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Abstract

For a family of interpolation norms || - ||1,2,s on R", we provide a distribution over random
matrices &5 € R™*" parametrized by sparsity level s such that for a fixed set X of K points
in R", if m > Cslog(K) then with high probability, 3|z[/12,s < [[®s(2)|1 < 2[|@|1,2,s for all
x € X. Several existing results in the literature roughly reduce to special cases of this result
at different values of s: For s = n, ||&||1,2,» = |||1 and we recover that dimension reducing
linear maps can preserve the £1-norm up to a distortion proportional to the dimension reduction
factor, which is known to be the best possible such result. For s = 1, ||z|1,21 = ||z||2, and we
recover an {5 /¢ variant of the Johnson-Lindenstrauss Lemma for Gaussian random matrices.
Finally, if « is s- sparse, then ||z||1 2, = |||1 and we recover that s-sparse vectors in ¢7 embed

. O(sl . . .
into ¢ (slog(n) i sparse random matrix constructions.

1 Introduction

The theory for linear dimensionality reduction in Euclidean space has been the subject of much
research in recent years. The celebrated Johnson-Lindenstrauss (JL) Lemma says that a small
set of points in high-dimensional Euclidean space can be linearly embedded into a space of much
lower dimension in such a way that Euclidean distances between the points are nearly preserved
[20]. More specifically, given a finite set X C R”™ of size |X| = K, there exists a linear map
® : R" — R™ with m = 9e~2log (K) such that (1—¢)||lz —y|l2 < [|®(x—y)|2 < (1+¢)|z—yl2
for all ,y € X. In the language of geometric embeddings, this says that K-point subsets of £5
can be linearly embedded into £3* with m = O(s~?log (K)) and distortion 1+O(¢). Remarkably,
for a fixed finite set X C R™, taking ® : R® — R™ as a random matrix whose entries are
independent and identically-distributed mean-zero Gaussian random variables will achieve such
an embedding with high probability [11]. Because such a probabilistic embedding is easy to
construct and is oblivious to the content of X, random projections have become an efficient pre-
processing step for a wide range of algorithms in numerical linear algebra, compressive sensing,
manifold learning, and theoretical computer science [18, 31, 15, 25, 2, 3, 33, 8, 22].

It is natural to ask about embedding results for more general £, norms, 1 < p < o0, e.g., a
result of the form (1 —¢)||z[lex < [[P|len < (1+¢)||x|[en for m < n. Unfortunately, the strong
results realized by Gaussian random matrices is specific to the case p = 2. In fact, an embedding
result of the Johnson-Lindenstrauss type is impossible for p # 2 using any linear embedding:
as shown by Charikar and Sahai [9] for ¢; and generalized by Lee, Mendel, and Naor in [23]
to £, for 1 < p < oo, there are arbitrarily large K-point subsets X of £, such that any linear
mapping 7' : X — (" incurs distortion at least D = (2 ((%)|1/p71/2|). In particular, for 1,
dimensionality reduction is possible in general only if we allow for large distortion; that is, for
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an arbitrary finite set X of | X| = K points in R", if one wishes for a map T : £} — ¢7* such that
%Hm—y”l < ||®@(z—y)|1 < VD|z—yl1 holds for all z,y € X, then necessarily m > CD2K.
Moreover for /1, the best-known bound achievable for any family of maps T": ¢} — ¢1* requires
m > CD~2K log(n) [9], and it remains open whether this factor of log(n) is necessary. The £;
norm is of particular interest for several reasons, one of which being that in high dimensions,
the ¢; norm is more meaningful than the £ norm (and much more meaningful than the £, norm
for p large) for inferring neighborliness in large data sets [6, 16].

Still, the lower bounds for linear dimension reduction in ¢; represent a worst-case bound
over arbitrary sets of points. Restricting attention to structured subsets of points in ¢3, much
stronger statements can be made. Of particular interest is the subset of sparse vectors, where
we recall that @ € R™ is s-sparse if it has non-zero coordinates in at most s dimensions. In [9],
it was shown that an arbitrary set of K s-sparse vectors can be linearly embedded into /7" with
distortion 14& once m > Ce2s?log K. A uniform result over s-sparse vectors was subsequently
shown by Berinde, Gilbert, Indyk, Karloff, and Strauss in [5], which we state as a proposition.

Proposition 1 (From [5]). Fiz n,s € N and ¢ € (0,1), and fir m € N satisfying m >
Ce2slogn. There exist matrices ® € R™*™ such that

(1 —e)llzlley < [[@xlep < (A +e)|2lley VR ER™: [l@fo <s. (1)

Such a matriz ® is said to have the l-restricted isometry property of order s and level €, or
1-RIP for short.

Explicit constructions of such matrices are binary and sparse; specifically, a sparse bi-
nary random matrix having d = Ce~!log(n) ones per column and having m > C’e~lsd =
C"e72slog(n) rows will have the 1-RIP with high probability [5, 12]. The 1-RIP property is
essentially equivalent to the combinatorial notion of expansion of the sparse bipartite graph
underlying the measurement matrix.

1.1 Contribution of this work

The aim of this work is to initiate a unified framework for linear dimension reduction in ¢;. We
provide a general theorem which roughly interpolates between several existing distinct results.

More specifically, we consider a family of rearrangement-invariant block ¢ /¢ norms || ||1,2,s
on R™ parametrized by block size s € [n], as follows. For a given @ € R™, consider a partition
of its support into disjoint subsets S71,.55,... so that S; indexes the largest s elements of x in
magnitude, Sz indexes the next s largest elements, and so on, and Sy, /) may contain between
zero and s — 1 elements. Here on out, we will refer to the (not necessarily unique) decomposition
x = (xg,,Ts,,...) as the s-block decreasing rearrangement of . The norm of interest is

/51
> sl (2)
(=1

for completeness, we verify in the appendix that this indeed defines a norm. We call this an
interpolation norm as on the one extreme, s = 1 and || - |l1,2,s = || - ||2; at the other extreme,
s=mnand [ [l12s ="

Together with this interpolation norm, we consider random matrices ®, € R™*" of the form

[2]l1,2,s :=

O, =A,0G (3)

where o denotes the Hadamard (entrywise) product, and

1. G = (g;x) € R™*" is a random matrix populated with independent and identically dis-
tributed standard Gaussian entries, and



2. A; = (a; ) € R™*™ is a random matrix populated with zeros and ones, having exactly
d = ™ ones per column, the locations of which are chosen uniformly from [m] without
replacement.

Our main result is as follows.
Theorem 2. Fiz m,n € N and parameter € > 0. Fiz s € [n] such that m/s € N, and consider
the random matriz ¥, = \/g%CI)S. For any fired * € R™, it holds with probability exceeding

1 — 4nexp(—e?m/8) — 2exp (—EQBg(m/(Ss)) (||a:||125/||:c|\2)2) that

(63 — &)zl 2,s < [[Wszlly < (163 + &)|2[]1,2,s- (4)

Remark 3. The block norm || - ||1,2,s has appeared previously in [13, 26], and is closely related

2
to the so-called K-interpolation norm K(x,t) = 22:1 T+ s (33;7)2)1/2 (where * denotes
the decreasing rearrangement of &), which is well-known in the theory of interpolation of Banach
spaces [4, 17], and was used in the related context of upper and lower bounds for Rademacher

sums in [28]. As shown in Proposition 9, these two norms are equivalent up to a factor of 1.63:

[2][1,2,s < K(x,V/s) < 1.63]|z[|1,2,s-

Theorem 2 roughly interpolates between three existing results in the literature.

1. For block-size s = 1, the interpolative norm || - ||1,2,s coincides with the Euclidean norm
Il - |2, and ¥4 reduces to a properly-normalized i.i.d. Gaussian random matrix. Up to
distortion (1.63 +¢)/(.63 —¢) ~ 2.6 + O(e) instead of distortion 1 + O(e), Theorem 2
recovers a well-established ¢5/¢; Johnson-Lindenstrauss concentration result for Gaussian
random matrices, see for instance Lemma 5.3 of [30].

2. If z € R” is s-sparse, then ||@||1,2s = ||z|1. In this case, Theorem 2 with parameter s
recovers a nonuniform version of the 1-RIP embedding result from Proposition 1 for sparse
vectors. Insufficient concentration of the Gaussian matrix G prevents us from passing
to a uniform sparse embedding result using ®; = A; o G at number of measurements
m = O(slog(n)); however, as shown in Corollary 13, we do recover the result of Proposition
1 (up to distortion (1.63+¢)/(.63—¢) =~ 2.6+ O(¢) instead of distortion 1+ O(¢)) if we use
for embedding the binary matrix A alone, rather than the composite matrix &5 = A;0G.

3. For block-size s = n/D? in Theorem 2 with fixed constant distortion D > 1, the inter-
polative norm || - ||1,2,s is equivalent to the || - || norm up to a multiplicative factor of D.
In this case, Theorem 2 produces an explicit embedding which realizes, up to a possible
factor of log (n), the best-possible dependence of m = 2(n/D?) dimensions necessary for
embedding an arbitrary n-point set in ¢; into ¢7* with constant distortion D.

While we expect that the lower and upper distortion bounds .63—¢ and 1.63+¢ can be somewhat
reduced, it is not possible to bring them down to 1 —¢ and 1+¢, respectively. In Proposition 15,
we provide two classes of examples and show that between them there is a constant distortion
factor even in the asymptotic limit.

Remark 4. It is noteworthy that, in contrast to the hardness results for linear dimension
reduction in {1, it is possible to approximate the ¢; norm of a vector € R™ up to distortion
1 + ¢ from a linear projection ®x into m = O(e~2) dimensions if one considers other functions
of ®x besides the ¢; norm. The first result of this kind, provided in [19], shows that taking ®
to have i.i.d. Cauchy-distributed entries (or i.i.d. from a p-stable distribution more generally
for approximating the ¢, norm, 0 < p < 2), ||z|1 = (1£¢)mediang|(®x)x| with high probability
and with m = O(e72). Several subsequent works [24, 21, 29, 32] provide estimators other than
the median and random embedding matrices ® other than Cauchy random matrices which are
more optimized for practical implementations.



1.2 Outline of the proof of Theorem 2

The proof of Theorem 2 naturally splits in two parts. First, we treat A, as fixed, so that G is the
only source of randomness in ® = A; o G. In subsection 2.1 we use concentration estimates for
sums of half-normal random variables to show that ||®x||; has subgaussian concentration about
its mean with variance 02 = 2 ||z[|3. We consider G as a Gaussian random matrix because

Eq||®x|1 can be calculated explicitly:

a(|®z1) \[Z (Zajkxk>l/2. (5)

In subsection 2.2 we show, using only that A; = (a; ) € {0,1}™>*™ has m/s ones per column,

Uiy 12 1.63
. m
Z(Zaj,kwi> < a2 (6)
k=1

In the second part of the proof, in subsection 2.3, we treat A, as random, and show that for
fixed x € R", a lower bound is obtained with high probability with respect to the realization of
Ag:

m n 1/2
m
> (Z aj,kﬁ) > (.63 — @ﬂxul,“.
k=1

This lower bound follows rather directly from an estimate we show for each s-sparse component
of the block decreasing rearrangement of x:

1/2
Z (Z aj,kxi> > (.63 — 5)%ngz [l (7)

keSy

-7354

In words, (7) amounts to showing that by drawing A € {0,1}™*™ having m/s per column at
random, we do not deviate much from the ideal situation where A, restricted to the columns in-
dexed by Sy, contains exactly one non-zero entry in each row, whence Zj 1 (Zkes, aj, kxk)l/z
Zxs,||1. To verify that (7) is satisfied with sufficiently high probability, we use a “balls into
bins” analysis and borrow techniques from [5] and [12] used to show that a similar matrix con-
struction satisfies the 1-RIP in Proposition 1. We note that our binary matrix construction
differs from those constructions in that we use exactly m = sd measurements (d is the number

of ones per column), allowing us to apply the bound (6) with minimal constant 1.63.

As shown in Section 3, these ingredients can be combined to prove Theorem 2.

Remark 5. Without much additional effort, the Gaussian random matrix G in Theorem 2 can
be replaced by a Bernoulli random matrix B, that is, a matrix whose entries are independent
random variables which are +1 with equal probability. Indeed, embeddings of the form & =
A, o B are more appealing from a practical point of view as their entries are contained in
{0,1, —1}, and are thus more easily implemented and stored. Using a Bernoulli random matrix,
the exact formula (5) for the conditional expectation will no longer hold, but by the Khintchine
inequality (using the optimal constants provided in [14]), we still have

m [ n 1/2 N
1
72 (Z ) < Ep(|(4; 0 B)a|h) 2 (z )
7=1 \k=1 k=1

1/2

As a result, the analog of Theorem 2 using a Bernoulli matrix will have slightly worse constants,
but otherwise remains unchanged.



1.3 Notation

Throughout the paper, C,c,Cq,... denote absolute constants whose values may change from
line to line. For integer n, we write [n] = {1,2,...,n}. Vectors are written in bold italics, e.g.
x, and their coordinates written in plain text, e.g. the i-th component of x is x;. For a subset
S C [n], s is the vector x restricted to the elements indexed by S, and may be treated as a
dense vector in R® or a sparse vector in R depending on the context. Similarly, we denote by
Ag the matrix A restricted to the columns indexed by S.

We denote by £ the space R™ with the ¢, norm |z, = (3.1, |xi|p)1/p,1 < p < oo,
|z]|cc = max;|x;]. When the ambient dimension is not important, we simply write £,. The
number of non-zero coordinates of a vector x is denoted by |x||o = |[supp(z)|.

We write f(u) = O(g(u)) if and only if there exists a positive real number M and a real
number ug such that |f(u)] < M|g(uw)| for all u > ug. We write f(u) = Q(g(u)) if and only if
g(u) = O(f(u)). For a function f of random variables X = (X3, X3), we write Ex, f(X) :=
E [f(X)|X3] for the conditional expectation, which is itself a function of the random Xs.

Finally, recall that an embedding f : X — Y of a metric space (X, d) into a metric space
(Y,d’) is said to have distortion D > 1 if there are constants A, B > 1 satisfying AB < D such
that for all x,y € X,

A7ld(z,y) < d'(f(z), f(y)) < Bd(=,y).

2 Proof ingredients

The remainder of the paper is devoted to proving Theorem 2. We provide proof ingredients in
this section, and we put the ingredients together in Section 3.

2.1 Concentration lemmas

In this section we treat the binary matrix A = A as fixed, and study the concentration of
|®xz|1 = ||(Ao G)x|; around its conditional expectation Eg||(A o G)x|1. The first lemma is
straightforward.

Lemma 6. Fiz x € R” and A = (a;,) € {0,1}"™*". Let G = (g;x) € R™ " have i.i.d.
Gaussian entries, and consider the random matriz Ao G. The expectation of ||(Ao G)x|1 is

given by
5 m n 1/2
Egl(AoG \f BT :
clitae Gyall = /23 (§x>

Proof. The jth coordinate of (A o G)x € R™ can be written as Y; = >, _, a;xg;kTx; this

is a mean-zero Gaussian random variable with variance UJQ- = > _,ajrri. It follows that

the random variable |Y;| is a half-normal random variable; it has mean E(|Y;|) = \/gaj =

\/g (>, aj,kx%)l/Q. The lemma follows by noting that Eq||(A o G)z|1 = 3372, E(|Y;]). O

We now show that if A o G is a random matrix as above, and if A has exactly d ones per
column, then [|(A o G)x||; exhibits subgaussian concentrates around its expectation Eg||(A o
G)x||1. To do this, we will need the following lemma, whose proof uses standard arguments and
can be found in the appendix.

Lemma 7. Fiz d,m € N and o > 0. Suppose that Y;, i = 1,2,...,m, are independent mean-
zero Gaussian random variables with variances o? satisfying > .-, 07 = da®. Then the random



variable Z = L 3. (|Y;| — E|Yj|) satisfies

A2d
Prob[|Z]| > A\ < 2exp | —— |, YA > 0.
202

Lemma 7 implies the following result about the concentration of ||(A o G)z|;.

Proposition 8. Fiz x € R", and fix A = (a;x) € {0,1}™*"™ populated with zeros and ones and
having d ones per column. Suppose that G € R™*™ consists of i.i.d. standard Gaussian entries,
and consider the random matric ® = Ao G. Then

_ 2
[ Eanqmnllﬂ] < 2exp (Jd) VA0
i 23

Proof. Recall via Lemma 6 that ||®xz||; = >, |V;| where Y; ~ N(0, 0?) are independent Gaussian

. . . 2 n . 2 2 _ 2
random variables with variances o3 = 37, a;xy. Moreover, > 07 = d|z[|3 thanks to

A € {0,1}™*N having exactly d ones per column. Applying Lemma 7 with o = ||z||2 gives the
stated result. O

2.2 Analytic ingredients

Recall that G € R™*" is a Gaussian random matrix. We first show that for any binary
matrix A, € {0,1}™*" having d = m/s ones per column, it holds that E¢||(4s 0 G)z|; <

1.63d\/;

Proposition 9. Fiz x € R™ with s-block decreasing rearrangement (xg,,xs,,...). Fix A =
(ajx) € {0,1}™*™ having d = m/s ones per column. Then

m n 1/2
> <Z aj,kxi> < 1.63d||x||1 2.6
k=1

Jj=1

For the proof, we will use the following norm inequality lemma, which was introduced in [7].

Lemma 10 (From [7]). For any = € R¥,

T k
|2 < [l +£ max |z;| — min |z
vk 4 \1<i<k 1<i<k

Proof of Proposition 9. We have

7j=1 \k=1 Jj=1 keS, =2 keS,

m n m R=[n/s] 1/2
S (Ert) -E (et L G
/2 m R 1/2
< ( aj, kack> + Z (Z Z aj,k;vi>
keSh j=1

(=2 keS,

>

(=2 keS,

m R 1/2
43 (z > ) ®

j=1 \¢=2 keS,



Applying Hélder’s inequality to the second term and using again that A has d = m/s ones per
column,

1/2

m R 1/2 m R R 1/2
Z (Z Z awmi) < \/E ZZ aj7kx% = d\/g (Z Z xi) . (9)

(=2 kES, j=1 =2 k€S, (=2 keS,

Applying the norm inequality (Lemma 10), we have, for each block ¢ > 2,

lzs,lli | s 1
Yoo < 4 a2+ Sl (s, e — s, o)
s 16 2
kES,
lzs, 17 | s, I3
< 6o TallEs:lillzs llo = @, ll).
S 16s
Returning to the string of inequalities (8), we continue
m n 1/2 R 1/2
> <Z ) < dllzs, |1 + Vmd (Z > )
j=1 \k=1 =2 keS,
< dlws, |, + vimd i loali, bosall o), (losde _ Josinl
Sl H 165 S0\ 7 2
S 2, s B | sll@s,llilles,
< dlws, 11 +dy| S (s [} + 22t ) 4 SESL
£=2
17 &
<d|zs, [ + d\ 16 2~ s, I} + TGzl + S les: hzs, [
2 4 2 1 2
<d|zs, |1 +d ZH selli + Istlll + s, 1T
21 5
< dlws, s +dy| T D s} + e les, 3

R
< V263, | 3 s, 12 (10)

=1
where the last inequality follows by applying |a| 4 |b] < v/2v/a2 4 b? and the proposition follows
by taking the bound v/2.625 < 1.63. O

Remark 11. Note that (8) and (9) imply that

m 1/2
Z (Z aj, kxk) < |Ixsy [l + Vs|lxsg |2
= IC(X, \/g) (11)

where [C(x,t) is the interpolation norm defined in Remark 3. Given that |x|1,2,s < K(x,+/s),
a byproduct of the proof of Proposition 9 is that the two interpolation norms are equivalent up
to a factor of 1.63:

&M—‘

)12, < K(x,V/s) < 1.63(]1,2,5 (12)

))



2.3 Combinatorial ingredients

Consider A; € {0,1}™*™ a random binary matrix having d = m/s ones per column. In this
section we show that with high probability with respect to the realization of such a matrix,
|Asx||1 =~ ||x||1 for all s-sparse & € R™. We begin by showing such concentration holds for a
fixed s-sparse & € R"™.

Proposition 12. Fiz n,s,d € N and set m = ds. Fiz a subset S C [n] of cardinality |S| = s

and an ordering mi,mo, ..., s of the indices in S. Draw an m X n binary random matriz
A = (aj ) with d =m/s ones per column as follows: for each column k € [n], draw d elements
{j1,72, .-, da} from [m] uniformly without replacement, and set a;, , = 1. For each € > 0 it

holds with probability exceeding 1 — 2s exp(—e>m/2) that, for any s-sparse z € R™ supported on
S and satisfying |zp,| > |2ay| = -+ > |2n.],

d(1—2¢7" = 2¢)||z[ly < [[Az]1 < dl|z|x (13)

and
m / n 1/2
dl—e ' —g)||z|; < Z (Z aj,kz,%> . (14)
j=1 \k=1

Proof. As the columns of A are independent random vectors, we can assume without loss that
S={1,2,...,s8}, (m1,m2,...,7s) = (1,2,...,8), and A = Ag € {0,1}"*5.

For the moment, consider the modified probability distribution over random matrices A
where, for each column k € [s] we draw d elements Ay = {j1, j2,...,ja} from [m] uniformly with
replacement, and set a;, , = 1 if j, € Ay (and a; ¢ = 0 otherwise). Note that by sampling with
replacement, there may be repetitions within A and so the number of ones in any particular
column may be smaller than d. Still, the total number of draws with replacement is m = ds,
d draws per each of s columns. An equivalent way to describe this process is as throwing balls
into bins: a total of m balls are thrown i.i.d. into m bins, d = m/s per round for s rounds; if at
least one ball is thrown into bin j during round k, then a;; = 1; otherwise, a; = 0.

Let gx be the fraction of the m bins which remain empty after the first £ rounds of this process,
that is, after the first dk balls have been tossed. As the probability that any particular bin is
empty at this point is equal to (1 — L)

m/

E(ge) = (1 - 7}1) < exp (ffj) — exp(—k/3). (15)

Using the Azuma-Hoeffding inequality, it can be shown [[27], 12.19, p. 313] that the random
variable g concentrates around its mean according to

P (Ia — E(q0)] = ev/1— E(qo)P) < 2exp(=2¢%m), Ve >0,
Since E(gx) < exp(—k/s), this implies in particular that

B (g1 > exp(—k/5) + (/VDIVE]5) <P (a1 > exp(—k/s) + (¢/V2) /T~ exp(~2k/5))
<P (o 2 E() + (£/V2)V1- E@)P)

< 2exp(—em).



Taking a union bound over k € [s],
P (Vk € [s]: qn <exp(—k/s)+e k/s) > 1 — 2sexp(—e?m/2), Ve > 0. (16)

Back to the setting where we draw d elements {ji, j2,...,J4} from [m] uniformly without re-
placement to fill each column k € [s] of A, the fraction g of empty rows remaining after k
rounds will be even smaller. Specifically, it holds

P(@e<t) 2P <t), Vt=0.

In turn,

P (Vk € [s]: gr <exp(—k/s)+e k/s) > 1 — 2sexp(—e?m/2). (17)
We now assume that the realization of the random matrix A yields, for each k € [s], Gx <
exp(—k/s) +e1/k/s. By the above, this occurs with probability exceeding 1 — 2s exp(—&%m/2).
Continuing, let fi be the fraction among the first dk balls thrown which form a collision, where

a ball forms a collision if it lands in a bin which contains a ball thrown from a previous round.
Note that fr = §r — (1 — &), the difference between the true fraction of empty bins and the

S
fraction of bins that would be empty if there were no collisions. It follows that

k
kaQk—1+gSGXP(—k/S)—1+k/3+5vk/5

< ke i, (18)
S

the last inequality holding because exp (—u) — 1 4+ u < exp (—1)u for u € [0, 1].

Recall that A € {0,1}"™** is such that a;, = 1 if a ball is thrown into bin j during the kth
round, and a;; = 0 otherwise. For k € [s], let Ey C [m] x [k] denote the subset of |E| = dk
entries such that a;, = 1, and let Cp C Ej denote those entries corresponding to collisions.
Then |Ck| < dkfr < dk(e™! + €). Recall now the assumption that z € R® supported on
S =1{1,2,...,s} is in decreasing rearrangement: |z1| > |23| > -+ > |z5|. Observe that we can
write

Sl < nkl (19)
k=1

(4,k)€Cs

where n; > 0 and Zif:l ng = |Ck|. Given the constraints |z1| > |z2] > -+ > |2z5] and |Cy| <
dk(e~! + ), the RHS expression of (19) is maximized by setting ny = d(e™! + ¢). Hence,

S fal < de +o)llz] (20)

(4,k)€Cs

Since A has d ones per column by construction,

STolal+ D = > lml =dllzlh.
(4,k)€Cs (J,k)EE\Css (J,k)EES

Combined with (20),
Yo lmlzdd - (e o)zl

(4,k)EE\Cs

and so

1Azl > > lzml= Yol 2 d -2 +o)lzlh

(4,k)EE\Cs (j,k)eCq



and

m s 1/2

> ( aj,k|zk|2> > Yl zd1— (et +9)zh (21)
7j=1 \k=1 (7,k)EE\Cs
This finishes the proof. O

Applying a union bound over the (7) < (n/s)® subsets S C [n] of size |S| = s, and over the
s! < s® orderings of indices within any particular such subset S, Proposition 12 gives rise to a
uniform result holding over all s-sparse vectors:

Corollary 13 (Corollary to Proposition 12). Fiz n,s,€ N, £ € (0,1), ande > 0. Fixd € N
satisfying
d > 2¢"?log(n/€)

and let m = ds > 2se=2log(n/€). Draw an m x n binary random matriz A = (a;x) with d ones
per column chosen uniformly without replacement. With probability exceeding 1 — & it holds that

a1 —2e7" —22)|1z|y < [Azly < dlz] VzER": |zl <s (22)
and

m /n 1/2
d(1 —e ' —g)||z|; < Z (Z aj,kz,%> VzeR": |z]o <s (23)
j=1 \k=1

The inequalities in (22) imply that A/d satisfies the l-restricted isometry property (1) of
order s and level § = 2e~!+2¢. Our probabilistic construction differs from existing constructions
of 1-RIP matrices [5, 12] in that we use m = sd = O(e 2slog(n)) rows but do not seek 6
arbitrarily small, as opposed to using m > 6~ !sd = O(¢ 2slog(n)) rows to achieve 1-RIP for
arbitrarily small 6 > 0.

Finally, we show that the results of Proposition 12 holding on each of the blocks xg, in the
block-decreasing rearrangement of a vector @ implies a lower bound on Eg|[(As o G)x|; in
terms of ||x]|1,2,-

Proposition 14. Consider x € R™ with s-block decreasing rearrangement x = (xg,, s,, - . - LS, 0 ).
Suppose, for some parameter v € [0,1], that A € R™*" satisfies

m n 1/2
(1= y)lles, [ <> (Z ajykxi> . 0=1,2,...,[n/s]. (24)
J

j=1 \k€S,

Then

m n 1/2
A1 = )[z]r2. <Y (Z ) : (25)
j=1 \k=1

Proof. Consider the vector y; = (y;¢) € RI"/1 with coordinates y;, = (Xkes, aj,ka:i)l/2 . By
the triangle inequality,

m /sl [ m 2\? . /. /2,
1Y willa= | DD (Z xk> <M <Z ) = llyll
Jj=1 j=1

=1 \j=1 \keS, j=1 \k=1

1/2
Incorporating the assumptions (24) and recalling that ||z|1,2,s = ( 5[2/15] les, ||%) gives the
desired result. O
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3 Proof of Theorem 2

In this section we put together the ingredients to prove Theorem 2. Fix € R™ with s-
block decreasing rearrangement * = (xg,, Ts,,. .. ,:BSMM). Fix parameter ¢ > 0. Consider

A = (aj1) € {0,1}"*" a random binary matrix having d ones per column as constructed in
Proposition 12. From that proposition,

m 1/2
P|3e{L,2,....[n/s]: d1l—e" —c/2)]ws, 1 > <Z aj,kxi>

keS,

[n/s] 1/2
< Z Pld(l—e ! —¢/2)|zs, |1 >Z (Z ajkack>

7j=1 \keS,
< 2(n/s+ 1)sexp(—e?m/8)
< 4nexp(—e*m/8). (26)

We now assume that the realization of the random matrix A yields

1/2
d(1 —e ! —¢/2)||xs, |1 < Z <Z akak) , 0=1,2,....[n/s],

keS,

and hence, by Proposition 14,

1/2
d(1—e ' —¢/2) ||w||125<z<2ajkxk> .

By the above, this occurs with probability exceeding 1 — 4n exp(—e?m/8).

Consider now G € R™*™ having i.i.d. standard Gaussian entries, and let ® = A o G where o
denotes the Hadamard (entrywise) product. By Lemma 6, E¢||®x|1 = Bo Em (> aj,kack)l/2
where fy = /2/m, and so by the above analysis it follows

Bod(1 — e~ —¢/2)|[l1,2,s < Eg||®al|:.
By Proposition 9, we have also the upper bound
EgH(I){Bul S 1.63ﬁ0d”$”17275. (27)

Now, Proposition 8 gives that with respect to the draw of G,

T,
<9 I L LIS I 2
o) < eXp( S >

We now assume that the realization of the random matrix G yields

P (Jo2], -

S
[zl - Ec|[®zl1] < 5Fod|ll1.2.s,

_ 232 2

which by the above occurs with probability exceeding 1—2 exp (%) . Adding together
2

the probabilities that either our assumption on A or our assumption on G does not hold, we

i i ; _ 2 _ —e2Bim ¢ llzlli2.0 \2
have shown that with probability exceeding 1 — 4n exp(—e*m/8) — 2exp ( —g2—( )? ),

s llll2

dBo(1 — e~ —e)llzl12,s < [[lly < dBo(1.63 + €)l|a1.2,s-

11



Setting ¥, = diﬁo(A o @), recalling that d = m/s, and using the bound .63 < e~!, we recover
the content of Theorem 2.

4 Discussion

Theorem 2 introduces a family of maps, which are shown to map finite-dimensional spaces
equipped with the block ¢1 /¢s-norm to lower dimensional spaces equipped with the the ¢1-norm,
while with high probability preserving the norm up to a constant distortion factor. In Euclidean
space, in contrast, Johnson-Lindenstrauss embeddings do not include a constant distortion, there
is only a factor that can be made arbitrarily small by increasing the embedding dimension.

In this section we show that this distortion factor is indeed necessary; we give two ex-
plicit families of examples in arbitrarily large dimensions for which the fraction of their block
£1/€a-norm and the ¢1-norm of their image behave differently even in the asymptotic limit.
Conditioned on the (dependent) random variables a;j, the entries of ®, and hence also the
entries of @ x are independent Gaussian random variables. Thus the concentration of || P x|,
around its mean is precisely understood, and it remains to compare the behavior of the mean
for different instances of . As shown in Lemma 6 above, this boils down to studying the
quantity >0, > aj,k.a:%)l/ > The following proposition indeed provides two vectors with
significantly different behavior of this quantity as normalized by the block ¢; /¢9-norm.

Proposition 15. Choose a;j, as defined in Theorem 2 and assume that m < n. Then for each
n,v > 0, there exists a constant C > 0 such that if s > C and % > C, the following holds with
probability at least 1 — v.

Consider =,y € R with

1 1 1
1, , sy
VNS /NS Vns

m n 1/2 m n 1/
Ej=1(2k=1 ‘lj,kwi) > \/i_ while Ej=1(zk=1 ajv’“yi)
@120 = A Myl 2.0

T = "andy = 1,0,...,0)%.
( )" andy = ( )

2

1.

Then one has

Proof. To facilitate the calculations, we assume that s divides n + 1, if this is not the case, one
obtains an only slightly changed result. We first determine the block ¢ /¢s-norm of & and y,
obtaining ||y[|7, , =1 and

9 s—145 mn+1 s s—1 1 1 S
,=(1 —1)—=242————4+ —<2+2,/—. 29
Jolfae = 1+ T+ (R -2 22t n Dy L B ()

To estimate the numerators, we note that for j fixed, the a;  are independent Bernoulli random

variables with parameter p = L. Thus E 113 aj a2 = = and, for § > 0,

e

n+1 1 1 n+1
P> ajryi — S <(1-05) = P> ajx < (1-90)
k=2 k=2

n
S

).

The latter is a large deviation probability for the binomial distribution. It can be bounded via
the relative entropy between two biased coins
l1—a

H(a,p) = alog(%) +(1—a) 10g(1 —p

)- (30)
Then (for example by Theorem 1 in [1], applied to the expression with the roles of ones and
zeros exchanged), the large deviation probability is bounded by

fasy n 146 1 1
P> ajr < (1- 9)5) < exp(—nH( )< (——)AF+9n/s — g=en (31)
k=2

s 146

12



where ¢ = (14 6)log(1 4+ 6) > 0. Now we know that a;; = 1 for exactly d randomly chosen
values of j. For these values of j, one has

n+1

P(> ajuyp <1+ (1-0)%) <e ™,
k=1

while for the other values of j, one has

n+1
P> ajryi < (1—-0)%) <e .
k=1

Thus with probability at least 1 — 2me™°", one has

m  /n+1 1/2
I R e

j=1 \k=1
>d1+vV1-6—L(V1-9))
>d2—-46- %)
and consequently
r (S asnad) 2-6—1

Tl 2,- > 2+2\ﬁ/'
sS/n

It is clear that if s and % are large enough and if § is chosen small enough, then this expression

is ensured to get arbitrarily close to v/2, as desired. On the other hand, as m < n, the associated
probability of failure is bounded by me =" < elog(m)—en which, for a fixed ¢, becomes arbitrarily
small for n large enough.

The estimate for y follows directly from the fact that a;; = 1 for exactly d values of j and
0 otherwise. O

Remark 16. The definition of x is inspired by the proof of Proposition 9. Namely, the first
inequality in (8) is sharp when the two terms are equal, and the last inequality in (10) is the
sharper, the more the two summands differ. So the constant in Proposition 9 can be significantly
improved unless both of these facts happen at the same time. This basically boils down to having
a jump within the first block and roughly the same block norm contribution of the first block and
the tail, which x is an extreme example of.

Proposition 15 provides a counterexample, for which a constant distortion is necessary in
Theorem 2. Considering that our proofs above yield the exact analogue to Theorem 2 also for
the interpolation norm K (x,+/s) instead of the block norm ||| 12,5, one may ask whether the
former norm has better empirical performance. To answer this question, we numerically test
the validity of Theorem 2 for these two norms on four different types of signals for n = 1000,

s = 10 fixed and varying number of measurements. The results are presented in Figure 1; for
(R [
[

each of the norms, we plot the relative distortion T2l

, where ¥y is as in Theorem 2 and
I - || is the norm in question.

In example (a), s-sparse signals are generated by choosing a support at random and the
corresponding entries according to the standard normal distribution. In example (b), we con-
sider the fixed l-sparse vector supported in the first position. In example (c), we consider
signals inspired by the counterexample of Proposition 15 with one large entry and the other

entries chosen according to a normal distribution with considerably smaller variance. Finally,

13



in example (d), we consider signal with independent entries drawn from the standard normal
distribution. Our experiments show that for both norms, the average ¢;-norm of the image of
normalized vectors in the different classes behave differently. As expected, for the block norm,
the signals inspired by the counterexample yield images with a larger ¢;-norm than for 1-sparse
and also for random signals. On the other hand, for the interpolation norm, images of random
signals typically have smaller norm, while the vectors inspired by & and y in Proposition 15 has
a comparable behavior. These observations made us choose to present our results in terms of
the block norm rather than the interpolation norm, as for the block norm, the upper and lower
distortion factors basically seem to disappear for random signals (which we see as representing
the generic behavior). Notably, in the example of s-sparse signals, the resulting images have a
smaller norm. In this case, the behavior for the two norms is identical, as for sparse vectors
they both reduce to the ¢;-norm.
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5 Appendix

5.1 Verifying that || - ||;2s is a norm

Here we verify that the function [|@||1 2 s := 4[1/18] |zs,||? is indeed a norm.

It is straightforward that ||z|12,s > 0 and that ||x|]1,2,s = O implies & = 0. It is also
clear that ||ax|12,s = |a|||x|1,2,s- It remains to verify the triangle inequality: ||& + yll1,2,s <
lzll1,2,s + lyll1,2,s for any x,y € R™. To do this, let us set up some notation. Denote the

partitioned supports in the block decreasing rearrangement of x by S1, .55, ..., the partitioned
supports in the block decreasing rearrangement of y by 77,75, ... and the partitioned supports
of the block decreasing rearrangement of & + y by Uy, Us,.... Then

[n/s] [n/s] [n/s]

Iz +ylizs = | D @+ y)uli <y D lewli+ | > lyol?
=1 (=1 {=1

thanks to the block ¢ /£ vector norm (with support sets fixed) satisfying the triangle inequality.
Now, l[z/ls] |y, |13 < Zl[z/ls] |xs,||? can be seen to hold by appealing to Karamata’s inequality
[10] to the sequences r1 = (||xs, |1, [|€s, |1, ---) and 72 = (||zy, |1, |2, |1, - - - ), noting that rq
majorizes ry. Using the same argument to show Z/:Llﬂ lyu, 7 < Zg[i/f] llyr, ||, we then have

that the RHS expression above is

fn/s] In/s]
<l D0 s 3+ 4] D0 lun R = llliz.s + 1yl (32)
(=1 (=1

verifying the triangle inequality.

5.2 Proof of Lemma 7

Recall that ¥; ~ N(0, 07) has density function is dF;(t) = o 55 exp (f%)dt where 8y = /2/7.
We may then estimate for each u > 0 '

E [exp (u([Yi| — Booi)] = /too exp (u(|t] — foos)) dFi(t)

=—00

o) 2
= 5—9 / exp(u(t — foo;)) exp <—22;2>dt
t

0i Jt=0 i

(set s = V2t/o; — V20u) = exp (u?02/2 — ufoo;)V2 {(60/2) /OO exp (52/2)ds}

=—v20;u

_ 2 2/ ) V2oi 2
exp (1?02 /2 — uBooi)V2 |1/2 + (Bo/2) B exp (—s%/2)ds

One of the two cases holds:

1. Ifu> 12050(2, then v/2 < exp(ufy0;)

log(2)
2. f0<u< 250011, then

V20iu
V2 1/2+ (Bo/2) /_0 exp (—32/2)ds] < 1/V2+ (Bo/2)(205u) < 1
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In either case, we may bound the final RHS expression above to estimate

E [exp (u(|Y] — Booi)] < exp (u®07/2). (33)
A similar analysis reveals that also

E [exp (—u(|Y;| = Booi)] < exp (u*07 /2). (34)

Recall that the random variable of interest is of the form Z = 1 3. (|Y;| — E|[Y;|) = $ 3. (|Yi| —
Boo;) with Y; ~ N(0,0?) independent. Recall also that Y, 0? < da? by assumption. It follows
that

E(exp (uZ)) = Eexp <Z Z(|YZ| — ﬁoai)>

i

—EHGXP< (il = 50%))
fHE[exp( (1Yl = oo )|

=1
2 2.2
B u 9 u o
= exp <2d2¥oi> §exp< 2 )
Recall that if a random variable X satisfies E[X] = 0 and Eexp(uX) < exp(Cu?) for all u € R

and for some constant C' > 0, then P(|X| > A) < 2exp(— 2) for each A > 0 (see, for example,

Proposition 7.24 of [12]). Since E[Z] = 0, it follows that P(|Z] > \) < 2exp(— ) for each
A > 0. This proves Lemma 7.
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Figure 1: A comparison of the distortion (||¥s(z)||1 — ||=||)/||z| where ||z is either the block norm
|z]]1,2,s or the interpolation norm K(z, /s) with ¥ as in Theorem 2 and s = 10 fixed throughout.
We consider distortion statistics (the minimum, maximum, and median) over 64 instances of W,
over several signal classes: (a) s-sparse signals, (b) 1-sparse signals, (¢ ) a two-level signal inspired
by Proposition 15, and (d) Gaussian random signals.
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