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Hypotheses

Linear mixed problem
Liu= f; In$) C]Rd, 1 =1,2,...,

Existence and unigueness of solution « In
RKHS U/ with kernel ®

L;u and L?L!®(x,y) continuous on

Result

Then the minimum norm solution by meshless
symmetric collocation on dense subsets of (),
converges towards w.
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L inear Problems
Given Problem

Lu=f inQ cR i=1,2,...,
Discretize:

((LZU)(ZIZ]Z) - fz(ﬂiﬂ) Tji € Qz for a”j c I
(533].2. O Lz) (U) = (Sxﬂfz Tji € (), for a”] c I

Generally:

Mu) = fr € IRforall A € A
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Generalized Interpolation

GivenAcU*, f: AN— IR
Find v € U with

AMu) = f(A) e IRforall A € A
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Minimum Norm Reconstruction

GivenAcU*, f: AN— IR
Assume exact solution u € U with

AMu) = f(\) € IRforall A € A
Reconstruction @ € U with

AMu) = f(\) € IRforall A € A

with minimal norm |||y,
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Simplification: Hilbert Space
Closed subspaces
Uy = {uecl : Mu)=0forall A € A}
Uy = (Z/{j)L
Decompose solution u = uy + uy € Uy + Uy

Minimal norm solution IS & = wu
Unique reconstruction iff /; = {0}

Problem: Construct « or & = uy
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Reproducing Kernel Hilbert Spaces

Space U of functions

Dual space ¢/* of functionals
Reproduction Property

AMu) = (u, \X*®(x, )y forallu € U, forall X € U*
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Minimum Norm Solution

Given Ay ={\,...,\n}CACU", f: AN IR
Find @y € U of minimum norm || ||z, with

Ai(uy) = f(A;) € IRforall \; € Ay
Solution:
Uy = S AP (x, -)
Aj(Un) = Zr e MA@ (2, ) = f(A))
Used incrementally for Greedy Techniques
Problem: Usually |A| = oo
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Convergence
Given Ay ={X\,...,A\ny} CU" for N — ¢

Sequence of minimum norm solutions uy € U
IS a Cauchy sequence, thus convergent.
Reason: |luy||7 7 ||al|z < ||u||7 is a Cauchy
sequence.

Construction works for |A| = |IN|.

Problem: Usually |A| > |IN].
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Density

Given Ay C A Cc U, |An| = |IN]|.
Construct minimal norm solution o for Ayy.
Problem: upy =u ?

Muny —u)=0forall A € Ay

Assumption: Ay dense in A, I.e.

Ai(v) =0 forall A\, € Apn
= AMv) =0 forallx €A
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Density and Continuity

Example:
(Lz(ﬂl\f — ”&)) (ZIZJZ) — ( for all Tji € ()

Goal:

If both continuous and z;; € €); dense.
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Final Result: Hypotheses

Linear mixed problem
Liu= f; In$) C]Rd, 1 =1,2,...,

Existence and unigueness of solution u In
RKHS U/ with kernel ®

Liu and LT L!®(xz,y) continuous on

Result

Then the minimum norm solution by meshless
symmetric collocation on dense subsets of (),
converges towards w.
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