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Abstract

The paper provides the fractional integrals and derivatives of the Riemann-Liouville and Caputo type for
the five kinds of radial basis functions (RBFs), including the powers, Gaussian, multiquadric, Matern and
thin-plate splines, in one dimension. It allows to use high order numerical methods for solving fractional
differential equations. The results are tested by solving two fractional differential equations. The first
one is a fractional ODE which is solved by the RBF collocation method and the second one is a fractional
PDE which is solved by the method of lines based on the spatial trial spaces spanned by the Lagrange
basis associated to the RBFs.

Keywords: Riemann-Liouville fractional integral, Riemann-Liouville fractional derivative, Caputo
fractional derivative, Radial basis functions

1. Introduction

Fractional calculus has gained considerable popularity and importance due to its attractive applica-
tions as a new modelling tool in a variety of scientific and engineering fields, such as viscoelasticity [13],
hydrology [1], finance [5, 23], and system control [22]. These fractional models, described in the form of
fractional differential equations, tend to be much more appropriate for the description of memory and
hereditary properties of various materials and processes than the traditional integer-order models. In the
last decade, a number of numerical methods have been developed to solve fractional differential equations.
Most of them rely on the finite difference method to discretize both the fractional-order space and time
derivative [6, 7, 15, 19, 27, 29]. Some numerical schemes using low-order finite elements [2, 24], matrix
transfer technique [10, 11], and spectral methods [14, 16] have also been proposed.

Unlike traditional numerical methods for solving partial differential equations, meshless methods need
no mesh generation, which is the major problem in finite difference, finite element and spectral methods
[20, 26]. Radial basis function methods are truly meshless and simple enough to allow modelling of rather
high dimensional problems [3, 4, 9, 12, 21]. These methods can be very efficient numerical schemes to
discretize non-local operators like fractional differential operators.

In this paper, we provide the required formulas for the fractional integrals and derivatives of Riemann-
Liouville and Caputo type for RBFs in one dimension. The rest of the paper is organized as follows. In
section 2 we give some important definitions and theorems which are needed throughout the remaining
sections of the paper. The corresponding formulas of the fractional integrals and derivatives of Riemann-
Liouville and Caputo type for the five kinds of RBF's are given in section 3 . The results are applied to
solve two fractional differential equations in section 4. The last section is devoted to a brief conclusion.

2. Preliminaries

In this section, we outline some important definitions, theorems and known properties of some special
functions used throughout the remaining sections of the paper [17, 18, 28]. In all cases a denotes a
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non-integer positive order of differentiation and integration.

Definition 1. The left-sided Riemann-Liouville fractional integral of order « of function f(x) is defined
as

o f(z) = ﬁ /;(x — el ()dr, > a
Definition 2. The right-sided Riemann-Liouville fractional integral of order « of function f(x) is defined
as ) .

1, f(x) = m/z (r—2)* Y f(r)dt, x<b.

Definition 3. The left-sided Riemann-Liouville fractional derivative of order a of function f(x) is de-

fined as N
D) = frmmay e [ BT @

where m = [a/].

Definition 4. The right-sided Riemann-Liouville fractional derivative of order « of function f(x) is
defined as
(=™ a

D, f(z) = T(m —a) de™

b
/ (r— x)m_a_lf(T)dT, T <b,

where m = [«].

Definition 5. The Riesz space fractional derivative of order « of function f(x,t) on a finite interval
a <z <bis defined as

o/ .8) = =60 (D% +. D) [(a.1),
where
Co = 1 1
~ 2cos (%) asl,
o 1 dm ! m—a—1
oD, f(x’t):mWL (x—7) f(r t)dr,

DO fayt) = DA™ /b(T ) )
I'(m—«a) dx™ J,
Definition 6. The left-sided Caputo fractional derivative of order « of function f(x) is defined as
f@af(x) = m /j(az — )yt M (dr, x> a,
where m = [a].
Definition 7. The right-sided Caputo fractional derivative of order o of function f(x) is defined as

P (=n" ’ m—a—1 p(m)

=k f(l'):m/x(’r—x)na fm(T)d7—7 fL'<b,

where m = [«].

The definitions above hold for functions f with special properties depending on the situations. It is clear
that

oD, f(x) = D™ [ L, f(x)]

DS (@) = ()" D" [ f (@)
D @) = ol [ @)
@) = ("L [ @)



Theorem 8. For > —1 and x > a we have

oLz —a)? = = L(B+1) (o — )P,

(a+p5+1)
PrOOF.
ol %z —a) = S /x(x — 1) Y7 —a)ldr = S /f”*a u*z —u—a)Pdu,
’ I'(a) Ja I'(a) Jo
where u = x — 7. Now with the change of variable z = —*—, we get

a _ (Z‘ — a’)a+ﬂ ! a—1 B _ ('T — a)a+6 _ F(ﬁ + 1) a+pB
ol (Jc—a)ﬁ—w/oz (1—2) dZ—WB(a,ﬁ—l—l)—m(x—a) .

Theorem 9. For 8 > a—1 and x > a we have

L(B+1)

« _ B _ s\ _ B—a
oD, (x — a) _F(B—a—i—l)(x a)” %
PROOF.
r —a
oD.%(x — a)? = D" [, I,z —a)’] = m _(i—:_lg_'_ 1)Dm [(x —a)™ Hj]
__TB+y o sa
711(5—04—5-1)(1’ a)” "
Theorem 10. For > a — 1 and x > a we have
o s LB+ _ \B—a
a‘Q (l’ a) _F(ﬁ—a—i—l)(x a‘) .
ProoOF.
c « (m) T 1 —m
D (v — a)’ =,J0m ((x - a)ﬁ> = F(ﬁ(—ﬁ;l:—l—)l)a[‘”ma(x —a)’?
= M _ \Ba
_F(,B—ow—l)(m a)” .

Theorem 11. The following relations between the Riemann-Liouville and the Caputo fractional deriva-
tives hold [8]:

m—1
c @ f* (a) k—
— D @ — - 7 _ [e%
D@0 =D @ = 3 g gm0
°D'f(x) = .D, f(z) — - M(b L
o e kZOF(kJrlfoz) '
We now list some known properties of some special functions,
22x71 1
I'(2z) = Ix)'(z + 5), for all 22 #0,—-1,-2,--- (1)
0
bl Biz) = —Fu(a,1-fa+1ia), (2)
Fyi(a,b;e;x) = (1— :z:)c_a_ngl(c —a,c—b;c ), (3)

i (2K, (z)) = —a"K,_1(x),

dx
o =2(2), (55,

F(A—i_ 1) A—m
= —7X 5
'A—m+1)

m €N,



where I'(z), b(a, B;x), Fpq(ai,...,ap;by,...,bg;2), K, (), and (z), denote the Gamma function, lower
incomplete Beta function, Hypergeometric series, modified Bessel function of the second kind, and
Pochhammer symbol, respectively.

3. Fractional derivatives of RBF's in one dimension
Since RBF's are usually evaluated on Euclidean distances, we have to evaluate

D(r) = D*¢(|lz —yl), forall z,y €R,

where D¢ can be one of the notations used for fractional integrals and derivatives in section 2 and ¢(r) is
one of the RBFs listed in Table 1, [25]. The following theorems show that finding the fractional integrals
and derivatives of ¢(x) can lead to those of RBFs in one dimension.

Theorem 12. For all z,y € R and x > a we have
aIwaqﬁ(‘.’L‘ - y|) = €a (§(afy)lxa¢) (‘JJ - y')?
where £ = sign(z — y).

Proor. We get

doe =) = iy [ @7t —par = s [ @y = ot
where u = 7 — y. Then
oL@ —y) = ((a-y L.20) (x — y) (4)

where u = y — 7. Then
aIzagb(y - .’1?) = (_1)04 ((yfa)11a¢) (y - .Z') (5)

Then (4) and (5) give the result.
Remark 1. Similarly, one can show that for all z,y € R and z < b

oLz = yl) = (=) (ev-yL."¢) (Jz = yl),
where £ = sign(x — y).
Theorem 13. For all z,y € R and x > a we have

aDza(b(‘x - y|) = é——a (E(afy)DIa(b) (|(E - y‘)7
where £ = sign(z — y).

PROOF. We get

oD, ¢(x —y) = D" [oL," "¢z —y)] = D™ [((a—y)." " "¢) (z = 9)] = ((a—y) D."®) (z — y). (6)
Moreover,
oD oy —x) =DMy — )] = D"(-1)"" (y-a) L") (y — 2)]

= (=) D" [((y-a) L") (y — 2)] = (-1) " (-0 D.70) (y =) (7)
Then (6) and (7) give the result.



Remark 2. Similarly, one can show that for all z,y € R and =z < b
=D, 56|z = yl) = (=)™ (ep—pD.") (Jz — ),
where £ = sign(z — y).
Theorem 14. For all x,y € R and x > a we have
D ole = yl) =€ (D 6) (2 =y,
where & = sign(z — y).

ProoOF. We get

Do@—y) = LG — 1) ™) = oL (@ — )] = (@ L) (@ — y)
— (oD O)(x —y). (8)
Moreover,
Dy —2) =Ly — 2)™] = (~1)" L (y — )]
— (1" (e L) (y — 2) = (1), D By — ). 9)

Then (8) and (9) give the result.

Remark 3. Similarly, one can show that for all z,y € R and z < b

Cc_«

0 o(le =) = (=9 (0D 6) (2 =y,
where £ = sign(z — y).

In the sequel, we evaluate the Riemann-Liouville fractional integral and derivative, and also the Caputo
fractional derivative of ¢(z) corresponding to the five kinds of RBFs listed in Table 1.

3.1. Powers
For ¢(z) = z” the following results hold.

Theorem 15. For x > 0 we have
PB+1) 445

[P = 7 -1

oL = tarsrnt 0 P
LB+ 5

D 2P = foa -1

oD “x F(B—oz—I—l)x , B>a

c @ g _ F(B—i—l) o 1

DT 7F(ﬂfoz+l)x , B>a-—1.

PRrROOF. Theorems 8, 9 and 10 for a = 0 give directly the results.

Theorem 16. For a #0, n € N and x > a we have

" a"*(z —a)F

a,n ) _ e

ol ni(z —a) ];) (n—kK)T(a+k+1)
e a"k(z —a)F

a,n ) _ [0

oD.%2" =nlz—a) ];(n—k;)!l‘(k—a—i—l)’
n—m n—k k

Yt n — ol =M (e )T a (aj — a)
oz ¥ nla”™"(z —a) kzzo(nfmfk)lf(mfaquJrl)'



PROOF. The Taylor expansion of ™ about the point x = a gives

n—~k

. nla
=2 = &

Now, according to the linearity of the Riemann-Liouville fractional integral and derivative, we have

—a)*.

n n
nla"* k nla® % T(k+1) Tk
a[ o n — aI’(X _ — _ [e3
= ¥ kz:;)(n—k)!k! L@ —a) ;(n_k)!k! Tathen @Y
ry . a"” k( a)k
(z—a) Zn— W (a+k+1)
il
" plank P nla™F T(k+1) ke
aD “z" a - = - ¢
=t Z o oD@ —a) 2 =BTk —atD) &%
k:O k=0
e a"*(z — a)”
= | — @
ni(z —a) ;(n—k)!r(k_wl)'
o n m—a« n\(m n' m—o,  n—m
QQ T =, (v )( ) = maf T
n— an— k Nk
=nla ™ (z —a)™ Z (z—a)

)YT(m—a+k+1)
Remark 4. Similarly, one can show that for z <band n € N

n

bk (x — b)*
an ) _ [ed
L% nl(b—x) kZ:O =BT (et k+1)
e b (z — b)*

an ) _ [e4
D" =nl(b—z) kZ:O(n—k)!F(k—a+l)’

o - n—k _
fb 2" = (=1)"nlb™"( Z b —b)"

(n—m—-K)IT(m—-—a+k+1)

3.2. Gaussian

For ¢(x) = exp(—x?/2) the following results hold.

Theorem 17. For x > 0 we have

PROOF.

foes - " gyl ltae2ta 2t
0L, F(l—i—a) 22 25 ) 2 ) 2 ’ 2 )
z2 ¢ 1 l—a 2—a 2?2
D% 7 =——  [Foo(=,1; —— —
o/, € 1—‘(170[) 22(27 ) 9 9 2)7
c g2 r~ @ 1 l—a 2—a a2
T (= 1: _
0% ¢ ri—a 2GS 5 iy

The Taylor expansion about the point x = 0 gives

n=0

77/




Therefore

_22 — (D" o s (D" T@nA1) oy
I 5 _ I n — n+ao
ol, € n;gnn;ozx ;}2"11! T2n+at+l)
ot i (1)ay, (7&2)71 z® S (%)n(l)n (7£2)n
T(1+a) & (1+a)y,n!" 2 P(14a) &= (59),(352) 0" 2
z® 1 1+a 2+a 22
S W P )
r'(l+a) nyph—m 5 g)
_ 22 > (71)71 a _2n = (71)71 F(2n+1) 2n—a
oD, ez =y gy 0D =y z

npl —
— 2"n! I'(2n—a+1)

|
_ =z = (g, 22" e &K (3),M), 2
S T(1-a) Z (1- a)2nn!( 2 ) = r(l—a) Z (P—a)n(z‘*a)nn!( 2 )

n=0 n=0 2 2
R (1 1 l—-a 2—« x2)
711(1 ) 22 25 ) 9 9 9 ’ 9
c_a 42 ad n T« 1 l—-a 2—a 22
0 e g F(l— ) 22(27 9 ) ) 2 ’ 2)

Theorem 18. For a # 0 and x > a we have

[o% R SOl i
ats € (z—a) Z an' kZZO(Qn—k)!F(a—kk—i—l) ’

n=0
o0 2n — k}
o —z2 —a ) a®" k(‘r — a)
aD 2 - )
= (—a) Z:O Z”n' kzzo 2n— k)T —a+1)
co 2 o o (—1)(2n)! [ a2k (z — q)*
a7 © =a @ —a) 7;) 2np) Z: Cn—m-—kKIT(m—-a+k+1) /)"
PROOF.
(D" s (D" ke —a)
JeTT = ol 2 = 2n)(z — a)®
= © = 2mnl T * 7;) 2nn) (2n)l(z —a) kZ:O 2n—K)T(a+k+1)
B axn (D"@20)! (S5 a*F(@—a)*
=@-a) HZ:O 2] kzzo @n—k)T(a+k+1) )"
D 0467% _ i (71)”’ D ax2n _ i (71)" (QTL)'(.Z‘ _ a)—a 2277- a2nik($ B a)k
4 = 2mnl e = 2 ’ = (2n—k)0(k—a+ 1)
_ o (CD"E0)! (N @ —a)
=(@—a) ; 2 kZ:O @n BTk -—a+l) )"
oo g2 E (D)o o, oA (—1)" = a2 (z — a)*
De s = D 2> = 2n)la""(x — a)™
a¥ © 7;)2"71! o7 ¥ ;2nn!(n)a (z—a) l;) 2n—m-KIT'(m—-—a+k+1)
g, ymeas (CD" ) (O a2z —a)"
=a @ —a) nZZO 27! k-zzo Cn—m-KT(m-a+k+1) )"



Remark 5. Similarly, one can show that for z < b

N W= (1) @0 [N k(e — b)F
e T = (b—ux) nz::o ol (kz_o (2n— k)T(a+k + 1)) '
by e CDC0)! (R )t
DT =(b—a) ;M<kz_o(2n—k)!r(k—a+l))’
e _é - —— o [e%S) (_1)71(2”)' 2n—m bQ”_k(a:—b)k
‘Der = (—1)"b " (b— ) ;W<I;} (gnmk)!r(ma+k+1)>‘

3.3. Multiquadric
For ¢(x) = (1 + 302/2)5/27 B € R the following results hold.

Theorem 19. For x > 0 we have

22 s x® 1 B l1+a 24+a 22

T4 +2)2 = —~ Foo(=.1.—2. sr=. 2

o1+ 5) I'(l+a) nlyp b3 5T

z2 s @ 1 Bl-a2—a 22
DY14+29)2 =" Fp(=,1 -2 .

0 T( + 2)2 F(l—a) 22(273 9' 9 ' 9 2)7

c. «a 2% s A 1 Bl-a2-—a z2

1+59)7 =" _Fp(=.1 -2 L

0% ( + 2) F(].—O[) 22(27a 9’ 9 T g9 2)

n=0
Therefore
a? s (%) (-1)"(=5), T(@n+1)
Ioc 1 “\5 _ 2 Ia 2n _ 2/n 2n+a
o1+ nZ:o onpl 0= ¥ ;0 2nl TCntatl).
_ ot imzn(—ﬁ)n N i (3),(Wa(=%),, iy
I'(1+a) — (14 a),,n!" 2 I'(1l+a) 20(12‘”)“(2*‘70‘)”71! 2
< 1 B 1l+a 24+a a2
= _Fp(=,1,-2; )
I'(l+a) n(y b3 5Ty
b VD, b SOV, Tanin
0 2 gl M ol T(2n—a+tl)
o & WD), N fﬁ D), 0,2, iy
Fl—a) = (1 —a),,n!" 2 P(l—a) = (559),(35%), ! 2
¢ 1 Bl-a2-—a z°
= Fio(=,1 .
r'l—a) n(pb-3i—5 5y
c o 225 X (-D)"(-5) ¢ o, zTe 1 Bl-a2—a 2
1 — )3 — n n o _ F - M. L
o 1+ 5) ; S v p R LG T e L St P



Theorem 20. For a # 0 and x > a we have

L1+ ﬁ)g F(B +1)(z—a) ai in: azn_k(lﬁ—a)k
a’e 2 2 o] Q”n!F (2 —n+1) «@2n—k)T(a+k+1) )’
2, 3 00 2n QQ”*k(:p—a)k
Do(1+7)7 =T(5 —a)™®
oD, ( +2)2 (2 (z —a) T;) nnlf n+1) <Z(2n—k)!f‘(/€—a+l) ’
o« z? s B —m Mo S (2n)! e a2 k(g — a)*
L (1+?) —T(§+1)a (CC—G) ngoyln!lﬂ(g_n_’_l) 1;) 2n—m—K)T(m—-—a+k+1) '
Proor
a QC2 g (g) a, 2n
[e%) F g 1 2n 2n—k _ k
D LML) PR L)
=18 —n+1)20! = (2n—k)(a+k+1)

=0
B ﬂ o s (2%)' 2n a2n—k‘(m_a)k
=I(5 + 1) —a) Z?)?”TL’F(? o T (;;J (2nk)!F(a+k+1)> .

SITR ¢
Doél “ \5 — 2 Da 2n
al<+2)2 n:02nnlawx
o ]_"§+1 B 2n 2n—k(,. _ ,\k
S L Y TR S o i i)
— (% —n+1)2nn! = (2n—k)I0(k —a+1)

0
_rP RS (2n)! o a e —a)
=G rhe=a Z2”n!F( —n+1) <Z (2n—k)!F(k—a+1)>'

n=0

c o 22 s &)y e o,
RIRE IS i R
n=0
i (8 11 2n—m 2n—k(,. _ ,\k
:Z G+1) 2n)la " (x —a)"“ Z a4 (z—a)
=% —n+1)2n! — (2n—m+k)D(m—a+k+1)

0
— é —my,, _ \m—a > (2n)! 2n—m a?n=k(z — a)k
=I(5 +1a " (z ~q) %znnxr(g_nﬂ)(kzo (2nmk)!f(ma+k+1)>.

Remark 6. Similarly, one can show that for z < b

[V

=0

N .’132 6 00 ( 2n b271 k( b)k
a:Ib (1"’?) F(2+1)(b_x Z2”7’L'F(*—TL+1 <Z() m—k 'FOL+]€+1)
2n
2

apy T s B - (2n bk (2w — b)"
rDb (14’?) F(Q +1)(b71' ;an'r(* 7n+1 0 27’L— ll_‘( —Oé—|—1)
oo a? B\ e j-a - (2n)! il ke — b
ol (1"'?) =(-n" F(2+1)b nz:% "n'Fg—n—l—l) kz::O 2n—m—-k)IT(m-—a+k+1))"



3.4. Thin-plate splines
For ¢(x) = 2*"In(z), n € N the following results hold.

Theorem 21. For x > 0 we have

oL nle) = s a® M In(e) + W20+ 1)~ W2+ 1+ )]
o r
DC].T? z*"In(z) = wa%_a[ln(x) +U¥2n—m+1)—-¥(2n+1—-a)
+m!l(2n —m + 1)§: ()™ ]
' —r(m—r)IT2n—m+r+1)"
oD “x*"In(x) = mgﬂna[m(x) +¥2n—m+1)—-¥2n+1-a)

(71)7“—1
r(m—r)T2n—m+r+1)

+mIT(2n —m+1))

I,

3
—

where U (x) is the logarithmic derivative of the Gamma function.

% (r(la) /;(:r - T)a—%%dT)

PROOF.

oL %2 In(x) = —F(l ] / (x — 1) 2 In(1)dr =
« a
1d o on
= gdin (aIx x2 ) .

DO =

Then it suffices to find the derivative of the Riemann-Liouville fractional integral of the powers RBF z2"
with respect to n. Therefore

1d I'2n+1)
I 2n1 _ - a+2n
ol.%a™ In(z) 2dn (F(a—}—?n—l—l)x )’

which in turn gives

1022 In(a) (I"(2n + 1)z + T (2n 4+ 1)z ™" In(z)) T(2n + 1 + o) = I'(2n + 1 + a)I'(2n + 1)z 2"
oL, T n\xr) = .
T@2n+1+a))’
Now by substituting
I'2n+1)=¥(2n+ 1)I'(2n + 1),
'2n+1+a)=92n+1+a)l(2n+1+ ),

we have

ol “2°" In(z) = Im:ﬁ”" In(z) +¥(2n+1) —¥(2n+ 1+ a)]. (10)

Since it is well known that for the thin-plate splines and their derivatives at £ = 0 the limiting value 0 is
considered avoiding the singularity, according to theorem 11 we have

«
oD “z* In(x) = UCQ 2" In(z).
Now for the Caputo fractional derivative, we have

Oclr) 2" In(z) = oI, (2" ln(x))(m) .

10



But for z # 0

(2n + D)a2r=—m+r (—1)" "1 — 1)

:I:T

(v~

m—r)IT2n—m+r+1)

) (m) ~((m ) AT o, d
(2°" In(z)) = Z < . ) e n T In(x)
r=0
T2n+1) o, S m AT, d
— n ml n 1
r'2n—-—m+1) n(@) + ; r de™=""  dz" n(x)
r@n+1)
— n— ml
I'2n—m+ ) n( +Z< > rn—m+r+1)
r@n+1) 2nm
= ————x" "1 T'(2 Dz“n—m
T2n—m+1)" n(@) +mil(2n + 1) Z%
Then
c _«a I'(2n+1)

oD 2" In(x) MmN (z)

T T@2n—-m+ 1)

m

25

(_1)7’71
m—r)T2n—m+r+1)

+m!T'(2n + 1) (

_ I'n+1)

= v
r'2n+1-a)

2" In(z) + ¥(2n —m +1) —

i

) Ol'mmfal,?nfm

2n+1-a)

]

—mII'2n—m+r+

IT'(2n — 1
+m!T'(2n — m + );T(m

Theorem 22. For a # 0 and x > a we have
ozt —a)®

 aT(1+a)

(a+2n+ 1) ¥(a+2n+k+1)(a —2)

o Y2 In(x)

)

o Z (o + k)akk!
@ (2 1 2n—a _ m—o
acw " In(z) = ( 2221{(1+§§Z)) (le(m—a,Zn—a—i—l;m—a—i—l;

1)

(Fgl(Oé, a+2n+1l;a+1; u) (In(z) — ¥(a+2n+ 1))
a

a—x

)

)

In(z) — (@20 —a+1) 'Z (-1 !
r'2n—m+1) m—r)T2n—m+r+1)
(m—a) 2n—a+1),¥2n—a+k+1) 4
F(n—m—&—l);) (m —a+ k)akk! (a=a)" |
Proor. We know that
Bz —a)® a—z
128 =1 For(1,—Bia+ 1; .
al, xr F(l a) 21(a /8704+ ) )

Then by using (3), we get
rot+B8 (x — —z

a°T(1+

% Fgl(a a+ B+ 1; a—i—l

alzax’g =

11
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Thus

1d (2T (z —a)® a—x
ol %21 =-— (———Fula,a+2n+ La+1;
2" In(z) 2dn( T+ o) hi(a,a+2n+ 1,0+ ))

2w —a)* d
" 20°T(1+ ) dn

( o (a, a+2n+1a+1 x))
a

z*(x — a)® 9 a—
= ——— | 22°"1 F 2 1; 1;
2T+ a) < =" In(z)Fo1 (o, o+ 2n + ;a0 + 1;

d
—|—x2”d (For(aya+2n+ a0+ 15 ax))>.

Moreover,

d _ a—xz\ d 2 (a), (a+2n+1) (a—f)k
—_ (F21(a,a+2n+1,a+ ].,a)) = % (Z k (a+1)k k X ) )

dn
k=0

and so

<F21aa—|—2n+1a—|—1 ax)>

dn
_i(a)k(a—x) AV(a+2n+k+ D)l (a+2n+1) —2I"(a+2n+ DI(a+2n+ k + 1)
= (ot 1),a"Fk! (a+2n+1)° 7
_i2(a)k(a—x)k Tla+2n+k+1)(Ta+2n+k+1) — U(a+2n+1))
_k:0 (a4 1),akk! I(a+2n+1) ’
:iw((a—i—Qn—i—l) (T(a+2n+k+1)— U(a+2n+1)))
k=0 (a+1),a"k! g 7
_ > (a+2n+1)kllf(a+2n+k:—|—1)(a—x)k . a
_204];) (0 + k)abh —2U(a+2n+ 1) (o,a+2n+ ;a0 + 1

Then by substituting the relation above into (12) and simplifying the expressions, we obtain

2n+a _ o _
oL n(z) mmTf+ﬂ)(&mma+m+na+h“ %) (In(x) — U(a+2n + 1))
ta Z (a42n+1),¥(a+2n+k+1)(a—z)*
(a+ k)akk! '

Now for the Caputo fractional derlvatlve, we have
flm)aan hl(:c) — aIImfa (I2n 1n(:c)) (m) .
Then by using (13) and (11), and after simplifying the expressions, we have

o a T'(2n+1) e o
D 271,1 — alm a,.2n m]
D) = s L )
+m!C(2n + 1) i ()™ I aginmm
—r 7T)‘F(2n7m+7"+1) “e
_ I(2n+1)2? O‘(x—a) a—z
= Foi(m—a,2n—a+Lim—a+1;
T p——— s(m—a,2n—a+1;m—a+1; )
In(z) — \I'(Zn—a—i—l ‘Z (-1)"*
'2n—m+1) 7T'F27’Lfm+7"+1)
(m— ) Z:(27”L—oz—|—1),6\11(211—04—&4{4—1)(a_x);€
F2n—m+1) &= (m—a+k)akk! '
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Remark 7. Similarly, one can show that for z < b

2n+a _ o _
2 In(z) = W <F21(a,a +on+ La+ 1 bTx) (In(z) — U(a +2n + 1))
o Z a42n4+1),Y(a+2n+k+1)(b—z)*
(o + k)bFE! ’
a -1)"T(2n + )22 (b —x)" b—z
Pt = b(m‘aF(r)n—ozj—l) ) (Fm(m_o"zn_o‘“;m‘““;b
In(z) —¥(2n —a+1) 'Z (-1t
r'2n—m+1) —T'F2n—m+r—|—1)
(m—a) Z(2n—a+l)k\I/(2n—a+k+1)(b_x)k .
F@2n—m+1) &= (m—a+k)aFk!

3.5. Matern
For ¢(z) = 2V K, (z) with non-integer v > 0, the following results hold.

Theorem 23. For x > a we have

T A 1 a+1l a+2 z2
IO‘ VKV = I 771;1_ Yy T e ) T
oL Ky (@) 2sin 7w (F(l T+ a 26 v Ty )
2T(v+ % 1 ) 1 2
— v+3) {Ea+2VF12(V 7;761+ vt ;g l/—l—l;m—)
Val(a+2v 4+ 1) 2 2 2 4
G,QV.’EO‘*I oo a2k

a

Fo1(2k+1,1 — «; 2k + 2; —

T(a) ];)(Qk+1)l“(—y+k+1)4’fk! 22k + 11— a2k +27)
a21/+1 2k

xafl Z a
2T()" 2 \4Fk@v+k+ D0+ k+ 1)

+

2
For(20 + 2k +1,1 — ;20 + 2k + 2; ‘1))).

PRrROOF. We know that

od 2K, (2) = W(GIT ' J_(x) — I 2" J,(x)),
where
2\ k
()
2o =(3) 2 F T k1)
Now
2\ k
L@ =g [ = o [ (3 &),
ol 2"y () Ja v I(a) /, 2/ &KV +k+1)

1 ’ -1, 2v+2k
_ « v d :
T(a)2"4* kI (v + k + 1) /a (@=m)*r 4

M

=
i

0
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By the change of variable u = I, we have

1
/z(x _ T)a717_21/+2kd7_ _ $a+2u+2k / (1 _ u)a—1u2u+2kdu
a

82

_ pot2vt2k (F(QV + 2k + DI'(e)

a
—b(2 2k+1,05—) | .
(o +2v + 2k + 1) (2v + 2k + ’Ohx))

Therefore
0o xa+2u+2k¢ F(2I/+ 2]€+ I)F(a) a
aI o,V L = o b 2 2]{} 1’ ;7
avd,(x) I§2u4kk!1“(a)l“(u+k:+1) (F(Oé+21/—|—2k;+1) 2v+2k+ 1« x))
_ i (2w + 2k)aot2v 2k i b(2v + 2k + 1, ;& )zot2rH2h
= 2 UREIT (v + k) (a4 2v + 2k + 1) 2 AREIT () (v + k + 1)

Now by using (1) and (2) we get

o) 2UF(V+k+ %)xa+2u+2k

— o0
q2vtlpa—1 o2k

2'T(a) = 4kI2v + 2k + 1P (v + k + 1)

F21(21/+2k+1,1—a;2u+2k+2;g)
x

pot2vov 0 F(l/—&—k:—l—%)x%
NS = (o4 2v + 2k + 1)k!

_1 o©
2v+1 pa—1 a%

2'T'() prd 4RE\(20 4+ 2k + DT (v + k + 1)

a

F21(2V—|-2/<;+1,1—a;2y—|—2kj+2;g)
x

_ AT+ X v+ %)kx%
Val(a+2v +1) £ (a+2v41),, k!

=0
— o0
q2vtlpa—1 2%k

a a

E: Fou(2v +2k+1,1 — ;2 2k + 2; —

2T(a) = AFEI(20 + 2k + 10w + k+ 1) 2 (2v L—os2v 4+ =)
T2 (v + 3) & (v+ 1), 22

- Vrl(a+2v+1) — (§+v+ %)k(% Lu+ 1>k4kk!

_1 o©
q2vtlpa—1 Cl2k

2T () kZ:o 4kEV (20 + 2k + DT (v + k + 1)
2T(v+ 1)

T Val(a+2v+ 1)

—_ o0
a21/+1 & 1 an

27T («) kzzo AFEN 20 4+ 2k + DD (v + & + 1)

F21(2V+2I€+1,1—0&;2V—|—2k‘—|—2;g)
x

$2

7

1 1
T P (v + 5;%4—1/—&- 5,%errl;

Fo(2v+2k+ 1,1 — 020+ 2k + 2, 2).
x
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Moreover,

oI y(x) = ﬁ /;(9” e g (P dr = ﬁ /j(m — 7)) (%)_V g% kD

x

3 27 —1,2k
— « d
,;)F T S,

o) 21/ a+2k F(2k+1)F(a) a
— b2 1o 2

F(Qk + 1)x2k o 2uxa+2kb(2k + 1’ O[, %)

T kz=o 4R (—v + k+ 1) (a + 2k + 1) p R (@)D (—v + &+ 1)

_ 2V s (1),
- T-vra +a) =0 (1 =), (14 @)y, 4%F!
Lg Z 4k - 1 a2k — k'F21(2k+ 1,1 — o 2k+2;2)
k=0 + —v+k+ 1)k! .
_ 2V e (%)k(l)kx%
P(L=)T(1+a) & (1 —v), (+52), (352), 45k!
2V g a2k )
For(2k + 1,1 — o; 2k + 2; —
I'(a) §4k(2k+1)r(,y+k+l)k! 21(2k + 1,1~ 032k + 25 )
2 1 l+a 2+a a?
D T M A e a s

— o0
vypa—l o2k

a a
§ : For(2k+1.1 — a2k +2: 2).
a) = 4Rk + D0(=v 4+ k+ D! 212k + 1,1 —as2k+2; )

(=)

MO+ k+1)

Thus
T 2Y 1 a+1l a+2 22
- VKV = F 771;17 ) ) Y T
oL Ky (@) 2sinmw (F(l—u)F(1+a) 2(3 v Ty )
2'T'(v + ) o 1l a+2v+1 a x?
- ot p /o= 1;
Jal(at2v+1)" vt g iy il
o lg & a2k a
— Fo1(2k+1,1 — a2k + 2; —
Moy 2 @ T Ty TR DR G L a2k 2
N a2u+1 xaflz a2k
27T (ax) S\ 4R+ k+ DD (v + k +1)
{,132
For(2v 42k +1,1 — a;2v 4 2k + 2; 4)>) .
Theorem 24. For x > a we have
Cc_« m
a’g quV(x) = (71) aImmial.VimKu—m,(xy
PrOOF. By definition, we have
DK () = oL@ (@)™ = (1) LT R (a).
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Remark 8. For the special case a = 0 and x > 0 we have

oL Kole) =g (F(l —2;;?:1 ¥ a)FQS(%’ 1S er -2 ;r : %2)
—ﬁﬁi(iéfi e Pl + 3 s g b Qf)) |
CD 3K () = (—1) "0 L™ T K, ().
Remark 9. Similarly, one can show that for x < b
At =gt (st el i S )
) ﬁf@(ﬁfl e Pl 5 e )
2?(&@)1[) D (2k + 1)r(—bu2k+ Fr g 2GR L L —as2k 42 2)

k=0
b21/+1

& b2k
v xail Z ( k1.1
2T(a)" =\ PR +k+ D0 +k+1)

+

2
F21(2V+2k+1,1—06;2y+2k+2§x4)))a

4. Application

In this section we apply the results of the previous section to solve two fractional differential equations.
The first one is a fractional ODE which is solved by the RBF collocation method and the second one is
a fractional PDE which is solved by the method of lines based on the spatial trial spaces spanned by the
Lagrange basis associated to the RBFs. In both cases, we work with scaled RBFs, i.e.

o(t22),

where the RBF scale ¢ controls their flatness. The infinite sums appearing in the previous formulas are
truncated once the terms are smaller in magnitude than machine precision.

4.1. Test problem 1
Consider the following fractional ODE [22]:

oD ult) +u(t) = f(1), te(0,T),
u(0) = u’(0) = 0.

Let t;, 1 < i < n be the equidistant discretization points in the interval [0, 7] such that ¢; = 0 and
t, = T. Then the approximate solution can be written as

u(t) =Y No(lt —t5]),
j=0
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where t;’s are known as centers. The unknown parameters ); are to be determined by the collocation
method. Therefore, we get the following equations for the ODE

DN oDt — ) + D Nt — t]) = f(t:), i=2,..n—1, (14)
j=0 j=0

and the following equations for the initial conditions

n

DN ot —t5]) =0, (15)
j=0

n

>N ([t —ty]) =0. (16)

§=0
Then (14)-(16) lead to the following system of equations:

0D?¢+
ol [A] =
b1
The necessary matrices and vectors are
& = (&(ti = 1)) acicn_1.1<j<n
oD 2p = (D26 (1ti ~ 1))
1= ((It1 = t51)) 1< i< »
¢ = (¢'(Itr — 1) 1<j<p »
A=, 1<i<n)’,
F=(ft),2<i<n-1".

Oohq

2<i<n—1,1<j<n

Now, we take 501 points in the interval 0 < ¢t < 50 and work with the powers RBF ¢(z) = 2% with ¢ =
10~*. The numerical solutions are plotted with different right-hand side functions f(t) = 1, f(t) = te™¢,

and f(t) = e"tsin(0.2¢) in Figures 1, 2, and 3, respectively. The results are in agreement with the results
of [22].

4.2. Test problem 2
Consider the following Riesz fractional differential equation [28]:

a"gi’t) = —Ka%u(x,t), x €10,7], t € (0,7T),
u(z,0) = uo(x), (17)

u(0,t) = u(m,t) =0,

where u is, for example, a solute concentration and K, represents the dispersion coefficient. Let x;, 1 <
i < n be the equidistant discretization points in the interval [0, 7] such that z; = 0 and z,, = 7. Now,
we construct the Lagrange basis Li(x), ..., L,(z) of the span of the functions ¢(|z — z;]), 1 < j < nvia
solving the system

L(z) = p(x) A",
where
L(z) = (Lj(z),1 <j<n), @)= (d(z—=]),1<j<n), A=(d(ri—2;])1cicnicjcn-

If £ is a differential operator, and if the RBF ¢ is sufficiently smooth to to allow application of L, the
required derivatives £L; of the Lagrange basis L; come via solving

(LL)(z) = (Lp)(x)A™".
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Due to the standard Lagrange conditions, the zero boundary conditions at g = 0 and z = 7 are satisfied
if we use the span of the functions Lo, ..., L,_1 as our trial space. Then the approximate solution can
be written as

n—1

u(e,t) = 3 By ()L @)

with the unknown vector
B(t) = (B(t),2<j<n—1).

We now write the PDE at a point x;, 2 <i <n — 1 as follows:

n—1 n—1 9
> B OL(w:) = Ko Y Bj(t)WLj(mi)'
j=2 j=2

The initial conditions also provide
Bi(0) = up(z;), 2<j<n-1

Thus we get the following system of ODEs

B0 =Ko (5ol B0).
O|z|
with the initial conditions
ﬁ(o) = UOa

where

o~ < o«
A euan ) ,
olx|* Al 2<i<n—1,2<j<n—1

Uy = (uo(z),2<i<n—1)7T.

Now, consider problem (17) with the parameters o = 1.8, K, = 0.25, T = 0.4, and ug(x) = 2%(7 — z).
The numerical solution is plotted by using the Gaussian RBF with ¢ = 1, and taking 101 discretization
points, in Figure 4. In the second experiment, we use parameters o = 1.5, K, = —0.25, T' = 0.5, and
uo(x) = sin(4z). The numerical solution is plotted by using the Gaussian RBF with ¢ = 1, and taking
101 discretization points, in Figure 5. The results are in agreement with the results of [28]. It should be
noted that using the multiquadric RBF with 8 =1 and ¢ = 1 also gives the same results.

5. Conclusion

The Riemann-Liouville fractional integral and derivative and also the Caputo fractional derivative of
the five kinds of RBF's including the powers, Gaussian, multiquadric, Matern and thin-plate splines, in
one dimension, are obtained. These formulas allow to use new fractional variations of numerical methods
based on RBFs. Two examples of such techniques are given. The first one is a fractional ODE which
is solved by the RBF collocation method and the second one is a fractional PDE which is solved by the
method of lines based on the spatial trial spaces spanned by the Lagrange basis associated to RBFs.
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Table 1: Definition of some types of RBFs, where 3, v, and n are RBF parameters.

Name Definition
Gaussian exp(—12/2)
Multiquadric 1+ 7"2/2)ﬁ/2
Powers rP
Matern/Sobolev K, (r)r”
Thin-plate splines 2™ In(r)

12¢

0.3

0.2 L I I I )

Figure 1: Solution of the test problem 1 for f(t) = 1.

0.351

0.3

0.25

0.2

> 015
0.1

0.05

Figure 2: Solution of the test problem 1 for f(t) = te™*.
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0.07

Figure 3: Solution of the test problem 1 for f(¢) = e~ sin(0.2¢).

Figure 5: Solution of the test problem 2 with oo = 1.5, Ko = —0.25, and 7' = 0.5.
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