates the ne
essarypolynomial 
oe�
ients in as
ending order by applying the above re
ursion.



1 KERNELS AND POINTS 11fun
tion [
oeff, expon℄=wend
oeff(d,k)% 
al
ulates 
oeffi
ients and exponent for polynomial% part p_{d,k}(r) of Wendland fun
tions% phi_{d,k}(r)=p_{d,k}(r)*(1-r)^exponexpon=floor(d/2)+k+1;
oeff=zeros(k+1,1);
oeff(1,1)=1;for n=0:k-1
oeff(n+2,1)=
oeff(n+1,1)/(n+expon+2);for j=n+1:-1:2
oeff(j,1)=(j*
oeff(j+1,1)+
oeff(j-1,1))/(expon+j);endexpon=expon+1;
oeff(1,1)=
oeff(2,1)/expon;endThe �nal evaluation is a part in frbf.m when 
alled for the k-th derivativeand on a matrix in s form (see the above listing of frbf.m). Note that the
al
ulation of Wendland kernels a
ts only on points in the support, on
e theyare found.1.4.6 RemarkIt seems to be a strange fa
t that these 
lasses of radial kernels are 
losedunter integration and di�erentiation, provided that they are written in fform. But this is no mira
le. The basi
 reason is that these 
lasses are 
losedunder radial Fourier transforms in f form taken in di�erent dimensions, andthese radial Fourier transforms 
ommute with di�erentiation and integrationof the f form.1.5 Multivariate Polynomials(Se
SUBMVP) In various 
ases, in parti
ular for dealing with 
onditionallypositive de�nite kernels, we need the M ×Q matrix polvalues of values ofmultivariate polynomials of some order order evaluated on a M × d matrixpoints of M points in d dimensions. Note that order means degree +1 here,and the dimension Q of the polynomials is dependent on the order m andthe spa
e dimension d via Q =
(
m+d−1

d

). Our simplest implementation is viauns
aled monomials, i.e. we form the matrix of values xα
j for all j, 1 ≤ j ≤ Mand all multiindi
es α ∈ Z

d
0 with 0 ≤ |α| := ‖α‖1 < m where m is the order.Again, the row index will run over points, i.e. from 1 to M = |X|. Users



1 KERNELS AND POINTS 12should work with the following routine only near the origin, and they shouldpossibly apply some s
aling.fun
tion polvalues=polynomials(points,order)% generates all polynomials on points up to order% The order MUST be in
reasing from left to right.[numpoints,dim℄=size(points); % handle trivial 
ases firstif order==0polvalues=[℄;returnendif order==1polvalues=ones(numpoints,1);returnendif order==2polvalues=[ones(numpoints,1) points℄;returnendif dim==1polvalues=zeros(numpoints,order);polvalues(:,1)=ones(numpoints,1);polvalues(:,2)=points(:,1);for i=3:orderpolvalues(:,i)=polvalues(:,i-1).*points(:,1);endreturnend % general 
ase done re
ursivelypolvalues=[polynomials(points,order-1)...polynomials_exa
t_order(points,order)℄;The re
ursion in the above program usesfun
tion polvalues=polynomials_exa
t_order(points,order)% generates all polynomials of order on points[numpoints,dim℄=size(points); % first some trivial 
asesif order==1polvalues=ones(numpoints,1);return



2 INTERPOLATION AND EVALUATION 13endif order==2polvalues=points;returnendif dim==1polvalues=points(:,1).^(order-1);returnend% What follows is a 
rude re
ursive s
heme over the DIMENSION.% Somebody MUST write a better one....polvalues= points(:,dim).^(order-1);for i=2:order-1pe=polynomials_exa
t_order(points(:,1:dim-1),i);pp=points(:,dim).^(order-i);[rpes 
pes℄=size(pe);% pps=size(points(:,dim).^(order-i));for j=1:
pespolvalues=[polvalues pe(:,j).*pp℄;endendpolvalues=[polvalues ...polynomials_exa
t_order(points(:,1:dim-1),order)℄;These programs need enhan
ement wrt. to speed and di�erent bases, e.g.Chebyshev bases.2 Interpolation and Evaluation(Se
SUBPBKEIE) A standard square kernel�based interpolation system
M∑

j=1

K(xk, xj)aj = yk, 1 ≤ k ≤ Mfor un
onditionally positive de�nite radial kernels is usually set up from apoint matrix X viaintmat=frbf(distsqh(X,X)/RBFs
ale^2,0);provided that the 
ontrols for the kernel are de�ned and the kernel is positivede�nite. We 
an use a standard MATLAB routine kermat.m for this, usingintmat=kermat(X,X):



2 INTERPOLATION AND EVALUATION 14fun
tion mat=kermat(X, Y)% 
reates kernel matrix% for two point sets X and Yglobal RBFs
ale[nx dx℄=size(X);[ny dy℄=size(Y);if dx~=dyerror('Unequal spa
e dimension for kermat arguments');endmat=frbf(distsqh(X,Y)/RBFs
ale^2,0);The solution ve
tor a follows from the data ve
tor y viaa=intmat\y;but it is always a good idea to 
he
k the s
aling by pre
eding this with
ondition=
ondest(intmat)to avoid problems.After �nding the 
oe�
ient ve
tor, one would usually like to evaluate thesolution, e.g. for subsequent plotting. This will need a mu
h �ner point setthan X, and we assume that it is 
alled Y here. The resulting values at thesepoints are obtained fromevalmat=kermat(Y,X);values=evalmat*a;For �ne�grained evaluation, this will take longer than the a
tual solutionof the linear system, be
ause a large unsymmetri
 kernel matrix has to beformed. Note that the resulting values have to be reshaped, if the points inY are derived from a meshgrid 
ommand. The standard evaluation sequen
ein 2D thus is something like[xe ye℄=meshgrid( .... );Y=[xe(:) ye(:)℄;evalmat=kermat(Y,X);values=evalmat*a;figuresurf
(xe,ye,reshape(values,size(xe)));A full sample listing of the m-�le testint.m for interpolation of the MAT-LAB peaks fun
tion in [−3, 3]2 is here:



2 INTERPOLATION AND EVALUATION 15
lear all;
lose all;global RBFtype;global RBFpar;global RBFs
ale;rand('state',0)RBFs
ale=0.5RBFtype='g'RBFpar=3.5np=15 % results in np^2 pointsp=6*rand(np*np,2)-3; % use this for random points% or the next two statements for regular points% [xp yp℄=meshgrid(-3:6/(np-1):3,-3:6/(np-1):3);% p=[xp(:) yp(:)℄;subplot(2,2,1)plot(p(:,1),p(:,2),'.')title('Interpolation points')z=peaks(p(:,1),p(:,2));[xe ye℄=meshgrid(-3:0.06:3,-3:0.06:3);pe=[xe(:) ye(:)℄;ze=peaks(xe, ye);imat=frbf(distsqh(p,p)/RBFs
ale^2,0);
ondition=
ondest(imat)
oeff=imat\z;emat=frbf(distsqh(pe,p)/RBFs
ale^2,0);val=emat*
oeff;subplot(2,2,2)surf
(xe,ye,ze)shading interptitle('Given fun
tion')subplot(2,2,3)surf
(xe,ye,reshape(val,size(xe)));shading interptitle('Re
onstru
ted fun
tion')subplot(2,2,4)surf
(xe,ye,ze -reshape(val,size(xe)));shading interptitle('Error')The results are depi
ted in Figure 1. For 
onditionally positive de�nite ker-
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Figure 1: Resulting �gure for testint.mnels of order m and interpolation in M points forming a point matrix X, oneneeds an extended (M +Q)× (M +Q) matrix
(

AX,X PX

P T
X 0Q×Q

)with matri
es
AX,X = (K(xj , xk)), 1 ≤ j, k ≤ M
PX = (pi(xj)), 1 ≤ j ≤ M, 1 ≤ i ≤ Qand Q being the dimension of the polynomials on R

d up to order m, usinga basis p1, . . . , pQ. The interpolation data y1, . . . , yM have to be extended toa ve
tor (yT , 0Q)
T forming the right�hand side for the above system. The
oe�
ients are then a ve
tor (aT , bT )T ∈ R

M+Q, and evaluation on a �nepoint set Y needs the matrix�ve
tor produ
t
(AY,X PY )

(
a
b

)



2 INTERPOLATION AND EVALUATION 17to generate the interpolant's values on Y . A 
orresponding program istestintCPD.m below, with the result in Figure 2. See how the programtestint.m was slightly modi�ed to work in the 
onditionally positive de�-nite 
ase.
lear all;
lose all;global RBFtype;global RBFpar;global RBFs
ale;rand('state',0)RBFs
ale=0.5RBFtype='tp'RBFpar=2order=2np=15 % results in np^2 points% p=6*rand(np*np,2)-3; % use this for random points% or the next two statements for regular points[xp yp℄=meshgrid(-3:6/(np-1):3,-3:6/(np-1):3);p=[xp(:) yp(:)℄;subplot(2,2,1)plot(p(:,1),p(:,2),'.')title('Interpolation points')z=peaks(p(:,1),p(:,2));[xe ye℄=meshgrid(-3:0.06:3,-3:0.06:3);pe=[xe(:) ye(:)℄;fe=peaks(xe, ye);imat=frbf(distsqh(p,p)/RBFs
ale^2,0);pmat=polynomials(p,order);[npp q℄=size(pmat);amat=[imat pmat; pmat' zeros(q,q)℄;
ondition=
ondest(amat)ze=[z; zeros(q,1)℄;
oeff=amat\ze;emat=frbf(distsqh(pe,p)/RBFs
ale^2,0);pemat=polynomials(pe,order);val=[emat pemat℄*
oeff;subplot(2,2,2)surf
(xe,ye,fe)shading interp



2 INTERPOLATION AND EVALUATION 18title('Given fun
tion')subplot(2,2,3)surf
(xe,ye,reshape(val,size(xe)));shading interptitle('Re
onstru
ted fun
tion')subplot(2,2,4)surf
(xe,ye,fe -reshape(val,size(xe)));shading interptitle('Error')

Figure 2: Resulting �gure for testintCPD.m



2 INTERPOLATION AND EVALUATION 192.1 Lagrange Bases(Se
SUBPBKELB) For a positive de�nite kernel and a point matrix X of Mpoints, the Lagrange basis fun
tions u1(x), . . . , uM(x) solve the system
M∑

j=1

K(xk, xj)uj(x) = K(xk, x), 1 ≤ k ≤ M.To visualize these fun
tions on a �ne set of N points yi given by a matrix Y ,one should look at
M∑

j=1

uj(yi)K(xj , xj) = K(yi, xk), 1 ≤ k ≤ M.This is a matrix multipli
ation of the form U ∗A = B, and thus one gets thematrix
U = (uj(yi)) 1≤i≤N, 1≤j≤M = B ∗ A−1by solving ATUT = AUT = BT viaumat=(intmat\evalmat')';if the matri
es intmat and evalmat are already 
al
ulated and stored asabove. They are needed anyway for interpolation and evaluation, as wesaw in the previous se
tion. Now the 
olumns of umat yield the values ofthe Lagrange basis fun
tions. For 2D appli
ations and surf plotting onmeshgrid data, they must be reshaped. An example follows below.Lagrange bases are spe
ial 
ases of data�dependent bases in [5℄.2.2 Power Fun
tions(Se
SUBPBKEPF) On
e the Lagrange basis is at hand, one 
an 
al
ulate thesquare of the optimal Power fun
tion [7℄ (eqpowSPD)
P 2(x) = K(x, x)−

M∑

j=1

uj(x)K(xj , x) (1)at the points yi via
P 2(yi) = K(yi, yi)−

M∑

j=1

uj(yi)K(xj , yi)

= f(0)−
M∑

j=1

uj(yi)K(xj , yi).



2 INTERPOLATION AND EVALUATION 20This fun
tion is a 
ru
ial ingredient of error bounds, and in the sto
hasti
setting it des
ribes the varian
e of the predi
tion error at x from a Krigingpredi
tor (i.e. the kernel interpolant) using the available data at the xj .With the matri
es derived above, one 
an form umat.*evalmat to get the
N ×M matrix of all produ
ts uj(yi)K(xj , yi). We need the sum over rows,but the sum operator of MATLAB sums over 
olumns and generates a row.Thuspowval=frbf(0,0)-sum((umat.*evalmat)')';yields the 
olumn ve
tor of values of the optimal power fun
tion at the evalu-ation points. For 2D appli
ations and surf plotting on meshgrid data, theymust be reshaped. The evaluation of the Power Fun
tion is essential for
ertain greedy methods, see e.g. [2℄.Here is a program testlag.m for Lagrange bases and Power Fun
tions in theun
onditionally positive de�nite 
ase, and its output is in Figure 3.
lear all;
lose all;global RBFtype;global RBFpar;global RBFs
ale;rand('state',0)RBFs
ale=0.7RBFtype='g'RBFpar=3.5np=11% p=6*rand(np*np,2)-3;[xp yp℄=meshgrid(-3:6/np:3,-3:6/np:3);p=[xp(:) yp(:)℄;[xe ye℄=meshgrid(-3:0.06:3,-3:0.06:3);pe=[xe(:) ye(:)℄;intmat=frbf(distsqh(p,p)/RBFs
ale^2,0);
ondition=
ondest(intmat)evalmat=frbf(distsqh(pe,p)/RBFs
ale^2,0);umat=(intmat\evalmat')';k=floor((np*(np+1)/2))subplot(1,3,1)surf
(xe,ye,reshape(umat(:,k),size(xe)))



2 INTERPOLATION AND EVALUATION 21shading interpaxis squaretitle(sprintf('Lagrange fun
tion %d ',k))powval=frbf(0,0)-sum((evalmat.*umat)')';subplot(1,3,2)surf
(xe,ye,reshape(powval,size(xe)));shading interpaxis squaretitle('P. f.')subplot(1,3,3)plot(p(:,1),p(:,2),'.',p(k,1),p(k,2),'o')title('Points')axis square

Figure 3: Resulting �gure for testlag.mNote that if the fun
tions uj are not the standard Lagrange basis using
K, one has to use the formula (eqpowgen)

P 2(x) = K(x, x)− 2

M∑

j=1

uj(x)K(xj , x)

+

M∑

j,k=1

uj(x)uk(x)K(xj , xk)

(2)for the non�optimal power fun
tion. This is useful for evaluation e�e
ts ofbadly 
hosen kernels, e.g. if a Lagrange basis uj 
oming from a di�erentkernel is inserted. These programs were used to prepare examples in [1℄.



2 INTERPOLATION AND EVALUATION 22In the 
onditionally positive de�nite 
ase, the Lagrange basis u1, . . . , uM hasto be extended by additional fun
tions v1, . . . , vQ and is to be solved for bythe system (
AX,X PX

P T
X 0Q×Q

)(
u(x)
v(x)

)

=

(
KX(x)

p(x)

)with
KX(x) = (K(x1, x), . . . , K(xM , x))T ,

p(x) = (p1(x), . . . , pQ(x))
T .On an evaluation set Y , we get

(
AX,X PX

P T
X 0Q×Q

)(
UY

VY

)

=

(
AX,Y

P T
Y

)and the rows of UY are now the Lagrange basis fun
tions evaluated on Y .The square of the power fun
tion is (2, eqpowgen). In the un
onditionallypositive de�nite 
ase, the quadrati
 term 
an
els with one of the linear terms,thus simplifying to (1, eqpowSPD). In matrix form,
P 2
X(x) = f(0)− 2uT (x)KX(x)− uT (x)AX,Xu(x)

= f(0)− uT (x)KX(x)− uT (x)PXv(x),to avoid work on M × M matri
es. If we use N points for evaluation on aset Y and prepare matri
esumat = (uj(yk)) = UT
Y , 1 ≤ k ≤ N, 1 ≤ j ≤ Mvmat = (vi(yk)) = V T
Y , 1 ≤ k ≤ N, 1 ≤ i ≤ Qevalmat = (K(yk, xj)) = AY,X , 1 ≤ k ≤ N, 1 ≤ j ≤ Mpmat = (pi(xj)) = PX , 1 ≤ j ≤ M, 1 ≤ i ≤ Qwith the row index mentioned �rst, then the 
olumn ve
tor of values P 2

X(Y )
an be 
al
ulated in MATLAB notation via
f(0)− uT (x)KX(x)− uT (x)PXv(x)

= frbf(0,0)-sum((umat.*(evalmat+vmat*pmat'))')';Here is an analogous program testlagCPD.m for the 
onditionally positivede�nite 
ase, and its output is in Figure 4. Note the 
hanges from testlag.m.
lear all;
lose all;global RBFtype;global RBFpar;



2 INTERPOLATION AND EVALUATION 23global RBFs
ale;rand('state',0)RBFs
ale=2RBFtype='tp'RBFpar=2order=2np=11% p=6*rand(np*np,2)-3;[xp yp℄=meshgrid(-3:6/np:3,-3:6/np:3);p=[xp(:) yp(:)℄;[xe ye℄=meshgrid(-3:0.06:3,-3:0.06:3);pe=[xe(:) ye(:)℄;imat=frbf(distsqh(p,p)/RBFs
ale^2,0);pmat=polynomials(p,order);[npp q℄=size(pmat);amat=[imat pmat; pmat' zeros(q,q)℄;
ondition=
ondest(amat)pemat=polynomials(pe,order);[nepp q℄=size(pemat);evalmat=frbf(distsqh(pe,p)/RBFs
ale^2,0);
mat=amat\[evalmat' ; pemat'℄;umat=
mat(1:npp,1:nepp)';vmat=
mat(npp+1:end,1:nepp)';k=floor((np*(np+1)/2))subplot(1,3,1)surf
(xe,ye,reshape(umat(:,k),size(xe)))shading interpaxis squaretitle(sprintf('Lagrange fun
tion %d ',k))powval=frbf(0,0)-sum((umat.*(evalmat+vmat*pmat'))')';subplot(1,3,2)surf
(xe,ye,reshape(powval,size(xe)));shading interpaxis squaretitle('P. f.')subplot(1,3,3)plot(p(:,1),p(:,2),'.',p(k,1),p(k,2),'o')title('Points')axis square
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Figure 4: Resulting �gure for testlagCPD.m3 Expli
it Multivariate DerivativesThis se
tion is of quite some importan
e when radial basis fun
tions are usedfor solving partial di�erential equations. On needs plenty of derivatives ofradial kernels, and one has to 
are for s
aling and geometry.We assume x, y to be ve
tors in R
d. We de�ne

Kc(x, y) := f(‖x− y‖22/2c2)

= f(s),

s := ‖x− y‖22/2c2using a positive s
ale fa
tor c. We also assume M points for the x argumentand N points for the y argument, stored as rows of matri
es X ∈ R
M×d and

Y ∈ R
N×d. Furthermore, we assume a matrix

SXY :=
(
‖XT ei − Y T ej‖22/2c2

)

1≤i≤M, 1≤j≤Nto be pre
al
ulated, e.g. bySXY=distsqh(X,Y)/
^2in MATLAB, and we shall provide formulae for evaluation of kernel deriva-tives on su
h a 
on�guration. For ea
h s
alar derivative, we thus have to
al
ulate an M × N matrix. Sin
e frbf does not s
ale, we have to 
are forthe s
aling here.



3 EXPLICIT MULTIVARIATE DERIVATIVES 25Users will see that the following routines all boil down to 
alls of frbf(S,k)for various matri
es S and derivative orders k. If the routines are used naively,there will be multiple 
alls for exa
tly the same S and k in di�erent routines.When optimizing for speed, users should 
he
k this, exe
ute the required
alls outside of the routines, store the results into global variables, and avoidall re
al
ulations.3.1 First DerivativesThe s derivatives in s
alar form are
∂s

∂xi
= +

xi − yi
c2

∂s

∂yi
= −xi − yi

c2and they o

ur all over again, e.g. in
∂

∂xj

Kc(x, y) = f ′(s)
∂s

∂xj

=
f ′(s)

c2
(xj − yj)

∂

∂yk
Kc(x, y) = f ′(s)

∂s

∂yk

= −f ′(s)

c2
(xk − yk).In matrix form for 1 ≤ i ≤ M, 1 ≤ j ≤ N, 1 ≤ k ≤ d:

(
∂

∂xk

Kc(x, y)

)

ij

=
f ′(SXY

ij )

c2
(Xik − Yjk)

(
∂

∂yk
Kc(x, y)

)

ij

= −
f ′(SXY

ij )

c2
(Xik − Yjk)We provide a standard MATLAB routine for implementing the �rst formula:fun
tion mat=gradkermatX(X, Y)% 
reates kernel matri
es% for two point sets X and Y% 
orresponding to the full gradient wrt. the X variable.% The result is a 3-dimensional matrix of size nx times ny times dx=dy,



3 EXPLICIT MULTIVARIATE DERIVATIVES 26global RBFs
ale[nx dx℄=size(X);[ny dy℄=size(Y);if dx~=dyerror('Unequal spa
e dimension for gradkermatX arguments');endfmat=frbf(distsqh(X,Y)/RBFs
ale^2,1)/RBFs
ale^2;mat=zeros(nx,ny,dx);for dim=1:dxmat(:,:,dim)=fmat.*(repmat(X(:,dim),1,ny)-repmat(Y(:,dim)',nx,1));endThe se
ond formula then is implemented byfun
tion mat=gradkermatY(X, Y)% 
reates kernel matri
es% for two point sets X and Y% 
orresponding to the full gradient wrt. the Y variable.% See gradkermatX for details.mat=-gradkermatX(X,Y);but in many appli
ations one would prefer to 
all only one of these routines.3.2 Normals(Se
SubNormal) S
alar normal or dire
tional derivatives are pres
ribed viaan additional matrix N of normals or dire
tions as rows, with d 
olumns. Ifthe normals are evaluated on the X points, there are M normals, otherwise
N . The pointwise 
ase is

∂

∂νj
:=

∂

∂n j
:=

d∑

k=1

Njk
∂

∂xk

∂

∂νj

x

Kc(x, y) =
d∑

k=1

Njk
∂

∂xk

Kc(x, y)

=
f ′(s)

c2

d∑

k=1

Njk(xk − yk)
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∂

∂νj

y

Kc(x, y) =

d∑

k=1

Njk
∂

∂yk
Kc(x, y)

= −f ′(s)

c2

d∑

k=1

Njk(xk − yk)and now for full matri
es with 1 ≤ i ≤ M, 1 ≤ j ≤ N :
(

∂

∂ν

x

Kc(x, y)

)

ij

=
f ′(SXY

ij )

c2

d∑

k=1

Nik(Xik − Yjk)

=
f ′(SXY

ij )

c2
((NXT )ii − (NY T )ij)

(
∂

∂ν

y

Kc(x, y)

)

ij

= −
f ′(SXY

ij )

c2

d∑

k=1

Njk(Xik − Yjk)

= −
f ′(SXY

ij )

c2
((XNT )ij − (NY T )jj)We provide MATLAB routines for implementing the �rst formula:fun
tion mat=normalXkermat(X, NX, Y)% 
reates kernel matri
es% for two point sets X and Y% 
orresponding to the normals NX wrt. the X variable.% The result is a matrix of size nx times ny.global RBFs
ale[nx dx℄=size(X);[ny dy℄=size(Y);if dx~=dyerror('Unequal spa
e dimension for normalXkermat arguments');endfmat=frbf(distsqh(X,Y)/RBFs
ale^2,1)/RBFs
ale^2;mat=fmat.*(repmat(diag(NX*X'),1,ny)-(NX*Y') );The se
ond formula then is implemented byfun
tion mat=normalYkermat(X, Y, NY)% 
reates kernel matri
es% for two point sets X and Y% 
orresponding to the normals NX wrt. the X variable.% The result is a matrix of size nx times ny.mat=normalXkermat(Y, NY, X)';



3 EXPLICIT MULTIVARIATE DERIVATIVES 283.3 Se
ond derivativesWe start with the appropriate 
al
ulations:
∂

∂xr

∂

∂xp

Kc(x, y) =
∂

∂xr

(
f ′(s)

c2
(xp − yp)

)

=
f ′(s)

c2
∂

∂xr
(xp − yp) + (xp − yp)

∂

∂xr

(
f ′(s)

c2

)

=
f ′(s)

c2
δrp +

xp − yp
c2

f ′′(s)
∂s

∂xr

=
f ′(s)

c2
δrp + f ′′(s)

xr − yr
c2

xp − yp
c2

(
∂

∂xr

∂

∂xp
Kc(x, y)

)

ij

=
f ′(SXY

ij )

c2
δrp +

f ′′(SXY
ij )

c4
(Xir − Yjr)(Xip − Yjp)

∂

∂ys

∂

∂yk
Kc(x, y) =

∂

∂ys

(

−f ′(s)

c2
(xk − yk)

)

= −f ′(s)

c2
∂

∂ys
(xk − yk)− (xk − yk)

∂

∂ys

(
f ′(s)

c2

)

=
f ′(s)

c2
δsk −

xk − yk
c2

f ′′(s)
∂s

∂ys

=
f ′(s)

c2
δsk + f ′′(s)

xs − ys
c2

xk − yk
c2

(
∂

∂ys

∂

∂yk
Kc(x, y)

)

ij

=
f ′(SXY

ij )

c2
δsk +

f ′′(SXY
ij )

c4
(Xis − Yjs)(Xik − Yjk)

∂

∂yk

∂

∂xp
Kc(x, y) =

∂

∂yk

(
f ′(s)

c2
(xp − yp)

)

=
f ′(s)

c2
∂

∂yk
(xp − yp) + (xp − yp)

∂

∂yk

(
f ′(s)

c2

)

= −f ′(s)

c2
δkp +

xp − yp
c2

f ′′(s)
∂s

∂yk

= −f ′(s)

c2
δkp − f ′′(s)

xp − yp
c2

xk − yk
c2

(
∂

∂yk

∂

∂xp
Kc(x, y)

)

ij

= −
f ′(SXY

ij )

c2
δkp −

f ′′(SXY
ij )

c4
(Xip − Yjp)(Xik − Yjk)These formulas are not yet implemented, sin
e there was no appli
ation forthem, so far. Instead, we shall fo
us on spe
ial 
ases below.



3 EXPLICIT MULTIVARIATE DERIVATIVES 293.4 Lapla
e operators(Se
SubLapla
ian) From the previous se
tion, we get
∆xKc(x, y) =

df ′(s)

c2
+

f ′′(s)

c4
‖x− y‖22

=
df ′(s)

c2
+

2sf ′′(s)

c2

∆yKc(x, y) =
df ′(s)

c2
+

f ′′(s)

c4
‖x− y‖22

=
df ′(s)

c2
+

2sf ′′(s)

c2

=: g(s),and g(s) 
an be 
onsidered like a new kernel generated by g instead of f .In matrix form:
(∆xKc(x, y))ij = g(SXY

ij ) = (∆xyKc(x, y))ij

g(SXY
ij ) =

df ′(SXY
ij )

c2
+

2SXY
ij f ′′(SXY

ij )

c2with a rather trivial implementationfun
tion mat=lapla
ekermat(X, Y)% 
reates Lapla
ian of kernel matrix% for two point sets X and Y,% The result is a matrix of size nx times nyglobal RBFs
ale[nx dx℄=size(X);[ny dy℄=size(Y);if dx~=dyerror('Unequal spa
e dimension for lapla
ekermat arguments');ends=distsqh(X,Y)/RBFs
ale^2;mat=(dx*frbf(s,1)+2*s.*frbf(s,2))/RBFs
ale^2;For later use, we 
olle
t derivatives of g:
g′(s) =

df ′′(s)

c2
+

2(sf ′′(s))′

c2

=
df ′′(s)

c2
+

2f ′′(s)

c2
+

2sf ′′′(s)

c2

=
(d+ 2)f ′′(s)

c2
+

2sf ′′′(s)

c2
,
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g′′(s) =

(d+ 2)f ′′′(s)

c2
+

2(sf ′′′(s))′

c2

=
(d+ 2)f ′′′(s)

c2
+

2f ′′′(s)

c2
+

2sf (4)(s)

c2

=
(d+ 4)f ′′′(s)

c2
+

2sf (4)(s)

c2
.3.5 Mixed DerivativesHere, we look at 
ases where di�erent operators a
t on the x and y argumentsof a kernel.3.5.1 Mixed Normals or Dire
tional Derivatives(Se
SubMixedNormals) For mixed normal or dire
tional derivatives we as-sume two matri
es NX and NY of normals or dire
tions wrt. the points in

X and Y . The pointwise 
ase is
∂

∂νi

x ∂

∂νp

y

Kc(x, y) =

d∑

j=1

NX
ij

∂

∂xj

(
d∑

k=1

NY
pk

∂

∂yk
Kc(x, y)

)

=

d∑

j=1

NX
ij

d∑

k=1

NY
pk

∂

∂xj

∂

∂yk
Kc(x, y)

=
d∑

j=1

NX
ij

d∑

k=1

NY
pk

(

−f ′(s)

c2
δkj − f ′′(s)

xj − yj
c2

xk − yk
c2

)

= −f ′(s)

c2

d∑

j=1

NX
ij N

Y
pj

−f ′′(s)

c4

(
d∑

j=1

NX
ij (xj − yj)

)(
d∑

k=1

NY
pk(xk − yk)

)
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es we get
(

∂

∂ν

x ∂

∂ν

y

Kc(x, y)

)

ij

= −
f ′(SXY

ij )

c2

d∑

k=1

NX
ikN

Y
jk

−
f ′′(SXY

ij )

c4

(
d∑

k=1

NX
ik (Xik − Yjk)

)(
d∑

k=1

NY
jk(Xik − Yjk)

)

= −
f ′(SXY

ij )

c2
(NX(NY )T )ij

−
f ′′(SXY

ij )

c4
(
(NXXT )ii − (NXY T )ij

) (
(X(NY )T )ij − (NY Y T )jj

)Our MATLAB program isfun
tion mat=normalXYkermat(X, NX, Y, NY)% 
reates kernel matri
es% for two point sets X and Y% 
orresponding to the normals NX wrt. the X variable% and NY wrt. the Y variable.% The result is a matrix of size nx times ny.global RBFs
ale[nx dx℄=size(X);[ny dy℄=size(Y);if dx~=dyerror('Unequal spa
e dimension for normalXYkermat arguments');endsmat=distsqh(X,Y)/RBFs
ale^2;mat=-frbf(smat,1).*(NX*NY')/RBFs
ale^2-...frbf(smat,2)/RBFs
ale^4.*...(repmat(diag(NX*X'),1,ny)-NX*Y').*(X*NY'-repmat(diag(NY*Y')',nx,1));3.5.2 Mixed Lapla
ians(Se
SubMixedLapla
ians) Mixed s
alar Lapla
ian values are
∆x∆yKc(x, y)

=
d

c2
g′(s) +

2s

c2
g′′(s)

=
d

c2

(
(d+ 2)f ′′(s)

c2
+

2sf ′′′(s)

c2

)

+
2s

c2

(
(d+ 4)f ′′′(s)

c2
+

2sf (4)(s)

c2

)

=
1

c4
(
d(d+ 2)f ′′(s) + 4s(d+ 2)f ′′′(s) + 4s2f (4)(s)

)



3 EXPLICIT MULTIVARIATE DERIVATIVES 32and they 
an easily be 
ast into matrix form by repla
ing s by SXY
ij . OurMATLAB program isfun
tion mat=lapla
eXYkermat(X, Y)% 
reates Lapla
ian of kernel matrix% for two point sets X and Y,% the Lapla
ian applied to BOTH arguments.% The result is a matrix of size nx times nyglobal RBFs
ale[nx dx℄=size(X);[ny dy℄=size(Y);if dx~=dyerror('Unequal spa
e dimension for lapla
eXYkermat arguments');ends=distsqh(X,Y)/RBFs
ale^2;mat=(dx*(dx+2)*frbf(s,2)+4*(dx+2)*s.*frbf(s,3)+4*s.^2.*frbf(s,4))/RBFs
ale^4;3.5.3 Mixed Normal and Lapla
ian(Se
SubMixedNormalLapla
ian) The �rst s
alar 
ase is

∂

∂νi

x

∆yKc(x, y) =
d∑

k=1

NX
ik

∂

∂xk
∆yKc(x, y)

=
d∑

k=1

NX
ik

∂

∂xk
g(s)

= g′(s)
d∑

k=1

NX
ik

∂s

∂xk

=
g′(s)

c2

d∑

k=1

NX
ik (xk − yk)and in matrix form

(
∂

∂ν

x

∆yKc(x, y)

)

ij

=
g′(SXY

ij )

c2

d∑

k=1

NX
ik (Xik − Yjk)

=
g′(SXY

ij )

c2
(
(NXX)ii − (NXY T )ij

)with the implementationfun
tion mat=lapla
eYnormalXkermat(X, NX, Y)
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reates kernel matri
es% for two point sets X and Y% 
orresponding to the normals NX wrt. the X variable% and the Lapla
ian wrt. the Y variable% The result is a matrix of size nx times ny.global RBFs
ale[nx dx℄=size(X);[ny dy℄=size(Y);if dx~=dyerror('Unequal spa
e dimension for lapla
eYnormalXkermat arguments');endS=distsqh(X,Y)/RBFs
ale^2;gmat1=((dx+2)*frbf(S,2)+2*S.*frbf(S,3))/RBFs
ale^4;mat=gmat1.*(repmat(diag(NX*X'),1,ny)-(NX*Y') );The other s
alar 
ase is
∂

∂νj

y

∆xKc(x, y) =
d∑

k=1

NY
jk

∂

∂yk
∆xKc(x, y)

=
d∑

k=1

NY
jk

∂

∂yk
g(s)

= g′(s)

d∑

k=1

NY
jk

∂s

∂yk

= −g′(s)

c2

d∑

k=1

NY
jk(xk − yk)and in matrix form

(
∂

∂ν

y

∆xKc(x, y)

)

ij

= −
g′(SXY

ij )

c2

d∑

k=1

NY
jk(Xik − Yjk)

= −
g′(SXY

ij )

c2
(
(X(NY )T )ij − (NY Y T )jj

)with the implementationfun
tion mat=lapla
eXnormalYkermat(X, Y, NY)% 
reates kernel matri
es% for two point sets X and Y% 
orresponding to the normals NY wrt. the Y variable
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ian wrt. the X variable% The result is a matrix of size nx times ny.global RBFs
ale[nx dx℄=size(X);[ny dy℄=size(Y);if dx~=dyerror('Unequal spa
e dimension for lapla
eXnormalYkermat arguments');endS=distsqh(X,Y)/RBFs
ale^2;gmat1=((dx+2)*frbf(S,2)+2*S.*frbf(S,3))/RBFs
ale^4;mat=gmat1.*(repmat(diag(NY*Y')',nx,1)-(X*NY') );3.5.4 Derivatives of Normal Derivatives(Se
SubMixedNormalGrad) Mixed partials of normal derivatives in the s
alar
ase for 1 ≤ p ≤ d are
∂

∂yp

∂

∂νj

x

Kc(x, y) =
∂

∂yp

(

f ′(s)

c2

d∑

k=1

Njk(xk − yk)

)

=

(
∂

∂yp

f ′(s)

c2

) d∑

k=1

Njk(xk − yk)−
f ′(s)

c2
Njp

=
f ′′(s)

c2
∂s

∂yp

d∑

k=1

Njk(xk − yk)−
f ′(s)

c2
Njp

= −f ′′(s)(xp − yp)

c4

d∑

k=1

Njk(xk − yk)−
f ′(s)

c2
Njp

∂

∂xp

∂

∂νj

y

Kc(x, y) = − ∂

∂xp

(

f ′(s)

c2

d∑

k=1

Njk(xk − yk)

)

= −
(

∂

∂xp

f ′(s)

c2

) d∑

k=1

Njk(xk − yk)−
f ′(s)

c2
Njp

= −f ′′(s)

c2
∂s

∂xp

d∑

k=1

Njk(xk − yk)−
f ′(s)

c2
Njp

= −f ′′(s)(xp − yp)

c4

d∑

k=1

Njk(xk − yk)−
f ′(s)

c2
NjpThese formulas are not yet implemented in matrix form.



4 CALCULATIONS FOR POISSON PROBLEMS 353.5.5 Derivatives of Lapla
e(Se
SubMixedGradLap) The partials of Lapla
e derivatives are in the s
alar
ase
∂

∂xj
∆yKc(x, y) =

∂

∂xj
g(s)

= g′(s)
∂s

∂xj

= g′(s)
xj − yj

c2
∂

∂yk
∆xKc(x, y) = −g′(s)

xk − yk
c2These formulas are not yet implemented in matrix form.4 Cal
ulations for Poisson ProblemsThe following example des
ribes how to set up a program that solves

∆u = fΩ in Ω ⊂ R
d

u = fD in D ⊆ Γ := ∂Ω ⊂ R
d

∂u

∂n
= fN in N ⊂ Γ := ∂Ω ⊂ R

dvia generalized Hermite interpolation [8℄, wu:1992-1 or, equivalently, Kansa's
ollo
ation te
hnique [4℄. Te
hni
ally, we just dis
retize these equations inpoints xj , yk, zℓ and do not 
are where the points lie. The program mightalso solve ill�posed problems where Diri
hlet and Neumann data are pre-s
ribed on the same part of the boundary, or where fun
tion values are pre-s
ribed inside the domain. For a pure Neumann solver, one might add a singleDiri
hlet point for normalization of the solution. We use an un
onditionallypositive de�nite kernel throughout.4.1 Matri
esWe use three sets of points, ea
h stored in a matrix:1. points xj, 1 ≤ j ≤ J for interpolation of ∆, arranged in a J ×d matrix
X ,2. points yk, 1 ≤ k ≤ K for interpolation of fun
tion values, arranged ina K × d matrix Y ,



4 CALCULATIONS FOR POISSON PROBLEMS 363. points zj , 1 ≤ ℓ ≤ L for interpolation of dire
tional derivatives, ar-ranged in a L × d matrix Z, with dire
tions (�normals�) in another
L× d matrix N .We generate squared�distan
e matri
es by the general rule

SAB :=
(
‖ai − bj‖22/2c2

)

i,jfor the 
ases
SXX , SXY , SXZ , SY Y , SY Z , SZZ .If we 
olle
t all points into a matrix
P := (XT , Y T , ZT )T ∈ R

(J+K+L)×dwe have
SPP =





SXX SXY SXZ

(SXY )T SY Y SY Z

(SXZ)T (SY Z)T SZZ



 .We do not store the SPP matrix, but we need the above layout for the kernelmatrix to arise in the next se
tion.4.2 Full systemThe basi
 linear system will have a matrix of the form




AXX AXY AXZ

(AXY )T AY Y AY Z

(AXZ)T (AY Z)T AZZ



where the blo
ks need di�erent derivatives of the kernel Kc(x, y):Matrix Rows Columns
AXX ∆ on x for X ∆ on y for X
AXY ∆ on x for X Values on y for Y
AXZ ∆ on x for X Normals on y for Z
AY Y Values on x for Y Values on y for Y
AY Z Values on x for Y Normals on y for Z
AZZ Normals on x for Z Normals on y for ZA simple MATLAB implementation is



4 CALCULATIONS FOR POISSON PROBLEMS 37fun
tion [val, 
oeff℄=fullpoissonsolver(X, fX, Y, fY, Z, NZ, fZ, E)global RBFs
ale;SXX=distsqh(X,X)/RBFs
ale^2;SXY=distsqh(X,Y)/RBFs
ale^2;SXZ=distsqh(X,Z)/RBFs
ale^2;SYY=distsqh(Y,Y)/RBFs
ale^2;SYZ=distsqh(Y,Z)/RBFs
ale^2;SZZ=distsqh(Z,Z)/RBFs
ale^2;% SPP=[ SXX SXY SXZ ; SXY' SYY SYZ ; SXZ' SYZ' SZZ℄;AXX=lapla
eXYkermat(X,X);AYY=kermat(Y,Y);AZZ=normalXYkermat(Z, NZ, Z, NZ);AXY=lapla
ekermat(X,Y);AXZ=lapla
eXnormalYkermat(X,Z,NZ);AYZ=normalYkermat(Y, Z, NZ);AZZ=normalXYkermat(Z, NZ, Z, NZ);A=[AXX AXY AXZ ; AXY' AYY AYZ; AXZ' AYZ' AZZ℄;
ondA=
ondest(A)sizA=size(A)if 
ondA >1.0e14error('Condition too large')end
oeff=A\[fX; fY; fZ℄;AEX=lapla
ekermat(E,X);AEY=kermat(E,Y);AEZ=normalYkermat(E,Z, NZ);val=[AEX AEY AEZ℄*
oeff;It also needs a point list E for evaluation, and the values on E will be inval while the 
oe�
ients wrt. the A matrix are in 
oeff. Here is a driverprogram testfullpoissonsolver.m:
lear all;
lose all;global RBFtype;global RBFpar;global RBFs
ale;RBFs
ale=0.7



4 CALCULATIONS FOR POISSON PROBLEMS 38RBFtype='mq'RBFpar=-2dx=2dy=dx;dz=dx;hx=0.1;[xx, yx℄=meshgrid(-1:hx:1,-1:hx:1);X=[xx(:), yx(:)℄;lenx=length(X(:,1))hy=0.1;yd=(-1:hy:1)';Y=[yd -ones(length(yd),1) ; yd ones(length(yd),1)℄;leny=length(Y(:,1))Z=[-ones(length(yd),1) yd ; ones(length(yd),1) yd ℄;lenz=length(Z(:,1))NZ=[-ones(length(yd),1) zeros(length(yd),1) ;...ones(length(yd),1) zeros(length(yd),1) ℄ ;fX=-2*
os(X(:,1)).*sin(X(:,2));fY= 
os(Y(:,1)).*sin(Y(:,2));fZ= -sin(Z(:,1)).*sin(Z(:,2)).*NZ(:,1) ...+
os(Z(:,1)).*
os(Z(:,2)).*NZ(:,2);he=0.05;[xe,ye℄=meshgrid(-1:he:1,-1:he:1);E=[xe(:) ye(:)℄;subplot(2,2,1);plot(xx,yx,'b.',Y(:,1),Y(:,2),'rx',Z(:,1),Z(:,2),'go')% legend('Lapla
e data','Diri
hlet data','Neumann data')hold onquiver(Z(:,1),Z(:,2), NZ(:,1),NZ(:,2))title('Data lo
ations')[val, 
oeff℄=fullpoissonsolver(X, fX, Y, fY, Z, NZ, fZ, E);subplot(2,2,2);surf(xe, ye, reshape(val, size(xe)))shading interptitle('Approximate solution')dirval=[lapla
ekermat(Y,X) kermat(Y,Y) normalYkermat(Y,Z,NZ) ℄*
oeff;diri
hlet_norm=norm(dirval-fY)zval=[lapla
ekermat(Z,X) kermat(Z,Y) normalYkermat(Z,Z,NZ) ℄*
oeff;delta=0.0000001;Zplus=Z+delta*NZ;zneuval=[lapla
ekermat(Zplus,X) kermat(Zplus,Y) ...



REFERENCES 39normalYkermat(Zplus,Z,NZ) ℄*
oeff;neumann_norm_dis
retized=norm(fZ-(zneuval-zval)/delta)subplot(2,2,3);surf(xe, ye, 
os(xe).*sin(ye))shading interptitle('Exa
t solution')subplot(2,2,4)surf(xe, ye, 
os(xe).*sin(ye)-reshape(val, size(xe)))shading interptitle('Error')Its output is in Figure 5. The exa
t solution is u(x, y) = cos(x) sin(y). Theappropriate Diri
hlet and Neumann data are sampled on 42 points on ea
hboundary line, and there are 441 sample points in the interior for interpolat-ing the Lapla
ian. This makes a 525x525 matrix.Referen
es[1℄ St. De Mar
hi and R. S
haba
k. Stability of kernel-based interpolation.Adv. in Comp. Math., 32:155�161, 2010.[2℄ Stefano De Mar
hi, R. S
haba
k, and H. Wendland. Near-optimal data-independent point lo
ations for radial basis fun
tion interpolation. Adv.Comput. Math., 23(3):317�330, 2005.[3℄ G. F. Fasshauer. Meshfree Approximation Methods with MATLAB, vol-ume 6 of Interdis
iplinary Mathemati
al S
ien
es. World S
ienti�
 Pub-lishers, Singapore, 2007.[4℄ E. J. Kansa. Appli
ation of Hardy's multiquadri
 interpolation to hydro-dynami
s. In Pro
. 1986 Simul. Conf., Vol. 4, pages 111�117, 1986.[5℄ M. Pazouki and R. S
haba
k. Bases for kernel-based spa
es. Computa-tional and Applied Mathemati
s, 2011. to appear.[6℄ H. Wendland. Pie
ewise polynomial, positive de�nite and 
ompa
tly sup-ported radial fun
tions of minimal degree. Advan
es in ComputationalMathemati
s, 4:389�396, 1995.[7℄ H. Wendland. S
attered Data Approximation. Cambridge UniversityPress, 2005.
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Figure 5: Resulting �gure for testfullpoissonsolver.m[8℄ Z. Wu. Hermite�Birkho� interpolation of s
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